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STABILITY OF A BETA-TYPE FUNCTIONAL
EQUATION WITH A RESTRICTED DOMAIN

YouNG WHAN LEE AND ByunGg MUN CHOI

ABSTRACT. We obtain the Hyers-Ulam-Rassias stability of a beta-
type functional equation

Fle(@), ¢(y)) = ¥(z, ) f(z,y) + M=, y)

with a restricted domain and the stability in the sense of R. Ger of
the equation

f(‘»o(w)a ¢(y)) = ¢(w’y)f(x7 y)

with a restricted domain in the following settings:

| 9(w(x), ¢(y)) — ¥(z, v)g(z,y) — Mz, y) | L e(z,y)

and

9(¢(z), $(v))

Yo 9wy L S@Y:

1. Introduction

In 1940, Ulam [16] raised the following question concerning the sta-
bility of homomorphism: given a group G1, a metric group Ge with
metric (-,-) and € > 0, does there exist a § > 0 such that if a map-
ping f : G1 — Gy satisfies d(f(zy), f(z)f(y)) < § for all z,y € Gy,
then a homomorphism g : G; — G5 exists with d(f(z), g(z)) < e for all
xz € G17 The case of approximately additive mappings was solved by D.
H. Hyers [5] under the assumption that Gy and G9 are Banach spaces.
Th. M. Rassias [14] proved the substantial generalization of the result

Received August 22, 2003.

2000 Mathematics Subject Classification: 39B22, 39B72.

Key words and phrases: functional equation, stability of functional equation,
Hyers-Ulam-Rassias stability.

This work was supported by grant No. R05-2003-1128-0 (2003) from Korea Sci-
ence & Engineering Foundation.



702 Young Whan Lee and Byung Mun Choi

of Hyers and also P. Gédvruta obtained a further generalization of the
Hyers-Ulam-Rassias theorem (see also [3, 7]). Later, many Rassias and
Gavruta type theorems concerning the stability of different functional
equations were obtained by numerous authors (see, for instance, [1, 2,
4, 6, 12-14]). In this paper we deal with a beta-type functional equation

1) flo(z), ¢(v)) = ¥(z,9)f(z,¥) + Az, y).

The gamma functional equation and the beta functional equation are
example of the equation (1). S. M. Jung [9, 10] investigated the stability
of the gamma functional equation. His results have been generalized to
the framework of generalized gamma and beta functional equations (see
also [8, 11, 15]). The aim of the present note is to give the stability
theorem of the equation (1) with a restricted domain, and the stability
in the sense of R. Ger of the equation

(2) flo(@), 9(y) = ¥(z,9)f (x,9)-

Our results are generalizations of theorems established in [8]-[11]. Thro-
ughout this paper, let ¢ : (0,00) — R and ¢ : (0,00) — R be strictly
increasing functions, A : (0,00) x (0,00) — R and € : (0, 00) X (0,00) —
(0, 00) be some functions, and let ni, ny be given nonnegative real num-
bers. Note that for some function ¢, p%(z) = z and ¢"(z) = (" }(z))
for all x.

2. Hyers-Ulam-Rassias stability of the functional equation

(1)

In the following theorem we investigate the Hyers-Ulam-Rassias sta-
bility for equations of the form (1) with a restricted domain. This result
is a generalization of Theorem 1 in [8].

THEOREM 1. If a function g : (0,00) x (0,00) — R satisfies the
inequality

(3) [ 9(p(z), 6(v)) — ¥(z, v)9(z,y) — Mz, y) | < e(z,y)

for all z > n1, y > ng and a function v : (0,00) x (0,00) — (0, 00) with

w(z,y) := S e(¢*(2), 9" (1)
(z,y) : kZ:O o | (0 (@), 07 () |

<0
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for all x > my, y > no, then there exists a unique function f : (0,00) %
(0,00) — (0,00)
fle(@), ¢(y) = ¥(z,9)9(z,y) + Az, y)
for all z,y > 0 and
| 9(z,y) — f(z,9) | <w(z,y)
for all z > ny and y > no.

PROOF. Let wy, : (0,00) X (0,00) — (0, 00) and f, : (0, 00) X (0, 00) —
R be functions defined by

o (o e S (e (@), 8" ()
n(2,9) : kg} 1o | (97 (), 87 (1)) |

for each positive integer n and for all x,y > 0 and

e I @,0MW) R A @), 05 )
ntag): 15 ¥(#3(x), ¢ (%)) §H§=o¢<¢j(x>,¢j(y>)

for each positive integer n and for all z,y > 0, respectively. By (3) we
have

| fre1(z0) — fulz,9) |
! n+1 n+1
= M s @, ey ¢ W)

—Y(¢"(2), ¢ ( ))g(so"( ), 8™ () — A™(2),¢" () |
< __ €l¢™(=),¢" @)
B IH}LW(W( z),®(y) |

for each position integer n and for all > nq and y > no.
Now we use induction on n to prove

[ fn(:c,y) —g(m,y) l < wn(az,y)

for all positive integer n and for all x > n; and y > ns. For the case
n = 1 the above inequality is an immediate consequence of (3). Assume
that it holds true some n. Then

| fatr1(z,y) — g(z,y) |
| fov1(z,y) — falz,y) |+ | fulz,y) — g9(z,v) |

<
S Wn+1 (SL', y)
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for all x > n4, and y > no.

We claim that {f,(z,y)} is a Cauchy sequence. Indeed, for n > m,
x > ny and y > ny we have

| fn($7y) — fm(x)y) I
Z | fiv1(z,y) ~ fi(z,y) |

IA

T @k (2), 65 ()
<
B ki:n o | (0 (2), ¢ () |

= wp(z,y) — wn(z,y) = 0

as m — oo. Hence we can define a function f : (n,00) X (nz,00) — R
by

fle,y) = lim_fo(z,y).
Since fn(p(z), #(y)) = Y(z,y) fat1(x,y) + Mz, y), We have
fle(@), () = ¥(z,9)f(z,y) + M=,y)

for all z > n; and y > ny and

| F(2,9) = 9(z,9) |= lim | fa(z,9) — g(z,9) |
< nllnéown+1(xay)

= w(z,y)

for all x > n; and y > na. )
Now we extend the function f to (0, 00) x (0, 00). We define a function

f:(0,00) x (0,00) = R by f(z,y) = f(z,y) if £ > ny and y > ny and

k—1

F(e (), 65 (1))
T1520 (9 (2), % (v))

N M (z), ¢ ()

flay) = 2 T, vl (@), 69))

f0<z<nor0 <y < ng and k is the smallest natural number
satisfying the inequalities ¢*(x) > n; and ¢*(y) > na. In the latter
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case, we have

i _ f( ( ¢k+1 (v)) k W(y))
seteh o) = = () W) gmlw @, ¢'©))
Fe(2),6* ) 2), ¢ (3))

n;%w(w) i(y)) j:lnzlw i(z), ¢ (y))
¥(z,y)f(z,y) + A(z,9).

Thus for every x,y > 0 we have

flp(@), 0(y)) = ¥(z,9) f(z,9) + A(z,9).

If h: (0,00) x (0,00) — R is a function which satisfies

h(p(z), o(y)) = ¥(z, y)h(z,y) + A(z,y)

for all z,y > 0 and | h(z,y) — g(z,y) | < w(z,y) for all z > n; and
y > ng, then

| f(xay) - h(CB,y) |

= | fp(2), 6(1)) — h(p(z), b)) | =

| (2, ) |

_ "(g), " — h(p™(z), ™ 1 ; j
60 87(0) =@, 00) | e
1

T @, ey /) — el @, 67w

+ | g(¢™ (), " (y)) — k("™ (@), 0" (¥)) | )
2w(pn(2), Pn(y))
TS 1 e(ei(@), ¢ () |

1

= 2[w(x,y) - wn(x7y)] —0

as n — oco. This implies the uniqueness of f. O

The functional equation

Ty
(z+y)(z+y+1)

glz+1lLy+1)= g(z,v)
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for all z,y > 0 is called “the beta functional equation”. Since

iﬁ (x+i)(y+19)
< oo
ise (z+y+2)(z+y+2i+1)

and

= ﬁ (x+y+2)(z+y+2i+1)
s (z+ ) (y+1)

]:
for each z,y > 0, we investigate the stability of the same beta functional
equation

1 (+y)(z+y+1)
Y

g(z,y)™"

gle+1l,y+1)

for all z,y > 0. It is well known that the beta function

1
B(:c,y)z/o =1 — )Y dt

is a solution of the beta functional equation.

COROLLARY 2. If a mapping g : (0,00) X (0,00) — (0,00) satisfies
the inequality

o (@+yl+y+])

-1 <
o glz,y)" | <6

lg(z+ 1,y +1)

for all x > ny and y > ng, then there exists a unique function f :
(0,00) x (0,00) — (0, 00) such that f is a solution of the beta functional
equation and satisfies the inequality

(c+y)(z+y+1)

lg(z,9) " = flz,y)7' | <

for all z > ny and y > ngy.

PrOOF. We apply Theorem 2.1 with ¢(z) = =+ 1,¢(y) = y +

1, Mz,y) = 0 and ¥(z,y) = %@W For any z,y > 0 we have

1
anwm)wy = Zﬁ:w y)’

=0
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By Theorem 2.1, there exists a unique function F : (0, 00) x (0,00) —
(0, 00) such that

(:v+y)(a7+y+1)F
Ty

Fz+1,y+1)= (z,y)

for all z,y > 0, and

i} zy
| 9(z,y)™ = F(z,y) | <

(x+y)(ac+y+1)25

for all z > ny and y > ny. Let F(xz,y) = f(z,y) ! forall 2,y > 0. Then
we complete the proof of Corollary. O

Consider the Schroder functional equation with two variables

f(c,o(a:),qﬁ(y)) = kf(m,y).

For example, f(z,y) = e*t¥ is a solution of a Schroder functional equa-
tion
fle+ Ly +1)=ef(z,y).

As an application of Theorem 2.1, we can derive the following corollary,
concerning the Hyers-Ulam stability of the Schroder functional equation.

COROLLARY 3. Let k > 1 and § > 0. If a function g : (0,00) X
(0,00) — R satisfies the inequality

| g(p(=), () — kg(z,y) | <

for all x > n; and y > ng, then there exists a unique function f :
(0,00) x (0,00) — R such that

f(‘P(x)a ¢(y)) - kf(x7y) =0

for all z,y > 0 and
- < —_
| 9(z,y) = fle,y) | <
for all x > ny, and y > ns.

ProoF. By Theorem 2.1 with A(z,y) =0, ¥(z,y) =k, and e(z,y) =
6, we have

= 1 6
w(z,y) = 62 B k1
i=0

for all z,y > 0, and so we complete the proof of Corollary. O
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3. Stability in the sense of R. Ger of the functional equation
(2)

The following result is a generalization of Theorem 2 in [8].

THEOREM 4. Let g : (0,00) x (0,00) — (0,00) be a function that
satisfies the inequality

\ o(p(). 6»))
4) |

P(z,9)9(z,y)
for all z > ny and y > ng, where € : (0,00) x (0,00) — (0,1) and
¥ : (0,00) x (0,00) — (0,00) are functions such that for all x > ny and
Yy >na

_1| ge(x,y)

a(z,y) =) log(l— e(p?(z), 4’ (y))) < 0
7=0

and

Blx,y) =Y _log(1+e(¢’ (z), ¢ ())) < oo.
7=0

Then there exists a unique function f : (0,00) x (0,00) — (0,00) such
that for all x,y > 0

flp(z), 8(y) = ¥(z,y) f(z,y)
and
ey < L&Y - s
T og(zy) T

Q

for all x > nq, and y > na.

PROOF. Let f, : (0,00) x (0,00) — R be the function defined by for
each position integer n,

g9(¢"™(z), ¢"(¥))

n—1 ; ; :
[I;= v(¥"(z), ¢ (y))
For any = > n{, y > ny and for all positive integer m, n with n > m,
we have

fn(z,y) =

fulz,y) _ 9" (@),¢"(¥) 1
(@, y) — 9(e™(@), 6™ (W) TTI2L %(e(2), (%))
T @ @), )

L1 (i (x), #7(y))g(p? (x), ¢? (y))

J=m
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By (4), we have

0<1—e(p’(z),¢'(y))
. 9@M@),6M )
= P(ei(z), ¢ (y)g(¥? (z), # (y))
< L+ e(p? (), ¢ (v))
for all z > ny and y > ny. Thus for all z > n; and y > ny we have
[[0-dw@0) < 228 < T+ de).00)

or

3 log(1 — e(6?(2), /() < lo8 () —1og fn(,1)

n—1

<Y log(1+9(¢? (2), ¢ (1))

j=m

Since these series converge by assumption, {log f.(z,y)} is a Cauchy
sequence for all > n; and y > ny. Now we can define

L(z,y) := lim log fn(z,y)

and ~
f(z,y) =Y = lim fu(z,y)

n—

for all z > ny and y > ng. It is easy to see that
Flp(2),0(y) = lim fa((x), $(y))
= lim o(z,y) far1($(2), 6(y))
= ¢(z,9)f(2,9).

Now we extend the function f to (0,00) X (0,00). We defined a function
f : (0,00) X (0,00) - (0,00) by f(l',y) = f(xay) if z > ny, and Yy >ng
and -

fe™(z), 4" (y))
[1;Z0 ¥(¢7 (@), 8 (1))

flz,y) =
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if0 <x<m or0 <y < ny and k is the smallest natural number
satisfying the inequalities ¢*(z) > n; and ¢*(y) > ny. In the latter
case, we have

flg" (), o™ ()
[Ty ¥(¥? (), ¢7(y))

f(QO(.’B), (:b(y)) = ¢($,?J)f(i'?, y)'

Thus for every z,y > 0,

Since for every x > ny and y > ny

= so’“( ), ¢ 1(y))
I:I (0 (x), #7(y))g(#? (), ()’

we get

H(l—e o (@), ¢ () < H 1+ e(¢’ (z), ¢ (v))-

This implies that

o) < @Y )

(z,9)

for all z > ny, and y > ns. Now it remain only to prove the uniqueness
of f. Assume that A : (0,00) x (0,00) — (0,00) is some solution of
equation (2) which satisfies (4). By equation (2),

flz,y)  flel),0y)  fle™(2),4"(v) 9(¢™(z),4"(y))

hz,y)  hle(),é(y)  gle™(=),¢™(y)) h(e™(z), $"(y))

for any z,y > 0 and for all n. Hence we have

o

@S W) flpy) | PE@SW)
B @D = o) S e @)
(z,y)

for all z,y > 0. Note that for any a(¢™(x),¢"(y)) — 0 as n — oo
and B(¢™(z),¢"(y)) — 0 as n — oo. Thus, it is obvious that f(z,y) =
h(z,y) for all z,y > 0. O
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COROLLARY 5. Let g : (0,00) x (0,00) — (0,00) be a function which
satisfies the inequality

Y 9(z,y)
l ($+y)($+y+1) ‘ g(:L‘+1,y+1) -1 | SE(:ﬂ,y)

for all z,y > ng, where € : (0,00) x (0,00) — (0,1) is a function such
that

alz,y) ==Y log(l ~ ez + j,y + J))
§=0

and

Bz,y) =Y log(l+ e+ 4,y + 7))

§=0
are bounded for all z,y > ng. Then there exists a unique solution
f:(0,00) x (0,00) — (0, 0)
of the functional equation (2) with
o) < L@V sy
g9(z,y)~"
for all z,y > ng.

ProoF. Follows from Theorem 3.1 for p(z) =z + 1, ¢(y) =y + 1,

Wz, y) = (z + y)(j;ywL Y+ 1),

and G(z,y) = g(z,y)~*. O

COROLLARY 6. Let k1, ko > 1 and § > 0. If g : (0,00) X (0,00) —
(0, 00) satisfies the inequality

g(kl$7k2y) . 6
@y L <y

forallz,y > g , then there exists a unique function f : (0, 00) x (0, 00) —
(0, 00) such that for all z,y > 0

f(klfﬂ, ka) = ¢($,y)f(35,y)
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and

S~
S—

(z,y
(z,y)

@

PROOF. Let p(z) = ki1z and ¢(y) = koy and e(z,y) = %. Then

o0
]
alz,y) = » log(l— ——) < o0
j:ZO k{x—l— k%y

and
s )
Blz,y) = ) log(l+ ———-)
j;) kKlz+ky

<0

for all z, y > %. By Theorem 3.1, we complete the proof.
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