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A CONVERGENCE THEOREM FOR FEYNMAN’S
OPERATIONAL CALCULUS : THE CASE OF TIME
DEPENDENT NONCOMMUTING OPERATORS

Byung Moo AHN* AND CHOON Ho LEE

ABSTRACT. Feynman’s operational calculus for noncommuting op-
erators was studied via measures on the time interval. We investi-
gate that if a sequence of p-tuples of measures converges to another
p-tuple of measures, then the corresponding sequence of operational
calculi in the time dependent setting converges to the operational
calculus determined by the limiting p-tuple of measures.

1. Introduction

Let X be a separable Banach space over the complex numbers and
let £(X) denote the space of bounded linear operators on X. Fix T > 0.
Fori=1,---,plet 4; : [0,7] — L£(X) be maps that are measurable
in the sense that A;'(E) is a Borel set in [0,T] for any strong operator
open set £ C L({X). To each A;(-) we associate a finite continuous Borel
measure p; on [0,7] and we require that, for each 7,

r= [ Aol (@) < oo
7]

)

Given a positive integer p and p positive numbers rq,---,7p, let
A(r1,---,7p) be the space of complex-valued functions of p complex
variables f(z1,---,%p), which are analytic at (0,---,0), and are such
that their power series expansion

o0
(1) flz1, o, 2p) = Z Cmyye mp 21 2
my, - :mp=0
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converges absolutely, at least on the closed polydisk |z1| <7y, -+, |2p| <
rp. Such functions are analytic at least in the open polydisk |z| <
T1 e 2p] < 7

For f € A(ry,--- ,7p) given by (1), we let

@ WA= g ) = Z |Cmg,eoe sy [T -7

miy, ,mp=0

The function on A(ry, -+ ,7p) defined by (2) makes A(ry,--- ,7p) into
a commutative Banach algebra [3].

To the algebra A(ry,---,7,) we associate a disentangling algebra
by replacing the z;’s with formal commuting objects (A;(), )% =
1,---,p. Consider the collection D((A1(-), 1), -« -, (Ap(-), up)) of all ex-
pressions of the form

f((Al(')Hul)v’ T (AP(')’“PD

= Y e mp (A1) D)™ (A (), i)™
my, - ,mp=0
where ¢, ... .m, € C for all my,- ymp=0,1,--+, and

(3) F (A1) pa)s o (Ap(), p D
=|[F((A1() )55 (Ap () o) )ID(CAL Y oia o o (Ap (D))

= Z ey, mp Ty Ty < 00

where 7; = f[O,T] Ai(s)llzoxylal(ds), i=1,2,---,p.

Rather than using the notation (A;(-), u;) below, we will often ab-
breviate to A;(-J, especially when carrying out calculations. We will
often write D in place of D(A1(-], -+, Ap(-)) or D((A1(:),p1), -+,
(AP(')7 /J’I)D .

Adding and scalar multiplying such expressions coordinatewise, we
can easily see that D((A1(-), s1), -, (Ap(:), p)) is a vector space and
that || - ||p defined by (3) is a norm. The normed linear space (D((A1(-),
1), (Ap(4), up)), |l-|Ip) can be identified with the weighted [;-space,
where the weight at the index (my, -+ ,m,) is r™ - - - 7", It follows that
D( (A1(:), pa), -+, (Ap(+), up) ) is & commutative Banach algebra with
identity [7].
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We refer to D((A1(-), p1), -+, (Ap(-), up)) as the disentangling alge-
bra associated with the p-tuple ((A1(-), 1), -+, (Ap(*), p))-
For m = 0,1,---, let S,,, denote the set of all permutations of the
integers {1,--- ,m}, and given w € S,,,, we let
Ap(m) ={(s1,"" ,8m) €[0,T]™ : 0 < 5p(1) < -+ < Sp(m) < T}
Now for nonnegative integers my,---,mp and m = my + --- + mp, we
define
Al(s)v ’Lf?/e{l, aml}
AQ(S), ifie{m1+1,~~-,m1 +m2}

Ci(s) =
Ay(s), ifie{m+---4+mp_1+1,---,m}
fori=1,---,mandforall 0 <s<T.
DEFINITION 1. Let P™ " ™o(zy oo 2,) = 27" -+ 25", We define

the action of the disentangling map on this monomial by
7;11, Ny Pm1,~~~ e (Al()va et aAP(')v)
=Tpy oo (AL (T)™ - (Ap(])™)

Z / Cr(m) (Sr(m)) * -+ Cr(1y (S (1))

wESm
(Nl ...Xﬂp (dSI,"' ,dsm).
Finally for f € D((A1(-), 1T, -+ , (Ap(-), p)) given by

o0

FALCT AT = D Gy mg (AL(CT)™ - (Ap ()™

my, - ,mp=0

we set

7711,'“ ,upf(Al('ya e )A;D(')v)

= Z le,--',mp’]:h,'"7Nme1’m’mp(A1(')vv'" 7AP('D'

We will often use the alternative notation :

Pl (Ar()y s Ap () = Ty g P00 (A (T -, Ap())
and

Fur oy (A1 ()5 Ap()) = Ty oo F(ALCT - Ap ()
The following result is Proposition 2.2 of [7].
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PROPOSITION 1. The disentangling map 7y, ... ., is a bounded lin-

ear operator from D((A1(:), ], -, (Ap(-),pp)) to L(X). In fact,
T il 1.

2. Stability theorem
Let {v,}32; be a sequence of Borel probability measures on [0, T].

We say that v, converges weakly to a Borel probability measure v and
write v,, — v provided that

/ b(s) vn(ds) — b(s) v(ds)
[0,T] [0,7]

for every bounded continuous function b on [0, T].

PRrROPOSITION 2. Let A; : [0,7] — L(X) be continuous for each

t=1,2,--+,p. Let {§; o}, be sequences of continuous Borel proba-
bility measures on [0,T] such that u;, — p; for each i. Then for any
nonnegative integers my,--- ,my and for any ¢ € X

nlir{:o P/:r;,lni.,.'."’tzl;,n(Al(')v T 7AP())¢

= P (AL() e Ap() .

PROOF. {u7"s X -++ X ups} is a sequence of continuous probabil-
ity measures on [0, 7™ since each term in the product is a continuous
probability measure. And [0,T])™ is separable. By Theorem 3.2 of [1]
PTL X oo X ppdh = p X e X pp'® since pin, — g for each i. For
each ¢ € X, Cr(m)(*) - Cr1)(1)¢ : [0,T]™ — X is continuous for each
7 € Sp,. From Theorem 5.1 of [1] we have

A N )Cﬂ'(m)(sw(m)) <+ Cr(1)(87(1)) ¢
(W17 X oo X pge)(dsy, -, dsm)

= / Cr(m)(Sa(m)) ** Cr(y(Sr(1))®
A ()
(p]’inl X oee X ”;np)(dsl’. .. ,dsm).

Hence the conclusion follows. O
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LEMMA 3. Let pa, -, fpy H1m,"** s pm , = 1,2,--- be continuous
probability measures. Suppose fori =1,2,--- ,p

7y = sup{r;,ri1, - ﬂ“i,m'"} <00

where ri = [l 1y 1 As(s)l| l(ds) and rim = fiozy 14Ol il (d5)
Then for any

feA(F, - ,Tp),
F(ALC)s ]y (Ap()y mp)) € D((AL()s ]y -+ (Ap()s 1))

and

F((ALC), )y (Ap(), p,n)) € D((A1()s p1,n]s -+ 5 (Ap(), pn])
foranyn=1,2,---.

PROOF. Suppose that

f(ZI,"' ,Zp)z Z le,...,mpZ;nl"'Z;np

mi, ,;mp=0
[o o] —-m _m
such that Zml,--~,mp:0 |emy e ymy | F1t e+ -7 < 00. Then

FCCALC)s a5 -5 (Ap () )]

oo

= M1, My Aq{(s 1 ds mLo
DR W ERCACE)

ml)"'7mp=0 0,

o

)

] 1Ap ()1} lpl(ds)] ™

— mi m
- § : |cmly ymp| 7'1 Tp v
My, ,mp—O
0
m m
S § Icml, mpl Ty ' TP <00
my, ,mp=0

Hence f((Al()a ,u'1Y7 Tt (Ap()7UpD eD ((Al()7 #1): Tty (AP()a /J'p)v)'
Similarly we can check that f((A1(-), g1,n), 5 (Ap(+), tpn)) € D ((A1
(')Hu'l,n)): T (Ap()a Np,nD- : g
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THEOREM 4. Let the hypotheses of Proposition 2 be satisfied. Fur-
ther suppose that for each © = 1,2,--- ,pand n = 1,2,---, 74,7;,Ti n
are given as in Lemma 3. Let 7, .. ... denote the disentangling map
corresponding to the n'* term of sequences of measures. Then for any

f €A(F,---,7p), and for any ¢ € X,

B Ty iy F((A1 O 10T 3 (A () b))
= 7;11,'-- ,Mpf((Al(')yul)v, Tty (AP()’ MPD¢'

ProOOF. We have

||77141,'n,)"' ,up,nf((Al(')7 Mlyn)V7 B (Ap(')’ :U‘P,n).)gb

- 7;:.1,'" ,p.pf((Al(')a //Lly’ T (AP()’ /j‘p)v)¢“

= “ Z Cmy,-- ,mpP;ﬁ,lﬁ.,:jth;,n (Al(')a toe aAp('))¢

— > Cmaem, AT (ALC), - Ap()) 8|
my, - ,mp=0

oo

< D lemyem PSS L (ALC), - Ap())e

e mp=0
— Pt (ALC), - Ap())8ll-
Note that
(G | 1P L (A2(),, Ap ()6
— P (AL(), o Ap()ll
< lemg e WP 20 1 (A2 () Ap (O]
HPE i (A, A C)I] ]

< lema, ,mpl[[/[o 7] 141 (8)1} |p1,m| (ds)]™ - -

b

Wt ltasi™ 1 el -

[, sl sl o1

’

= lemy o imy | [rT i 07 e ] 16l

< 20emy e m | 71 T[]
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Since Y~ . + ymp=0 [Cmy ey [T -+-fp? < 00, by Proposition 2 and
Lebesgue Dominated Convergence Theorem, we obtain the result. O

THEOREM 5. Let A; : [0,T] — L(X) be measurable for each i =

1,2,---,p. Let {p; n}32, fori=1,2,--- ,p be sequences of continuous
Borel probability measures on [0,T] such that p;, — p; for each 1.
Further assume that M; := sup,¢(o 1) ||4i(s)|| < oo foreachi =1,---,p.

Then for any f € A(My, -+, M,),

hm ’1;1 g d ((A1C) 1,05+ 5 (Ap () ppn))
= 7;,,1,... ,Mpf(( 1(')7/“"1): T (AP(')J"P)V)'

PROOF. First we consider Py, 2. ;" (A1(-), -+ , Ap(*)). We see that

UZos e i P72 (AL () i) (Ap (), bipyn))
~ Ty o PV ((ALC) i) (Ap (), e D

= || Z / 7r(m) Sw(m)) Cﬂ(l)(sw(l)) (:U‘Trlb Xoeee X ,uz?%)

TESH
(dsl,-'- L dsm)
- Z / Corim)(Sn@m)) =+ Cr)(Sr(n)) (7" X -+ X pup'®)
TESn
(dsh Tt 7d$m)||
<) / Cr(m) (S(m)) - - - Cr(y (S )
TESm
|y, X - xpgf;;(dsl,--- ydSm) — ™t X e X ppte(dsy, e dspn)]
< Y MMM X X g (A ()~
TES,

W X (B ()]

Here {u]"2 X --- X up.%} is a sequence of continuous probability measures
on [0, T]m Slnce [0, 7)™ is separable and p;,, — p; for each 4, " x

“X ppdh = Ut X - X pp'® using Theorem 3.2 of [1]. We can apply
(v) of Theorem 2.1 of [1] to conclude that

g’ x - o (Bm () = py™ X - X ' (A ()| — 0
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as n — o0o. We therefore conclude
(4)
Hm Ty, e P (A1) )y (Ap()s pin))

n—oo

T P (A T (A0 T

We now turn to 7, ... ., f((A1(:), 1)+, (Ap(-), 1p))- For f € A(My,
-, M) we have

”Ll,n;"‘ ,Mp,nf((Al(')7#1,nYa Tty (AIJ()7 ,u'p,n)v)
- 7;11,“' ,upf((Al(')7 NlYa Tt (A:D()’ “PD”

oo

:“ Z cm1,-~,mpzll,m“',Hp,anl’m’mp((Al('):,U'l,nY’"’ 3

my, ,mp=0

(Ap()’ “p’nn
~ Y ey T P (ALY T

my, - ,mp=0

(Ap(), o

oo
< D emu mpl 1T i n P (A2 (), 1]

mi, - ,mp=0

(Ap(), tp,n))
=T P (A (), T (A (), o)
Now
lema,oe sy | [ Ty i, 270 (AL ()5 a5 (Ap () pin])
= Ty, BTV ((AL () ] (Ap () o)
< |Cm1,---,mpl[”%l,m-“,up,npml’m’mp((Al(')ylil,n)v,'" ’
(Ap (s tip s+ Wiy P72 (A2 () )5 (Ap () )]

SMMM%mﬁlmwmmumW“~V 14 (3)] 1t (d5)]™
H/ 14y ()]] (o)™ V'HA )11 12p](ds)]™]

< 2|cml,...,mp|M1ml e My

Since 3°° . o —olCma,m, [M{™ - My < o0, by (4) and Lebesgue
Dominated Convergence Theorem, we obtain the result. O
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COROLLARY 6. Assume the same hypotheses as in Theorem 5. Then

for any f € A(My,--- ,Mp), and for any ¢ € X,

T Ty F (A1) 10T 5 (A (), pin )
= 7—[:L1,"~ ,,upf((Al(')a M1T7 T (‘4p()7tu‘l))v)q5

PrOOF. Let f € A(Mi,---,M,). Then for any ¢ € X, we have

WZpis e g f (AL () )55 (Ap (), pn] )@
— Ty iy S (A1 )y pa ]+ (Ap () ) )|
SN Tos o i F(ALC)s 10T 5 (Ap () pipn])
= Tps o i f((ALC)s a5 (Ap () )T 1G]] — 0

as n — oo by Theorem 5. This finishes the proof. O
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