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THE BARTLE INTEGRAL AND THE
CONDITIONAL WIENER INTEGRAL ON (/0,1

KunN-Six Ryu AND MAN-KYU IM

ABSTRACT. In this paper, we give a new formula between the con-
ditional Wiener integral E(F|X), the conditional Wiener integral of
F given X, and the integral with respect to a measure-valued mea-
sure, a kind of Bartle integral. Using this formula, we give some
examples of evaluation of E(F|X).

1. Introduction

In 1975, J. Yeh has introduced the concepts of conditional Wiener
integrals E(F|X), the conditional Wiener integral of F given X. He,
in his paper [11], derived some inversion formulas for E(F|X) and eval-
uated some conditional Wiener integrals conditioned by X(z) = z(t)
for a fixed t and z in Wiener space. In 1984, K. S. Chang and J.
S. Chang extended Yeh’s results to the random vector X given by
X(z) = (x(t1),z(t2), -+ ,z(txn)) in [1]. C. Park and D. L. Skoug pre-
sented a quit simple formula for the calculation of conditional Wiener
integral in [6].

In this article, we will give a new formula for conditional Wiener
integrals E(F|X), which it is represeented by the integral with respect
to a measure-valued measure Vy, the so-called Bartle integral, on Wiener
space and using our formula, we will give some evaluations of F(F|X).

2. Preliminaries; notations and lemmas

For a positive real number ¢, let C[0,¢] be the collection of all real-
valued continuous functions on [0, ¢] that vanish at 0. The space C|0, t]
with the uniform topology is called the Wiener space. Consider the
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Wiener measure space (C|0,t], B(C[0,t]),my), where B(C[0,t]) is the
smallest o-algebra containing all open sets of C[0,¢] and m,, is the
Wiener measure on (C[0,t], B(CI0,t]))

For a fixed natural number n, let X : C[0,t] — R™ be a Borel
measurable function and Z : C[0,t] — R be integrable with respect
to the Wiener measure m,,. The set function Px on (R™, B(R"™)) de-
fined by Px(E) = my(X }(E)). Then Py is a probability measure

n (R™ B(R™)). The conditional Wiener expectation of Z given X,
written E(Z|X), is defined to be a real-valued Borel measrable and Px-
integrable function ¥ on R™ such that

(2.1) /X —1<E) z)dmu (2 / $(£)dPx (&

for E in B(R™). The existence of such a function E(Z|X) follows from
the Radon-Nikodym theorem.
We can find the following facts in [9, p. 211-216].

REMARK 2.1. (a) If Z; and Z are my,-integrable and if a,b are in R
then

(2.2) E(aZy + b2 X) = aE(Z1|X) + bE(Z2|X).
(b) If Z; and Zs are my-integrable with Z; < Z my-a.e. then
(2.3) E(Z1|1X) < B(Z3|X) Px —a.e.

(c) (Conditional form of Lebesgue monotone convergence theorem) If
(Zn) is a nondecreasing sequence of nonnegative real-valued Borel mea-
surable functions on CI0,¢t] and if (Z,) converges to Z my-a.e. then a
sequence (E(Z,|X)) converges to (E(Z|X)) Px-a.e.

The following lemma follows from Theorem 3 in [11 p. 629].

LEMMA 2.2. If the Radon-Nikodym derivative 45X exists and Jopa

exp(i(u, X (z)))Z(z)dmy(z) is a Lebesgue mtegrable function of u on
R™ then

(2.4)

BZIX)©) S X

('f)
= 5= /IR" exp(—i{u, §)) /C[O,t] ezp(i{u, X (2)))Z(z)dmu, (z)dm ()

for € in R™. Here (u,£) is an usual inner product in R™.
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For B in B(C[0,t]) and for F in B(R"), we let
(2.5) Vx(B)|(E) = mw(BN X (E)).

Clearly, Vx (B) is a measure on (R™, B(R"™)) for B in B(C|0,t]) and Vx
is a measure-valued measure on (C[0,t], B(C[0,¢])) in the total variation
norm sense.

REMARK 2.3. (a) If the Radon-Nikodym derivative dvﬁ exists and
E is mp-null in R™ then since for B in B(C|[0,1]),

[Vx (B)|(E) < mu(X~Y(E)) = Px(E) =0,

for B in B(C|0,¢]), Vx(B) is absolutly continuous with respect to mp.
(b) Let RM(R™) be the space of all finite R-valued measures u on
(R™, B(R™)) that are absolutly continuous with respect to my. Then
(R™, B(R™)) is isomorphic to L!(R™,m) and the dual space RM(R")*
of RM(R"™) is isomorphic to L*(R",m). For y* in RM(R™)*, there
is a function 6 in L°(R",mr) such that z*(u) = fp. 6(s) dp for p in
RM(R™).
(c) For B in B(C|0,t]), the semivariation ||Vx||(B) of Vx on B is
WVxI(B)
sup{|z*Vx|(B) : z*is in RM(R™)* and ||z*|| <1}

{l /Rn 0(s)d[Vx (B)l(s)] : [0(s)| <1 my —a.e}

[Vx (B)(R™)
M (B)

Il

Il

(2.6)
<
<

where |2*Vx|(B) is the total variation on B of real-valued measure z* VY.
By [3, Theorem 10, p. 328], we obtain the following lemma.

LEMMA 2.4. (The Dominated convergence theorem for the Bartle in-
tegral) Let B be a Banach space and let (Y,C,v) be a B-valued measure
space. If (f,) is a sequence of v-Bartle integrable functions that con-
verges || v ||-a.e. to f and if g is a v-Bartle integrable function such that
[fn(8)| < lg(s)| || v ||-a.e. s for all natural number n then f is v-Bartle
integrable and for E in C,

@0 (Ba)= [ (5 duls) = lim (Ba) - [ fuls) dvls)

Hence, — [ f i f(8) dv(s) means the Bartle integral of f with
respect to v, tbe mtegral of sca]ar—valued function f with respect to a
vector measure v.
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By [5, Theorem 2.4, p. 162], we have the following lemma.

LEMMA 2.5. Suppose the Radon-Nikodym derivative ——X exists.

dm
Then f is Vx-Bartle integrable if and only if for each z* in RM(R”)
[ is z*Vx-integrable and there is an element (Ba) — fC[o a1 f(@)dVx (z )
in RM(R™) such that
z* [(Ba) — / f(z) dVX(a:)]
(2.8) cto
- / f(x) da* V()
C[0,¢]
for each z* in RM(R™)*.
For a convenience, we let
W(n;s1, 82,0, 8nyu1, Uz, - Un)
1
(2.9) e T2 1 - (Uj - Uj-1)2
= (27T)n]._I_Il(8j — 8j-1) exXpy ~ 5 ]§=:1 _83_:11—

for 0 =sp < 81 < 89 < -+ < 8, <t. Here, we let ug = 0.

Now, we establish a formula for the Bartle integral with respect to
Vx, which play the impotant role in this paper.

LEMMA 2.6. Let 0 = tg < 51 < 89 < - - <S$mp =t <sp+1 <0 <
Smp =l2 < < Sm,_, =th1<8m,_ 141 < < S$m, =1t, =t and
let X : C[0,t] — R™ be a function with X (s) = (z(t1), z(t2), -+ , z(t)).
Let f : R™» — R be a Borel measurable function and let F : C[0,t] — R
be a function with F(x) = f(z(s1),z(s2), -+ ,2(sm,)). Then for E in
B(R™)

(2.10)
[ F(z) dVx(z )] (B)
Ot]

/(n)//(rm 1)/ /mn 1)/W(mn,81, o Smait, ,umn)

R™1— -1 Rmn—1

My, ~71

f(ulvu%"' aumn) d( H mL)('517327' o Sma—1,8ma+1, 7 5 Sma—1,

n

Smo+1y" " 73mn—1) d(HmL>(Sm1ySm27"' 7Smn)-

j=1
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Here = means that the existence of one side implies that of the other
with the equality.

PROOF. Let T : C[0,t] — R™ be a function with T'(z) = (z(s1),
z(s2),** ,Z(5m,)). Then for E in B(R™) and for F in R™", by the
Wiener integration formula,

[/C[o,t] (xF o T)(z) dVX(g;)] (E)

= [Vx(T~H(F)))(B)
= my(T"1(F) N X~Y(E))

SJEE
XF(51,82,* ,8m,)

R™1— -1 Rmn—1
W(mna317 Sy, UL, ,umn)f('ltl,UQ, v aumn)
mnp—n
d( H mL)(slaSZ)"' ySmi1—1:Smi+1, " " 75mn—1)
Jj=1
n
d(HmL)(SmUSmQ,"' ?’SMn)'
Jj=1

From the dominated convergence theorem for Lebesgue integral, the
equality (2.7) and the usual method as in the general theory of integral,
we have our result. O

From the Theorem 2.1 and Theorem 2.3 in [7], we can find the fol-
lowing lemmas.

LEMMA 2.7. Let M(R™) be the space of R-valued countably additive
measure on (R", B(R™)) and let (2, B, u) be a measure space. Let f :
2 — M(R"™) be a u-Bochner integrable function. Then for E in B(R"™),
[f(O)(E) is a u-integrable function of t and

(2.12) [(Ba) - [ 1 dﬂ(t)] (&)= [ 1£0))B) autt)

Here, (Bo) — [ f(t) du(t) means the Bochner integral of f with
respect to p.

LEMMA 2.8. Let B be a separable Banach space, (21, B1, u1) a real-
valued measure space and let (Q2, Bs, u12) be a B-valued measure space.
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Let f : 23 x§ly — R be By ® By-measurable and ) X ua-Bartle integrable.
Then

(2.13)
for ||uz|| —a.e. v, f(u,v) is a pi-integrable function of wu,

(2.14) / f(u,v) dui(u) is po-Bartle integrable, and
Q

(Ba) - / F(u,) dpy X pia(u,v)
(2.15) flaxfha
- - [ [ [ fwo) dm(u)] dn(v)

Moreover, if for |u1]-a.e. u, f(u,v) is a ua-Bartle integrable function
of v and (Ba) — sz f(u,v) dus(v) is u1-Bochner integrable, then

(Ba) /Q L fw) di x ()

1) = (B~ [ B [ fwo) da)] dintw

- (o [ [ | s dm(U)] dua(v).

3. The relation between the Bartle integral and the condi-
tional Wiener integral

In this section, we will find the relation between the conditional
Wiener integral E(F|X) and the Bartle integral (Ba)-fc,[0 { F(z)dVx(z).

THEOREM 3.1. Let X : C[0,t] — R™ be a Borel measurable function
such that the Radon-Nikodym derivative % exists and let F' : C[0,t] —
R be a Vx-Bartle integrable function. Then for E in B(R"™),

[(Ba) [ P ax@|®

(3.1) cro]

_ /E E(F|X)(€) dPx(£).
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Proor. For B in B(C[0,t]) and for E in B(R"),
(B~ [ xala) avxa)|(B)
clo.
= my, (BN X"Y(E))

xB(z) dmay(z)

So, from equality (2.2), for any simple function s on C|0,t], we have

(3.3) {(Ba) —/C[O,t] s() dVX(x)] (E)

(s X)(§) dPx(§).

I
S
o

for E in B(R").
Let (sp) be an increasing sequence of simple functions on (C[0,t],
B(C|0,¢])) such that (s,) converges to F. Then for E in B(R")

(5o~ [ @ dvx<x>] (B)

—
—
~—

(o) [ o) ave(o)| )

® 4 By -
» 2 tim [ (B0) - [ e (o) (E)
® lim EE(snIX)(é) dPx(€)

=

lim E(s,|X)(€) dPx(€)

E n—oo

® /EE(ij)(g) dPx (§).

From the definition of Bartle integral, we have Step (1). Step (2)
follows from the Vitali-Hahn-Saks theorem. Step (3) results from the
equality (3.3). By the monotonic convergence theorem and the equality
(2.3), we obtain Step (4). By (c) in Remark 2.1, Step (5) holds. Hence,
the proof is finished. O

The following corollary follows from Lemma, 2.2.
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COROLLARY 3.2. Under the assumption of Theorem 3.1, if fC[O 4 €ZP
{i{u, X (z))} dm,(x) is Lebesgue integrable then

o [ e Wy (@) (E)
- / E(FIX)(©) dPx(¢)

= gr [, fLeolitw) [ eoplife X))

F(z) dmy(z)dmp(u)dmp(€)
for E in B(R™).

THEOREM 3.3. Let 0 =#p < 81 < 82 < +++ < 8y =11 < Smy41 <
cr < Sy =ty < o < Sy, =ty < t. Let X : C[0,t] — R™ be
a function with X(z) = (z(t1),z(t2),--- ,z(t,)) and let f : R™ —
R be Lebesgue integrable. Let F : C[0,t] — R be a function with
F(z) = f(z(s1),z(s2), -+ ,%(Sm,))- Then the conditional Wiener inte-
gral E(F|X) exists and

(3.5)

(3 6)
E(F|X)(tmy s Umg,*  Umy )W (i b1, 82,7+ 5 tnj Umay s Umngy 5 Uiy,
/ / /.../W(mn;31,32,...,smn;ul,...,umn)
Rm1—1 Rmn—1
Mp—N
flui,uz, < ,um,) d( H mL)(81,82,"' »Smy—1Sma+1, """ ) Smin—1)-
j=1

PROOF. From the Wiener integration formula, we have that dF, s (

Umgy, "y Umy,) = W(n;t1,t2, 0+, tn Umy, Umgs -+ > Umy,)- Hence by the
equality (2.10) and Theorem 3.1, for E in B(R"),

/ // / / /W Mp; 81,82, ySm,, U1, U2, - umn)

R™1— 1 Rmn~ 1

Umy

Mn—N
flur,uz, -+, um,) d( 11 mL)(81,82,--- » Smi—1, Smi+1s" " 5 Smp—1)
=1

j=1
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-| / Plo) dVi(o)|(E)
- [ /EF|X ©OF(€) dmy(e)

So, we obtain the equahty (3.6). O

THEOREM 3.4. Let 0 =ty < t1 <ty < --- < t, <1t be given. Let
X : C[0,t] — R™ be a function with X(z) = (z(t1),z(t2), -, z(tn))-
Let k be a fixed natural number. Then [z(s)]F is a m x Vx-Bartle
integrable function of (s, z) on [0,t] x C|0,1].

PRrROOF. Let z* be in RM(R™)*, corresponding to 8 in L>*°(R"™, mp,).
Then

/ [:c(s)]'c dz*(mp x Vx)(s, )
[0,4]xC[0,4]

1
(S) / |:v(s)|’c dmp x |z*Vx|(s, x)
[0,t]xC(0,t]

(2)
< ||x*||/ ()| dmy, x ||[Vx||(s, )
[O,t]xC[O,t]

2 el o) g x g, )
(3.8) [0,¢] xCI0,

D17 /[0 / (¥ dmay(z) dmi(s)

© g Qe Fex —1—{2— m s
21 ) e /R ulFeap{~x-} dmy(u) dms(s)

©) (. p Ly [2F k
2l DG o5 dmato

7) E+1  [2kt2 1
D \(z*|| T V2,
el oy
Step (1), (2) and (7) are clear. Step (3) follows from the inequal-
ity (2.6). Step (4) results from Tonelli’s theorem. From the Wiener
integration formula, we obtain Step (5). Since

uz kgk
(3.9) ﬁ/ﬂg]uﬁexp{—%} dmp(u) = F(w) Ze

2 v
[12, p. 442], Step (6) is justified where T is the gamma function.
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Now, let F': B(R™) — R be a measure given by

(3.10)
F(E)
) ﬂnl 5 — 1) i\S — L)\l — S E
—Z/ [2 i ]1< t-1)] (s = ti-) (¢ >}
J#
®(uj — uj-1)? w—us_1)?
{/p{_z(zTT))}(/ e~ 5= )
JF#

exp{ - (212{%} dmp(u ) (HmL) U1, U2, ,Un)} dm(s)

for E in B(R").
Then by the Chapman-Kolmogorov equation in 4, p. 36] and the
equality (3.9),

E+1, /2Fksk
3.11 < k+2,
(3.11) |F(E)| < T( 5 ) ka/t

so F' is well-defined. Moreover,
T (F)
= / 0(U1,U2,"' 7U"n) dF(u1,U2,"' 7un)

dF
/ 9(”1,“«2,"‘ ,Un) m(ul,uz,“' ,Un)
m i=1

deL(’lLl,UQ, )

—_
~—

—~
")
~

(3.12)

1
n =
2

£ oo

J#i

{/nQ(ul,Ua,... ) Un) 6xp{ _]2:;(211—(11__“—;;—11?}

J#
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u— Ui_1)? u; —u)?
</Ruk earp{ — ——_(2(3 _ti—ll)) } e:cp{ — (2—(;9)7}

dmL(u)> d(ﬁmL)(U]_,UQ,"' ,un)} dmp(s)

i=1

@ é /tt_ ( /C eCh d(x*VX)(m)> dmu(s)

/[O,t] (/C[O’t] [z(s)]* d(x*VX)(.’L‘)) dm(s)

/ (o(s)]F d(mz x 2Vx)(s, 2)
[0,t}x C[0,t]

—
ot
~—

—~
=)
R

I

@ / [a:(s)]k dz*(mr x Vx)(s,x).
[0,¢}xC[0,¢]

Step (1) follows from Remark 2.3 (b). By the Radon-Nikodym theo-
rem, we obtain Step (2). From the definition of a measure F', we have
Step (3). Using Lemma 2.6 in above, we can check Step (4). Step (5) is
clear. By the Fubini theorem, Step (6) holds. By the general theory of
vector measure, Step (7) is justified.

Hence, by Lemma 2.5, we have [z(s)]® is m) x Vx-Bartle integrable
on [0,t] x C[0,¢t] and

(3.13) (Ba) — /[0 t]xc[ot][x(s)]k d(my, x Vx)(s,z) = F,

as desired. ' O

By the equality (2.12) in Lemma 2.6 in above, we have the following
corollaries.

COROLLARY 3.5, Let 0 = tg < t1 < tg < -+ < tp, < t and let
X : C[0,t] — R™ be a function with X(z) = (z(t1),z(t2), -, z(tn)).
Then f[O,t] [z(s)]F dm(s) is a Vx-Bartle integrable function of = for any
natural number k.

COROLLARY 3.6. Let 0 = tg < t] < tg < --- < t, <t and let
X : C[0,t] — R™ be a function with X(z) = (z(t1),z(t2), -, z(tn)).
Then (Ba) — fC[O,t] [z(s)]*¥ dVx(z) is a Bochner integrable function of s
for any natural number k.

PROOF. Let k be a fixed natural number and let z* be in RM(R"™)*,
corresponding to § in L*°(R"). By the essentially same method as in the
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proof of Theorem 3.4, we can check that the Radon-Nikodym derivative
A(Ba)- [ [ V(@) /dmy
clo,g

= ZX(tl 1,t1 [ZW)nH[

[N

1=

(t — tj—l)] (s —ti—1)(ti — 8)}

Do

1

o, S,
=~ i

- Uj — Uj— 2 U — Usz—- 2
emp{ - jglg(tj — tj__ll)) /RUk 6%}){ B (2(8 — tz_ll)) }
J#i
Ui —u 2
e:cp{ - %@_——3)} dmp (u).
So,
x*((Ba) . /C o [z(s)]* dVX(x))

- gxﬂi—m)(S) / ) {(%)nﬂ[

N|=

‘:::J:

(ty ~t5-0)] (s~ i)t 5

1

{ u]—uj 1) }/ (v — u 1)2}
exp Uu exp
. j t _tg 1 S_tz 1)

[
‘H\II

J#
emp{ - %} dmp (u) d(ﬁ)mL(ul,U2,--- ,Un))-

i=1

By the Fubini theorem, z* ((Ba) - fC[o 1 [z(s)]* dVX(a:)) is measur-
able of s, that is, (Ba) — fC[O,t] z(s) dVx(z) is weak measurable of s.
Since RM(R™) is separable, by Pettis measurability theorem in [2, The-
orem 2, p. 42|, (Ba) — fC[O { |z(s)|* dVx(z) is a strongly measurable

function of s. By the similar calculus as in the proof of Theorem 3.4, we
have

(3.14) ’(Ba) — /C[O t][x(s)]k dVX(CB)
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= sup{z* ((Ba) —/ [z(s)]* dVX(:c)) :
Clo,¢]
2% is in RM(R™)* with |ja*|le < 1}

k11 k+2
< I + ) 2 L Vikt2,

- 2 T k42
So, by Theorem 2 in [2, p. 45|, (Ba) — fC[O t][m(s)]k dVx(x) is a
Bochner integrable function of s. )

Using the above results and Lemma 2.6, we obtain the following the-
orermn.

THEOREM 3.7. Let 0 = tg < t1 < to < --- < t, < t and let
X : Cl0,t] — R™ be a function with X (z) = (z(t1),z(t2), - ,z(tn)).
Let k be a natural number. Then [z(s)]* is m x Vx-Bartle integrable,
f[o,t] [z(s)]* dmy(s) is Vx-Bartle integrable and fC[O,t] [z(s)]* dVx(z) is
mp-Bochner integrable.

Moreover, for E in B(R™)

| [ [ e dmx vx<s,w>] (B)
0,4xC[0,4]
- /[O,t] [(Ba) N /CO,t] GOl dVX(m)] (E) dmi(s)

B [(Ba) - /C[O,t]

/N

[ O dmu) dvx(@)| @),
[0,2]

4. Examples

In this section, using the results in Section 3, we will give examples
of evaluation for conditional Wiener integral of some Wiener functional.

EXAMPLE 4.1. Let 0=ty <ti <to < --- <t, <tand t;,_1 <s <t
for some i = 1,2,--- ,n. Let f(u) = exp{—au?} where « is a positive
real number and F(z) = f(z(s)). Then by Theorem 3.3,

E(FlX)(ulau27"' aun)W(n;tlytZ)"' at'n)
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NI

/l; exp{—au?}

(uj — uj_1)? u— ui-1)?
e”““p{ N ]Z 2t; —t; 11) } ‘“"”p{ - (2(3 - ti.ll))

JFi

dmp(u)

u; — u)?
(- o)

n _

= [emr T1s - -] - bt = )

J=1
J#i

[emf - >:<“~'; by ey

(ML

s — ti1)ui + (B — s)ui—1)?
emp{—2(3~ti_]j)(ti——s)(u_(( = J;c(t s )}

exp{  2k(s — ti_ll)(ti ) [((5 —tio)ui + (t — $)ui—1)?

k(s — ti-1)ud + (6 — )udy)] | dmi(w),
where k = 2a(s — t;—1)(t; — s) + (t; — t;—1). Hence,
E(F|X)(u1,u2, - ,un)
- (2a(s i) (ti — ) + (ks —t¢_1)>" (t i )

o { (ui —ui1)? (s —uim1)? + 20((s — tim)u? + (8 — s)uf ) }

l

2(t; — ti-1) da(s —ti—1)(t; — s) + 2(t; — tic1)
EXAMPLE 4.2. Let 0 = t5 < t;] < t2 < -+ < t, < t and let
X : C[0,t] — R™ be a function with X(z) = (z(t1),z(t2), - , =(tn))-
Let F(z) = [ o(s) dmr(s). Then for E in B(R™)

| [T (o) (B)

O [ /Ot e R dm(s)]( )
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@ [; /( » [ ) V) dmi(s)|(8)
@ Z/( » [/C[Ot o(s) dVix(a >](E) dmi(s)

Sp o A A WA o CRR

=
n u U4 1
(s —ti- )(t——s)] uewp{ Jt—) ")
(tj — tj-
J#

2 2

eap{ - (2123- ui_ll)) - (2u(t __“Z> }

dmL deL u1 Uy - ; W ) dmL(s)

5) /(n) /[ 11 exp { Z(u]t ——UZJ 11 }} :
j#i
;/(ti_hti) 27T(8——ti_1)(ti—5):| %

(u - ui_1)2 _ (u1 - u)2
/R“exp{_ s~ tii1) 2t —s)

dmy(u) dmpg(s) deL UL, U2,y Up)
i=1

n _ n
© /(" /[ (2m)™ H (tj — tj-1) e:vp{ Z UJt] _utjj 11) }}
7&

(ti —ti1)73 (i = ti—1)§Ui i ui_l))exp{ G “ii——l)Q}

i=1

deL U1, U2, )

i=1
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Step (1) follows from Lemma 2.8 in above. Step (2) and (6) are clear.
Step (3) results from Lemma 2.7 in above. From Lemma 2.6, we obtain
Step (4). By the Fubini theorem, Step (5) holds.

Hence, by Theorem 3.3,

- t; —ti—1)(uy + u—
E(F|X)(ut,uz, - un) =3 ( 1)é )
i=1

This result is exactly same to K. S. Chang and J. S. Chang’s result
in (1, Theorem 3.1, p. 102].

EXAMPLE 4.3. Let 0 = tp < t1 < tg < +-- < t, < t and let
X : C[O t] - R be a function with X(z) = (x(t1),z(t2), -+, z(ts)).
Let F(z fo ]2 dmp(s). By the essentially same method as in
Example 4.2, for E in B(R™)

[ o Fo) dvx(a)| ()

Z / | / oo dVX(ﬂc)J (B) dmi(s)

() oy it o]
e /Z [ Jen g(t )]s~ i) -5
7
U; — (u—u;— i —u)?
o eapl =G e - ol e
J#z
dmrp(u) dmp(s (HmL) UL, UL, ", Up)

(n S —ti_ 1 t — 8) (ti — s)ui_l + (8 — ti_1)ui 2
/ / /t t_tzl +( ti_ti—l )]

7
dmL(S) W(n;t17t27" . )tn;U’l)uZ»"' au’n) d(HmL>(U1,U2,' o 7un)

/(n/ t —tz 1)? |, (im tz31)u? 1+(ti—t§_1)u3
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(b — ti—1)usui—1
3

d(ﬁmL)(ul,ug, ce Up).
i=1

)]W(n;tlatZ) T 7t'n;u17u27“ ’ ,un)

Hence,

E(F|X)(u1,uz, ", un)

_ zn: ((ti —ti_1)? n (ti = tiy )i 4 N (ti — tima)u?
= 6 3 3
n (t; — ti—l)uiui—l)
3 .

This result is exactly same to K. S. Chang and J. S. Chang’s result
[1, Theorem 3.3, p. 105].
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