Commun. Korean Math. Soc. 19 (2004), No. 4, pp. 619-637

OPENLY SEMIPRIMITIVE PROJECTIVE MODULE
SOON-S00K BAE

ABSTRACT. In this paper, a left module over an associative ring
with identity is defined to be openly semiprimitive (strongly semi-
primitive, respectively) by the zero intersection of all maximal open
fully invariant submodules (all maximal open submodules which are
fully invariant, respectively) of it. For any projective module, the
openly semiprimitivity of the projective module is an equivalent
condition of the semiprimitivity of endomorphism ring of the pro-
jective module and the strongly semiprimitivity of the projective
module is an equivalent condition of the endomorphism ring of the
projective module being a subdirect product of a set of subdivisions
of division rings.

0. Introduction

Assume that ring R is any associative ring with identity. The ring
of all R-endomorphisms on a left R-module g M, denoted by Endg(M),
will be written on the right side of M as right operators on g M, that is,
RMEgna, () will be considered in this paper.

A submodule L of a left R—module g M is said to be fully invariant if
Lf < L for each f € Endgr(M). For any subset J of Endgr(M) = S, let
ImJ=MJ =3 ¢ ;Imf =3:.; Mf be the sum of images of endo-
morphisms in J. Also we call N an open submodule if N = N°, where
Ne = fesimp<n Im/f is the sum of all images of endomorphisms
contained in N.

DEerFiNITION 0.1. For an open submodule P < M of a left R—module
rM, P is said to be a mazimal open fully invariant submodule of g M
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if it satisfies that P < L < M for any open fully invariant submodule
L < M implies that P=L or L= M.

For an open submodule P < M of a left R—module g M, P is said
to be a mazimal open submodule of gM if it satisfies that P < L < M
for any open submodule L < M implies that P=L or L = M.

Generally, a maximal open submodule P of any left R—module g M
which is fully invariant does not mean a maximal open fully invariant
submodule of it. In fact, we may have three kinds of open submodules
of pRM (if it is projective, it has), that is, a maximal open submodule
which is not fully invariant, a maximal open fully invariant submodule,
and a maximal open submodule which is fully invariant in g M.

For example, over the integer ring Z, the left Z—module 3Z ® Z
has a maximal open submodule pZ & Z (prime p) which is not fully
invariant and it has also a maximal open fully invariant submodule
pZ & pZ. In the Z—module 3Zs & Zo & Z3z the maximal open fully
invariant submodule Zs & Zy @ 0 and the maximal open(but not fully
invariant) submodule 0 ® Z; @ Z3 have a maximal ideal 14292280 apd
a maximal left(not a two-sided) ideal I°®%228Zs of the endomorphism
ring of a projective module 77, ® Zs & Z3. Regarding the polynomial
ring z1;)Z[z] as a left Z|x]—module, then it is a projective Z[z]-module
which has a non-open maximal submodule zZ[z] + pZ(prime p) with
a fully invariant submodule (zZ[z] + pZ)° = (pZ)Z[z] of it. For any
field F, a direct product pF™(for any natural number n € N) has a
maximal open submodule 0 x F™~! which is not fully invariant. In a
non-projective module zZ(p>) & Z(p>), a non-fully invariant submod-
ule {0,1/p,---,(p—1)/p,---,1/p",-- -, (p — 1)/p"} ®Z(p*) has a non-
fully invariant interior ({0,1/p,---,(p —1)/p, -+ ,1/p", - - ,(p = 1)/p"}
®Z(p>))° = 0@ Z(p>) for any natural number n € N.

A left R—module r M is said to be openly simple in case there are only
trivial images of any endomorphism, that is, for every f € Endgr(M)
the image Imf is either M or 0.

THEOREM 0.2 [10]. (Generalized Schur’s Lemma I)
Every openly simple projective module has a division endomorphism
ring.

LEMMA 0.3 [6]. Ifa left R—module gM has a division endomorphism
ring, then g M is cyclic.

PROPOSITION 0.4 [8]. A left R-module M is a subdirect product of
a class U of left R-modules if and only if the P-reject of M in U is zero.
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A ring R is said to be a subdirect sum of the rings {R,},er if there
is a monomorphism

¢ : R — [ R, such that R¢m, = R,,
I

where 7., : []; R, — R, is the canonical projection, for each v € I.

DEFINITION 0.5 [9]. For a non-unit endomorphism p on any left
R-module g M, p is said to be prime if p = fg, for f,g € Endr(M),
then f is right invertible or g is left retractable in Endg(M), where an
endomorphism g € Endr(M) is said to be left retractable if there is

g € Endr(M) such that ¢'g : RM %5 gM 2 pM has the identity
restriction to I'mg, that is, ¢'g {1mg= lrmg-

LEMMA 0.6 [9]. For any (quasi-)projective module RM, we have the
following:

(1) For any f,g € Endr(M) with Imf < Img, then there is some
h € Endr(M) such that f = hg.

(2) For any monomorphism f € Endr(M), if Imf is a maximal
open submodule of p M, then f is a prime endomorphism.

It is well-known that for any projective R—module g M, the Jacobson
radical Rad(R) of R has the property ([1], [3], [5]):

Rad(R)M = Rad(M) # M.

LeEMMA 0.7 [3]. For any projective left R—module g M, the Jacobson
radical Rad(Endr(M)) of the endomorphism ring Endgr(M) is, in fact,
Rad(Endr(M)) = {f € Endgr(M) | Imf < Rad(M)}
= {f € Endgr(M) | Imf is small in pM}.

More precisely let’s rewrite the above result:
Rad(End(M)) = Homg(M, Rad(M))
— IRad(M) — IRad(M)"
={f € Endp(M) | Imf < Rad(M)}
= {f € Endr(M) | Imf < Rad(M)°}
={f € Endr(M) | Imf is small in gM}.
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THEOREM 0.8 [5]. Given a ring S, each of the following subsets of
S is equal to the Jacobson radical Rad(S) of S.

(J1) The intersection of all maximal left (right) ideals of S;
(J2) The intersection of all left (right) primitive ideals of S;

(J3) {f € S| rfsis quasi-regular for allr,s € S};

(Ja) {f € S| rf is quasi-regular for allT € S};

(J5) {f € S| fs is quasi-regular for all s € S};

(Je) The union of all the quasi-regular left (right) ideals of S;
(J7) The union of all the quasi-regular ideals of S;

(Js) The unique largest superfluous left (right) ideal of S.

Moreover, (J3), (J4), (Js), (Js), and (J7) also describe the Jacobson rad-
ical Rad(S) if “quasi-regular” is replaced by “left quasi-regular” or by
“right quasi-regular”.

Any maximal ideal of a ring means a both-sided (two-sided) ideal
of the ring. We are going to deal with all projective left R—modules
without any, or with some maximal open fully invariant submodules,
or with some maximal open submodules which are fully invariant of
projective left R—modules in the following three sections.

1. Semiprimitive projective module

Any ring R is called semiprimitive if the Jacobson radical Rad(R)
of R is zero, that is, Rad(R) = NJ, = 0 for which J, (e € A) is a
maximal ideal of the ring R. Similarly a left R—module g M is said to
be semiprimitive if the Jacobson radical Rad(M) of gM is zero, that is,
Rad(M) = NK, = 0, for which K, (o € A) is a maximal submodule
of the module rM. It is easily observed that for any projective module
rM, the condition of Rad(M)° = 0 if and only if the endomorphism
ring Endp(M) is semiprimitive.

In a special case of a projective module gk M in which no maximal
open fully invariant submodule exists, g M can have the semiprimitive
endomorphism ring Endg (M) of gM, even though each projective mod-
ule has at least one maximal submodule of it. This case will be studied
in this section.

It is well-known that any R—projective module is a direct summand
of a free R—module.

LEMMA 1.1. For any free R—module rF and for any proper (left)
ideal J of the endomorphism ring Endg(F'), we have the proper image
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ImJ of J.

PROOF. Since there exists a non-empty set X such that
F~®xR=R% (a direct sum of X — copies of R)

if J is any proper (left) ideal of Endg(F) with ImJ = F, then for a
mapping X, : X — F, where any characteristic function y, defined by
(¥)xz = 1R, the identity of ring R if y = z and (y)xz = 0 if y # =, there
exists an endomorphism

hy € J such that x € Imh, = Rz < ImJ = M.

Because of
ImJ=Y Mfa= Y Imfo=M,
fa€J fa€J
there is an endomorphism f, € J in J such that Imf, > Rx = Imh,,
for each z € X.
On the other hand, considering the following diagram:

rF
Jty lhm

rF L0 mmfe —— 0,
we have that hy = t;f, € J for some endomorphism t; : gF' — rF
since every free R—module is R—projective.
Considering the direct sum @zx,z : X — F (in fact, this sum is a
set function) and the function X,z shown in the following diagram:

X T, @zX:cxl /" 3hy, Ghy = h = 1F resp.
F~dxR= R(X),

where ¢ : X < RgF is the inclusion mapping, there exists a unique
R—endomorphism A : F' — F such that th = @, ., here in fact, we
have h = 1p = ®h,.

Now that the proper (left) ideal J contains 15 = @,cxhs on the free
module g F' = R*X) has its image g F. Then it follows that Endr(F)=J
from the fact of 1p = @®zexhs : rRF — rF by the uniqueness of ®h,.
Therefore this contradicts to the proper (left) ideal J of Endg(F). O
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LEMMA 1.2. For any projective R—module gM and for any proper
(left) ideal J of the endomorphism ring Endgr(M), we have the proper
image I'm.J of J.

PROOF. Since a projective module g M has a free module gF such
that

M @M’ = gF ~ RX) for a non-empty set X. For any proper (left)
ideal J of Endg(M), let J' = (J @ 0,0 ® 1p) be an (a left) ideal of
Endgr(F') generated by the set {J @®0,0® 15 }. If J' is a proper (left)
ideal of Endg(F'), then ImJ is a proper submodule of gM. Otherwise if
J' = Endg(F), then we can take another free module pF' = @F M oM’
by attaching F'—copies of M to gpF until we get the proper (left) ideal
(@F J©0,0®1,) of Endg(F') generated by the set {©FJH0,0® 1}
Then it follows easily that the image ImJ is a proper open fully invariant
submodule of gk M (of course, the image I'mJ is a proper open submodule
of gM). O

LemMA 1.3. For any projective left R—module gM, we have the
following:

(1) For any maximal open submodule P < M,
IP = {f € Endg(M)|Imf < P} is a maximal left ideal of
EndR(M).
(2) For any maximal left ideal J of Endg(M), ImJ is a maximal
open submodule of g M.
(3) There is at least one of maximal open submodules of gM.
(4) For any maximal open fully invariant submodule P < M,
IP = {f € Endg(M)|Imf < P} is a maximal ideal of
EndR(M).
(5) For any maximal ideal J of Endg(M), ImJ is a maximal open
fully invariant submodule of g M.
(6) There is at least one of maximal open fully invariant submodules
of RM.

ProoOF. (1), (2), and (3) are trivial.

(4): For any maximal open fully invariant submodule P < M, clearly
we have an ideal I of the endomorphism ring. To show that IT is a
maximal ideal of Endg(M) we let J be any ideal of Endgr(M) such that
I” C J C Endgr(M). Then the image ImJ = Y. ;Imj is an open
fully invariant submodule of g M such that P < ImJ < M. Then by
Lemma 1.2 and by the maximality of the open fully invariant submodule
P we have immediately that ImJ = P or ImJ = M. Thus it follows
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that I¥ = J or J = Endg(M). Therefore I¥ is a maximal ideal of

(5): Since g M is projective any maximal ideal J has the proper fully
invariant image ImJ by Lemma 1.2. To show that ImJ is a maximal
open fully invariant submodule of gM, we let K < M be an open fully
invariant submodule of g M such that ImJ < K < M.

Then we have an ideal I such that I'™/ = J C I¥K C Endg(M).
Since J is a maximal ideal of Endgr(M) we have that
' K< Jift K # M,

implying that K = ImJ. Otherwise K = M follows. Thus the proper
open fully invariant submodule Im.J is maximal among open fully in-
variant submodules of g M.

(6): Since the endomorphism ring Endg(M) has at least one of max-
imal ideals of it, it follows (6) from the item (5). O

If there is no maximal open fully invariant submodule of any semi-
primitive projective module g M with
0 = Rad(M) = NP, (P, is a maximal submodule of g M),
then it follows that
Rad(M)° =nNPS

«

from the relation of
Rad(Endgp(M)) = [TedM) — [RadM)” _ [NPa — nJPa — nJFPa — [NFa
and hence we have the following:

PrOPOSITION 1.4. For any projective module gM, if gM is semi-
primitive, then so is the endomorphism ring Endg(M).

PROOF. Suppose that
0 = Rad(M) = NP, (each P, is a maximal submodule of pM).

Since P? is a maximal open submodule of R M for any maximal sub-
module P, of M the relation of

Rad(Endgp(M)) = nIfe = "P> =19 =

tells that the endomorphism ring Endg(M) is a semiprimitive ring. J
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REMARK 1.5. The converse of Proposition 1.4 does not hold, in gen-
eral. The polynomial ring Z[z] is not semiprimitive as a Z[z]—module
but it has a semiprimitive endomorphism ring E'ndg(Z|z}).

PROPOSITION 1.6. For any semiprimitive projective module g M, if
there is no non-trivial maximal open fully invariant submodule of g M,
the endomorphism ring Endr(M) is a local ring with a unique zero max-
imal ideal Rad(Endgr(M)) = 0 and hence Endgr(M) is semiprimitive.

PROOF. Suppose that there is no maximal open fully invariant sub-
module and suppose that

0 = Rad(M) = NP, (each P, is a maximal submodule of g M).

Then there are no non-trivial maximal ideals of Endg(M) by the Lemma
1.3. It is true that the ideal

Rad(Endp(M)) =nIPe = [P« =10 =0
is a unique maximal ideal of Endgr(M) by the Theorem 0.7. 0

There are lots of semiprimitive projective modules having local endo-
morphism rings with a unique trivial maximal ideal, such as, the pro-
jective modules zZ, ® Z, and any direct sum zZ;") of n—copies of Z,
(for a prime number p) have local endomorphism rings since they are
semiprimitive projective modules in which there are no non-trivial max-
imal open fully invariant submodules.

The local endomorphism rings of projective modules are not the main
concerns in this paper. We concern mainly about projective modules
with maximal open fully invariant submodules of projective modules
and projective modules with maximal open submodules which are fully
invariant. And these will be studied in the next sections.

2. Openly semiprimitive projective module

If a left R—module p M has at least one maximal open fully invariant
submodule of g M, then we need to define an openly semiprimitive left
R—module g M as follows:

DEFINITION 2.1. A left R—module g M is said to be openly semi-
primitive if it has the zero intersection of all maximal open fully invari-
ant submodules of g M, that is, Ny P, = 0, for all maximal open fully
invariant submodules P, < M (a € A).
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REMARK 2.2. The fully invariance of a maximal open submodule
inducing a maximal ideal of the endomorphism ring is essential. For
example, the maximal open submodule pZ & Z being not fully invariant
induces a maximal left ideal IP%29Z of the endomorphism ring of the
module zZ®Z but the (both-sided) ideal generated by IP2®Z is Endg (Z®
Z).

THEOREM 2.3. For any projective module gM, the following are
equivalent:

(1) rM is openly semiprimitive;
(2) Endg(M) is semiprimitive.

PrOOF. By Lemma 1.3 it is clear. |

COROLLARY 2.4. If aring R is semiprimitive, then for any projective
module gRM, so are gM and the endomorphism ring Endg(M).

PRrOOF. By the hypothesis we have that Rad(R)M = Rad(M) =0
and by the Lemma 0.7 we have that

Rad(Endg(M)) = {f € Endr(M) | Imf < Rad(M)} = 0.

Therefore every projective left module over a semiprimitive ring R and
its endomorphism ring Endgr(M) are semi-primitive too. O

However the converse of the Corollary 2.4 is not true in general. For
example, over the non-semiprimitive ring Z, we can find a semiprimi-
tive prcjective module z,Z2 @ Zo. Nonetheless there is a clue for any
semiprimitive free module over a ring to induce the semiprimitive ground
ring and its semiprimitive endomorphism ring.

Let Ann;(R) = {r € R | rR = 0} denote the left annihilator of a ring
R.

PROPOSITION 2.5. For any ring R with Ann;(R) = 0, the following
are equivalent:
(1) R is semiprimitive;
(2) rM is openly semiprimitive for every free R—module pM;
(3) Endgr(M) is semiprimitive for every free R—module p M.
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PrOOF. (1) = (2): Since Rad(®R) = ®Rad(R) = 0 by 9.19 Propo-
sition in [5] it is trivial.

(2) = (3): It follows immediately from the fact that each free
R—module is projective R—module and Lemma 0.7.

(3) = (1): Since for any ring R with identity 1g, every endor-
morphism p : gkR — gR is uniquely determined by the assignment
1gr — (1gr)p and the endomorphism ring Endg(R) is isomorphic to R.
Therefore R is a semiprimitive ring. U

Directly it follows that a left Z—free module Z™ (a direct sum of
N—copies of Z) is openly semiprimitive from Ann;(Z) = 0 and the
semiprimitivity of the ring Z.

REMARK 2.6. The openly semiprimitivity of any free module does
not imply the semiprimitivity of it, however the converse is true always
by Proposition 1.4 and Theorem 2.3, for example, an openly semiprim-
itive free module z;)Z[z] is not semiprimitive.

3. Strongly semiprimitive projective module

For a further development of all projective modules whose endomor-
phism rings are semiprimitive, we have to develop some properties rel-
ative to any projective module r M with the zero intersection NP, = 0
of all maximal open submodules P, (o € A) which are fully invariant.

For conveniences, we need a definition of any module of this type as
follows:

DerINITION 3.1. A left R—module g M is said to be strongly semi-
primitive if the intersection of all maximal open submodules which are
fully invariant in g M is zero, more precisely speaking, NP, = 0 for all
maximal open submodules P, < M which are fully invariant.

If two distinct non-zero maximal open submodules 0 # P,0 # Q < M
which are fully invariant of any left R—module pM are given, then they
are coprime, that is, P + @ = M follows from the maximality of P and
that of () among open submodules of g M. Moreover the additive group
Homp(M/P,M/Q) = 0 follows from the fully invariant submodules
P, ) < M and from the isomorphic R—modules

M/P=(P+Q)/P~Q/(PNQ)and M/Q~P/(PNQ)
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with the following commutative diagram:

M=pP+Q 2, M=P+0Q

|- |

M/P~Q/(PNQ) —— P/(PNQ)~M/qQ,

where 7p : M — M/P and ng : M — M/Q are the canonical projec-
tions.
As a result of the above observation a remark is obtained:

REMARK 3.2. We need the following results obtained elementarily:

(1) Any two distinct non-zero maximal open submodules of any
module which are fully invariant is coprime.

(2) For any distinct non-zero maximal open submodules 0 # P,
0 # @ < M which are fully invariant, we have the trivial ad-
ditive group

Homgp(M/P,M/Q) =0.

For any cyclic module gM/P, with a maximal open submodule
P, < M of a projective R—module gM which is fully invariant, we
have a cyclic R—module gM/P, with a division endomorphism ring
Endg(M/P,) by Theorem 0.2 and Lemma 0.3. And gM/P, is quasi-
injective by an easy computation:

g

0 ——— A _— M/P, = R(ag)
f l ~~ 3 his an automorphism or the zero map 0
M/P, = R(af), for some (0 #)a € A.

Then M/P, is a quasi-injective and projective module, for any openly
simple quotient module M/P, with any maximal open submodule P,
which is fully invariant and for every a € A.

At last we have the following properties:

NotTe 3.3. For any strongly semiprimitive projective module pM
with all distinct maximal open submodules P, (a € A) which are fully
invariant,

(1) The quotient module gM/P, is projective, cyclic, and quasi-

injective for every a € A.
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(2) The endomorphism ring End(M/FP,) is a division ring, for every
a €A

(3) The direct product [], M/P, of a set of quasi-injective (projec-
tive) modules {M/P,}, is also quasi-injective (projective).

An additive subgroup A of a division ring D with identity 1p is called
a subdivision of D if (A\0,-) is a subgroup of the group (D \ 0, -) with
the same identity 1p under the restricted operations +, - to A x A.

THEOREM 3.4. For any projective module gM, the following are
equivalent:
(1) rM is strongly semiprimitive;
(2) Endgr(M) is a subdirect sum of a set of subdivisions of division
rings.

PROOF. Suppose that gM is a strongly semiprimitive projective mo-
dule with NP, = 0, for all distinct maximal open submodules P, (o € A)
of kM which are fully invariant. For each a € A, we have an openly
simple projective left R—module g M/P,. Then M is a subdirect prod-
uct of a set of openly simple projective modules M/P, (o € A) by the
Proposition 0.4. And hence there is a monomorphism

¢: M — [[ M/P, such that the composition

O s M 2, []M/P, =2 M/P, is an epimorphism for each a € A.

On the other hand, the endomorphism ring Endg(M/P,) is a division
ring by Theorem 0.2 the Generalized Schur’s Lemma I, for each o € A.
Considering the following diagram:

M2 (M) ——— [1\ M/Pq —Z= , M/P,

lg lf=¢—1g¢ lHA ha lha such that (I] ko) lp(ary= f
M —2 s y(M) —= [\ M/Py —2>— M/Pa,

where ho, : M/P, — M/P, is either a unit or the zero and — is the
inclusion mapping, then we have the following: for any given endomor-
phism g : pM — M, precisely speaking, for any endomorphism

-1
f=071g0: (M) L M S M L g(M),

there is an endomorphism hy : M/P, — M/P, which is a unit or the
zero mapping 0, for every a € A since Endr(M/P,) is a division ring.
Thus

f is the restriction of H ha to the submodule ¢(M) of H M/P,
A A
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and
Do = {ha | f € Endr(¢(M)), f =[] ha)lryp.} € End(M/Py)
is a subdivision of the division ring End(M/Py)
since Homp(M /Py, M/Pg) =0 (o # ).
On the other hand,

Endp(M) ~ Endp(¢(M)) = [ Da = Da (e € A)
A

is an epimorphism which implies that the endomorphism ring End(¢(M))
is a subdirect sum of a set of subdivisions D, of division ring End(M/P,)
(a € A).

0, ifg=aq,
Dﬁa if /8 7é «,

then each H, (o € A) is a maximal ideal of the endomorphism ring
Endgr(¢#(M)) and their intersection

Let Ho =[] D4, by taking Dj = {

Rad(Endr(¢p(M)) =0

is clearly the zero. Therefore Endr(M) is a subdirect product of a set
of subdivision rings D, (o € A) and Endg(M) is semiprimitive since
Endr(¢(M)) ~ Endgr(M). The proof of the converse is easy by the
elementary computation, which will not be written here. O

PROPOSITION 3.5. For any set of openly simple projective modules
M, (o € A an indexed set), if Homp(M,, Mg) = 0 for each a # 3 and
for any subset T' of A, then we have the following:

(1) Any direct product [ [ M,, is an openly semiprimitive projective
module.

(2) The endomorphism ring End([[p Ma) ~ J[r Endr(M,) is a
direct product of division rings End(M,) (a € T'). Moreover
Endg([ [y Ma) is semiprimitive.

(3) Each subdirect product of {M,}r (I' C A) is also an openly
semiprimitive projective module.
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(4) Every endomorphism po € End([[ M) of type [ ga, where

0, if B = «,
Pa = I—F[gﬁ : I;IMa - II:[M“ defined by gg = {non-zero, ifB#a

is prime, for every a € T'.
(5) Every endomorphism h : [ Mo — [] Mo can be factored into
a product of some prime endomorphisms.

Proor. (1) and (2): For each openly simple projective module M,,
we have a division endomorphism ring Fndg(M,) and the zero maximal
open fully invariant submodule of M, (o € T'). Considering the direct
product [ M, of which

Mg, if B # a,
II:IKB, Wherng-{ 0 iff=a (ael)

is a maximal open fully invariant submodule with the zero intersection

naGFHKﬁ =0.
r

Hence it follows immediately that [[. M, is an openly semiprimitive
projective R—module. By the fact of Hompr(My, Mg) =0 (a # B)

we have easily that EndR(H M,) ~ HEndR(Ma).
r r

(3): It is clear that every openly semiprimitive projective module
[Ir M whose endomorphism ring is semiprimitive, for any openly sim-
ple projective module My (8 € I') by the above item (1).

(4): By the Lemma 0.3 we have a cyclic module M, (a € T') since the
endomorphism ring End(M,) is a division ring, for each openly simple
projective module M, (o € T'). Thus the mapping p, : [[ Mo — [] Mo
is clearly a prime endomorphism by elementary computation.

(5): It is clear. d

Here is a practical way to find prime endomorphisms on any strongly
semiprimitive projective module.
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PRrROPOSITION 3.6. For any strongly semiprimitive projective module
rM with all distinct maximal open submodules P, (a € A) which are
fully invariant, we have the following properties:

(1) rM is openly semiprimitive.

(2) Endgr(M) is semiprimitive.

(3) rM is a subdirect product of a set of openly simple projective
modules {M/P,}.

(4) For such a subdirect product gM of a set of openly simple pro-
jective modules M /P, (o € A) and for a monomorphism

¢: M — [[M/Pa
A
with an epimorphism

oo : M L T M/Pa T2 M/P, (a € 0),
A

where 7, : [[, M/Py, — M/P, is the canonical projection,
where p, = [lrgs : [I\M/Ps — ][\ M/P, defined by
gg = { non—(;,ero, j 84 Z’ is a prime endomorphism, and where
Pa = Py, |s(a) 1S the restriction of p;, to ¢(M), for every o € A,
we have the following:
(i) If ppod~! € Endr(M), then ¢pp,¢~! is a prime endomor-
phism in Endg(M) (a € A).
(i¢) Every endomorphism h : gM — grM is factored into a
product of some prime endomorphisms ¢po¢~! € Endg(M).

PRrROOF. The proof is elementary by Proposition 3.5. |

COROLLARY 3.7. For any strongly semiprimitive projective module
rM with all distinct maximal open submodules P, (o € A) of M
which are fully invariant, if each endomorphism ring Endg(M/P,) is a
field, for every o € A. Then we have the following:

(1) rM is openly semiprimitive.

(2) Endg(M) is a commutative and semiprimitive ring.

(3) Every endomorphism is factored into a product of some prime
endomorphisms.
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PrOOF. It is clear by Proposition 3.6. O

The next example shows factorizations to be noticed. Practically, if
a strongly projective Z—module is taken; 7Z3g ~ 770 ® Zs ® Zs with
the zero intersection of all maximal open submodules which are fully
invariant was given, then the endomorphism p(22-3) : 2Z3¢ — zZ3p being
a left multiplication by 22-3 has factorizations and a prime factorization

p(2% - 3)

p(12) : Zy — Zo 0 0
—¢ 0 p(12) : Zs — Z3 0 ¢!
0

0 p(12) : Zs — Zs

p4)=0 0 0 p(3)#£0 0 0
=¢( 0 p(4) #0 0 ) ( 0 p(3) =0 0 )dfl
0 0 p(4) #0 0 0 p(3) #0

=(pAd 12 (¢Bo~ 1) = pAZBo~! (a product of prime endomorphisms)
(with noting that

<p(4) 0 0 )(p(3) 0 0 )
p(22-3)#£d| 0 p@) 0 0 pB3) 0 |¢?
0 0 p@3) 0 0 p4)
because of
p(4) 0 0
#y 0 p(4) O ) ¢~ ¢ Endz(Zso)
0 0 p@3

and because of

and
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which is factored into a product ¢ A? B¢~ of prime endomorphisms, for
a monomorphism

¢ : 2Z30 — 2(Z30)/(2(Z30)) % (Z30)/(3(Z30)) x (Z30)/(5(Zs30))

such that ¢m, is an epimorphism (o € A = {1,2,3}).

It may sound strange to factor out any endomorphism on the integer
ring Z, but any endomorphism p(a) : z2Z — zZ which is a left multipli-
cation by a can be factored out, in many ways such as

pla) = p(p*)p(pk2) - .- p(pF») (a product of endomorphisms)
= p(p1)* p(p2)¥2 - - p(pn)* (a product of prime endomorphisms)

where a = p’flpg"’ -+.pkn is factored into a product of prime numbers
p; and some non-negative integer k; (¢ = 1,2,...,n). Here is, consid-
ering a given monomorphism ¢ : zZ — [[ ;.. , Z/PZ, then p(2%2-3) =
#X2Y ¢~ is factored into a product of prime endomorphisms ¢X ¢! €
Endz(Z) and ¢Y ¢! € Endy(Z), where X and Y are diagonal matrices

such that @), iz
N [ e(2), ifi=g,

X = (=), wmh%_{ 0, it

and (3), ifi=;
plo), Ut =7.

(¥is);; with yi; { 0, ifid

One can easily observe that any endomorphism on [[ ;... , Z/PZ of p(p)
all diagonals and the zeros elsewhere is a prime endomorphism but any
. h k .

endomorphism on [] ;.. ,Z/pZ of p(p"q®) all diagonals and the zeros
elsewhere is not a prime endomorphism for prime numbers p, ¢ and for
hk=1,2,3,---.

However not all endomorphism rings of strongly semiprimitive pro-
jective modules are commutative, we remark about factorization with
the crucial condition “¢p,¢~! € Endr(M)” to be required as follows:

REMARK 3.8. Prime factorization of an endomorphism on a strongly
semiprimitive projective module is not unique, in general.

THEOREM 3.9. For any strongly semiprimitive projective left R—mo-
dule g M with the zero intersection of all distinct maximal open submod-
ules P, (o € A) which are fully invariant, the following are equivalent:

(1) grM is openly semiprimitive;
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(2) Rad(M)° =0;

(3) rM is a subdirect product of a set of all openly simple projective
modules RM /P, (o € A);

(4) rM is cogenerated by a set of all openly simple projective mod-
ules pM/P, (a € A);

(5) Endgr(M) is a subdirect sum of a set of subdivisions of all divi-
sion rings Endg(M/P,) (o € A);

(6) Endgr(M) is semiprimitive.

Proor. (1) = (2) = (3) = (4) = (5): It is completed easily.
(56) = (1): By Theorem 2.3 it is clear. O

We need to simplify these results together with each strongly semi-
primitive projective module and semiprimitive endomorphism ring in
order to see some kind of generalization:

COROLLARY 3.10. For a set {N,}a of strongly semiprimitive pro-
jective R—modules gN, with Hom(N,, Ng) = 0 (o # ) and for any
subset I" of A , the subdirect product of a set { N, }r is strongly semiprim-
itive.

PrOOF. Suppose that M is a subdirect product of a set of N, (a €
I'). Then there is an R—monomorphism ¢ : M — [ N, such that
¢ M 2, [Ir No —= N, is an epimorphism for each o € T.

Considering the following diagram:

M —2 5 [ Ny —25 Ny —— 0

|/ Fema N\ o
M T HI"NOt Na 0,

T

since any direct product [ N, of projective modules N, (o € T') is
also projective there is an R—homomorphism :

e HNO‘ — M such that ¢7mo¢7e = T4, for each a € T.
T

Let Ko = ¢ (I1r Qp) be the preimage of [ [ Qs under the monomor-
phism ¢, where Qg = 0 if 3 # o and Qs = N, if 8 = a. Then we have
an openly simple projective module which is isomorphic to N, for every
o € T. And let Ly = 45, Kp is a maximal open submodule of M
which is fully invariant and their intersection NL, = 0 follows, telling
that M is a strongly semiprimitive module. 0
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COROLLARY 3.11. For any set of strongly semiprimitive projective
R—modules M, with Hom(My, Mg) = 0 (o # 8 in an index set A)
and for any subset T of A, we have the following:

(1) Any direct product 1 My is strongly semiprimitive.
(2) Any direct sum ©rM, is strongly semiprimitive.

ProOOF. (1) and (2): It is trivial since each direct product [] M,
and each direct sum @M, are subdirect product of the set {M,}r of
strongly semiprimitive projective modules M, (o € T') with

Homp(My, M) =0 (a# 8 in T),

for any subset I" of A. [[ M, and &prM,, are semiprimitive projective
modules with the zero intersection of all distinct maximal open submod-
ules being fully invariant which have the semiprimitive endomorphism
rings Endr([[r Ma) and Endg(®rM,). ]
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