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A Fixed Grid Finite Volume Analysis of Multi-Dimensional Freeze
Drying Process under Vacuum Condition

Chi-Sung Song*

Abstract : Freeze drying under vacuum condition is a complex process that involves
simultancous heat and mass transfer, sublimation of ice, and motion of sublimation
front. Proper treatment of the motion of sublimation interface is crucial for an accurate
prediction of the freeze drying process. Based on the enthalpy formulation that has
been successfully used in liquid/solid phase change problems, a fixed grid method,
streamlined for the freeze drying analysis, was developed in this study. The accuracy of
the fixed grid method was checked by solving a one-dimensional tray freeze drying and
a two-dimensional vial freeze drying problem and then comparing the results with those
by the moving grid method. Finally, the freeze drying characteristics of two-dimensional
slab and axis-symmetric cylinder was investigated using the fixed grid method.

Key words : Fixed Grid Method(Z#&Z=4), Finite Vloume Method(f+3##%). Numerical
Method(#x8)4]), Freeze Drying(E4d 71%)

Nomenclature Cy © bound water content (kg water
/kg dried product)
Cu : Darcy flow permeability (m?) D - binary diffusivity of water vapor
C,  constant for Knudsen flow and inert gas mixture (m%/s)
permeability (m) Dl o DoypiuP (N/s)
C,  ratio of effective diffusivity in F . view factor for radiation flux
porous medium to binary diffusivity calculation
C, : heat capacity (J/kg) fo{D) ¢ equilibrium vapor pressure over
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ice (N/m?
7 : volume fraction of ice
. thermal conductivity (W/m K)
ky © bulk diffusivity for water vapor
(m?*/s)

ky= CoD’y 1K o/ (C2 DYy i+ K P)
ky, ky ¢ self diffusivity (m*/Ns)
ky=ky= kyk 5] (CoD’ int KiP) +(Con/ tt:m0)
k;  :bulk diffusivity for inert gas (m%/s)
ky= CoD" (K in/ (Co D’ 1y K P)

ky : desorption rate of bound water
(1/9)
K, : Knudsen diffusivity (m’/s)
K,= C(R,T/M,)"®
K, : Knudsen diffusivity (m%/s)
K= Ci(R,TIM ;)"
K,. : mixture Knudsen diffusivity for

binary gas (m%/s)
Kmx:wain+yian

L : thickness of drying material (m)

M molecular weight (kg/mol)

N  : mass flux of gas (kg/m’s)

P : total pressure in dried region, or
pressure (N/m2)

a . heat flux (W/m?)

R, : universal gas constant (J/molK)

R : radius or length of drying material
(m)

T  : temperature (K)

t : time (s)

7,x,z . Coordinate (m)

y : mole fraction

Greek Letters

e . porosity

(982)

Ak, © heat of sublimation of ice (J/kg)

Ak, © heat of vaporization of bound
water (J/kg)
“ © viscosity (kg/ms)
© density (kg/m%)
o : Stefan-Boltzmann constant (W/m“K?)
Superscript
0 : initial value
Subscript
0 ¢ freeze drying chamber
I : dried region
I : frozen region
e . effective value
f ! film heat transfer
g - gas

HP : heating plate
n : inert gas

w * water vapor

1. Introduction

Freeze drying is a process that directly
dehydrates
sublimation of ice at frozen state. As the

products using the
freeze drying is performed at sub-zero
temperatures and vacuum Dpressures,
freeze dried products are almost free from
thermal and chemical degradation.
Therefore, the freeze drying is considered
as a most proper drying technique for
heat-sensitive and high-value products
such as quality foods. pharmaceuticals,
bio-products (1-3).

drying 1is

boundary problem that accompanies the

Freeze a typical moving

motion of sublimation interface which
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separates the domain into a dried and a
frozen region. There exist two solution
strategies for the moving boundary

problems according to the used grid
system. Those are a moving grid method
and a fixed grid method. In the moving
grid method, the position of interface is
explicitly tracked and different governing
equations for the different regions are
solved (two domain method). However, in
the fixed grid method,

that measures the phase composition is

a new variable

introduced and a single set of governing
equations is solved for all domain (single
domain method). The effect of the motion
of interface is included by changing cell
properties or adding source terms
according to the phase composition. Then
the position of the interface can be only
implicitly obtained using the calculated
distribution of the phase composition. In
case of the freeze drying problem. an ice

fraction f; that denotes volume content of

ice is a proper variable that represents
the phase composition.
sublimation

Analytical solutions for

problems in porous media have been

published by many researchers ).
However, the prediction of the industrial
freeze drying processes requires
numerical methods due to the complex
geometry and operation conditions. Most
of numerical studies on the freeze drying
were based on the sorption-sublimation
model (7-101. Also there are other analyses
based on simpler models @114, As
numerical schemes, moving grid methods
based on the finite element method ns.16)
and the finite difference method 78910

were mainly used. The finite volume

(983)

method based on the fixed grid method
was used to solve a one-dimensional
microwave freeze drying of food stuffs
(13.14).
In this study, a two-dimensional finite
volume calculation program with a fixed
developed.  The
sorption—sublimation
describe the
dynamic behavior in the primary and
Skim  milk

a model of

grid system was
multi-dimensional
model g was used to

secondary drying stage.

solution was selected as

drying material.

2. Calculation Model

Schematic diagram of the freeze drying
during the primary drying stage is shown
in Fig. 1. In the primary drying stage.
the drying chamber is depressurized with
a vacuum pump and a cold trap and the
of the
simultaneously increased to provide the
heat of sublimation. In the fig. 1 the
drying material is divided into a dried

temperature heating plate is

region and a frozen region by a

sublimation interface. Water vapor is
produced by the sublimation of ice at the
it diffuses through the

pores to exit the drying material. As the

interface and

freeze drying continues the frozen region
decreases in size with the motion of the
sublimation interface. Once all the ice in
the drying material is removed. the
of the

increased again to a higher temperature

temperature heating plate is
to allow desorption of bound water in the
dried region, which is secondary drying
stage.
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Fig. 1 A schematic diagram of freeze drying in
the primary drying stage

The quantities ¢,, ¢g and ¢y shown in

Fig. 1 represent the heat fluxes at the
top, bottom and side wall of the drying
material. For example, in the freeze
drying in a vial, the heat transferred
through the side wall is considerable.
That heat flux causes a curved isotherm
and a spatially non-uniform sublimation.
The configuration of the sublimation
distorted due to these

multi-dimensional heat transfer effects in

interface 1is

the vial freeze drying. The parameter N,
represents the mass flux of water vapor
and N,, represents the mass flux of inert

gas. However, the mass flux of inert gas
can be neglected in most cases, because
the amount of inert gas 1is small
compared to the amount of water vapor
present in the drying chamber. In Fig. 1,
each volume cell is categorized into dried,
frozen and sublimation cells according to

its ice fraction.

(984)

3. Mathematical Formulation

In the fixed grid method,
energy equation is sufficient for the heat

only one

transfer calculation. That is

pcpﬂ+ v ( chpg _va)=Ahvpl 9
ot at (D

of;
+ ahloy— 01)7);

The energy equation, Eq. (1), is similar

to a standard energy equation with
conduction and convection heat transfer
except for the last two terms which
represent latent heat sources due to the
vaporization of bound water and the
sublimation of ice. The heat capacity and
in Eq. (1) are

thermal conductivity

functions of ice fraction f;, written as
0Cy=F;00Cpt (1= 10 Co (2)
k= fky+ -k, )

For dried cells (£=0) and for frozen
cells (f=1)., the heat

thermal conductivity reduce to those of

capacity and

the dried region and those of the frozen
region. For sublimation cells (0<f<1),
they are determined to be average values
weighted by the ice fraction.

The governing equation for the
vaporization of the bound water is a

simple rate equation, written as

0Ceu _
—at_ - ka’<1 fi)csw (4)
where k; is a desorption rate constant
(9. By inserting (1-7) in Eq. (4), the
desorption of bound water in the frozen

cells are suppressed in the fixed grid
method.
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The governing equation for the temporal

change of the ice fraction f; in the

sublimation cells is

of;
(on=0) == N, (52)
Eaq. (ha) states that vapor generation

(divergence of vapor flux) in each
sublimation cell is equal to reduction of

ice content in the cell. By integrating Eq.

(5a) over a cell volume AV  Eq. (5a) can
be rewritten as
of; _

(en=p)aVr ==, 2, N A (5D

Here, Ajs are outward normal vectors

of the control surfaces that comprise the
sublimation cell. As the temporal change
of the ice fraction is localized at the
sublimation cells, the latent heat source
term due to sublimation is 0 in dried and
frozen cells. For frozen cells, the vapor

mass flux N, is 0, and thus the

governing energy equation for the frozen
cells reduces to a conduction equation.
Heat flux conditions at the surfaces are

q; = UFUP( T4HP_ 72:1,) (6)
qn=k(Tpp— T.=p) (D
‘Im:OFs(TiHP_ Th_x) (8)

where F is a radiation shape factor, %,
is the film thermal conductivity, and Typ

is the temperature of the heating plate. A
symmetry condition is imposed at the
boundary of =0 or x=0.

The governing equations for mass
transfer in the dried region are

My 2 (Py) __ 0,

S I TAR A N,=—p, 5 9)

g

(985)

S a () N (10)

Eq. (9) and Eq. (10) are derived from
the conservation for water vapor and
inert gas in the dried region. The last
term in Eq. (9) is the mass source due to
the vaporization of bound water, shown
in Eq. (4). In the fixed grid method, the
above equations are solved only in the
dried cells. The mass flux is always 0 in
the frozen cells, and thus no pressure
exists there. In the sublimation cells, the
local thermodynamic equilibrium can be
assumed. Thus, at the sublimation cells,
equal to an

the vapor pressure is

equilibrium vapor pressure of the

temperature at that cell.
P,=1,(T), for all sublimation cells. (11)

Therefore, the sublimation cells act like
boundaries for the pressure calculation.
To complete Eq. (9) and Eq. (10), we
need constitute equations for vapor flux
N, and flux N;,. The

consititutive equations derived from the

inert gas

dusty-gas model [1,17) are

Nw:* Ig%‘[klva+k2Pw(va+vPi‘n)] (12)

Ny Moo+, P (9P, + 9P (13)
R.T

takes
Knudsen diffusion. bulk diffusion. and

where the dusty-gas model
the convective flow into full account.
With Eq. (12) and Eq. (13), the governing
equations for partial pressures are
completed. In the present analysis, the
calculation on the inert gas was omitted
as inclusion of inert gas calculation

produced practically no differences in the
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results.

Boundary conditions for the mass

transfer are

P,=P,,P,=P,. for open surfaces, (14)

N,= N,=0. for walls. (15)

The pressures at open surfaces of the
drying material are defined to be same as
the pressures in the drying chamber. For
walls, the mass flux is zero.

In addition to above, all variables are
assumed to be uniform at the beginning
of the simulation at  except the ice

fraction is initially 1, such as

T= ﬂwa:P(I)mPiﬂ:POim Csw: Csw,fz'zl (16)

4. Numerical Procedure

Overall numerical procedure is shown
in Fig. 2. First, the volume cells were
defined to be the dried, the frozen, and
the sublimation cells according to their
ice fraction. Then the temperatures were
obtained for whole domain by solving the
energy conservation equations. The
and bound water
dried and

sublimation cells were then calculated.

vapour pressures

concentration in the

When all the variables were tentatively

determined, the ice fraction in each
sublimation cell was updated from the
mass conservation. The calculation of

temperature, pressure., bound water

concentration and ice fraction was
repeated until all the variables converge
to a given level of accuracy in the 10
range. Finally, the calculation for next
time step was started by updating the

time and variables.

(986)

“the Theat

ii Start Calculation J
]

Update Variables &
Define Domain

v
r Solve Energy Equation

l‘__

r Solve Mass Conservation J

r Update Ice Fraction J

< ConvergeT >

Yes
‘ Distribute Minus Ice Fraction
!

] Yes
l End Calculation I

Fig. 2 Flowchart for overall numerical procedure
of the present analysis

For spatial and temporal discretizations,
a second order central difference and a
first order implicit method were used.
The time step was automatically adjusted
for the ice fraction not to change more
than 0.01, and maximum time step was
set to 12 sec. The resulting algebraic
equations for temperature and vapour
pressure were solved using a bi-conjugate
gradient solver. A successive substitution
with under-relaxation was used as an
iterative method to handle the coupling of
and mass transfer, the
sublimation of ice, and the motion of the

sublimation front.

5. One-Dimensional Tray Freeze Drying

To check the accuracy of the present
fixed grid calculation, an one-dimensional
tray freeze drying problem reported by
Liapis and Bruttini @ was solved using
both moving grid and fixed grid methods.
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The finite volume analysis program with
a moving grid method has been developed
by the authors us). The properties and
operation conditions for the simulation
are presented in Table 1. The moving
grid calculation was done with 20 grid
points, 10 in each dried and frozen
region. For the fixed grid calculation, 40
equally spaced grid points were used.

Table 1 Parameter value and expressions for
analysis of the freeze drying of skim
milk in a trayg.

Con 7.219x10" (md) |

C 3.85583x10™ ()

C, 0.921

Cpe 16166 (J/kg-K)

Che 25900 (J/kg K)

Cou 19300 (J/kg-K)

Ch 0.6415

Iy 0.00014931 (T*(1/Mu+1/Min))*®

e (kg m/s%)

L, 6.48><1E);7(»_SI’1) for primary dryir}g
7.8x107(s™) for secondary drying

ko 1.412x107 p+0.2165 (W/m'K)

ky 488.19/T+0.4685 (W/m'K)

ks 15358P (W/m-K)

L 002 (m)

P P,y | 400 (Pa)

P P, | 107 (Pa)

o 23315 (K)

Thp 31315 (K)
133.3224 Exp(-2445.5646/T ~+

fel D) 8.23121 logio(7) 0.0167T +
1.20514x10°T°  6.757169) (Pa)

N 2840000 (J/kg)

&b, 2687400 (J/kg)

€ 0.785

7. 18.4858[T*%/(T+650)]  (kg/m-s)

e 3280 (kg/m®

0 2150 (kg/m®)

ou 10300 (kg/m®)

(987)

In Fig. 3. the results by the fixed grid
method and those of the moving grid
method (s are plotted together. Fig. 3
clearly shows that the accuracy of the
fixed grid method is comparable to that of
the moving grid method, which is
contradicts the general belief that the
moving grid method is indispensable for
accurate prediction of freeze drying
processes, Considering that only 40 grid
points were wused for this fixed grid
calculation, the results are very
satisfactory.

The nature of the fixed grid calculation
can be observed by the temperature
history shown in Fig. 3(b). Small jumps
in the sublimation temperature history
calculated by the fixed grid method
(dashed line) are due to the change in
domain (e.g.. a frozen cell becomes a
sublimation cell and then a dried cell,
subsequently) with time. But such small
jumps are not observed in the drying rate

curved in Fig. 3(a).

6. Two Dimensional Vial Freeze Drying

A vial freeze drying problem reported
by Sheehan and Liapis um has been
solved to check the accuracy of the fixed
grid method

freeze drying analysis.

in the multi-dimensional
The properties
and operation conditions are same as
those of the tray freeze drying simulation
(Table 1) except presented in Table 2.
The side wall of a vial does not allow
mass transfer (impermeable) but it allows
the heat transfer by radiation. The
moving grid calculation was done with
200 grid points, 1010 in each dried and
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frozen region. TFor the fixed grid Table 2 Complementary boundary conditions for
calculation, 1040 equally spaced grid analysis of the freeze drying of skim
it 4 milk in a vial [10].
points were used.
R 0.005 (m)
ks 2913 (W/m'K)
20 T T | T T
—_ F 0.75
NE (a)
5y Fup 0.795
215 - ;
> o  Fixed Grid Top 273 K (primary), 313 K (secondary)
=1
3 Moving Grid
g 0 F T T T T
14 | .
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z 3 g -
= =
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Fig. 4 Comparison of fixed grid and moving grid
results for two-dimensional freeze drying in a
vial: (a) total water content, (b) free water
content, and (c¢) sublimation temperature

Fig. 3 Comparison of fixed grid and moving grid
results for one-dimensional freeze drying in a
tray: (a) total water content, (b) free water
content, and (c) sublimation temperature

(988)
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! (a) |! (b)
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Fig. 5 Comparison of sublimation interface
position calculated by (a) fixed grid and (b)
moving grid method

In Fig. 4, the results obtained by the
fixed grid method and the moving grid
method are plotted for comparison. The
fixed grid method is again sufficiently
accurate for prediction of the multi-
dimensional freeze drying in a vial. The
positions of the sublimation interface at
the interval of 1 hour are shown in Fig.
5. In the vial freeze drying, the curvature

of sublimation interface is not very large

0.15 T T T T T
—O0— QI Top Surface

—_ —0— QII Bottom Surface
w
= 0.1 ;
2 B — QllI Side Wall
z
<
=~
$0.05
i

Time (h)

Fig. 6 Heat flow through the top, bottom, and
side surfaces of a vial

(989)

in most cases. In Fig. 6, the heat flux
through each surface of a vial during the
primary drying stage is plotted. It is
clearly shown that the heat transfer
through the side wall is comparable to
that through the bottom surface (surface
area of side wall is 8 times larger than
that of bottom surface).

/. Two-Dimensional FreezeDrying of
Slab and Cylinder Objects

Finally, the freeze drying problems of
two-dimensional slab and cylinder object
are simulated to demonstrate the
versatility of the fixed grid method over
moving grid method. Now, the side
surface of the drying material is assumed
to be permeable and thus to allow the
mass transfer. In this case, sublimation
interface moves inward from the top and
side surfaces. Different from the vial

freeze drying, now the sublimation
interface is much curved. One example of
that process is the freeze drying of meat
patty.

For the calculation. the same properties
and operation conditions for the vial
freeze drying simulation was used except
the vapor pressure in the drying chamber

P, is 100 Pa. Another difference is the
dimension of the drying material, that is,
the thickness L and the radius R (or
length in slab simulation) is set to 0.01
m. The equally spaced 2020 fixed grid
points were used.

In Fig. 7,
positions for the freeze drying of slab and

the sublimation interface

cylinder objects are plotted with respect

to time. It is well shown that the
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sublimation interface moves from the
surfaces open to ambient (top and right
side) toward inner core. The free water
removal ratio and the sublimation
temperature history are shown in Fig. 8.
Each sublimation temperature increases
rather constantly with time. Compared
with the

histories for the tray or vial freeze drying

sublimation temperature

simulation, shown in Fig 3(b) and Fig.
4(b), the trend is
partially due to the vapor pressure in the

reversed. This is

drying chamber for the freeze drying of
slab and cylinder objects is much higher
than the other simulations.

L Lih
~1h an
—3h

~3b —4h
4h ~5h
| —6h
—6h .
L7h L7b
! !

|
) ;
(@ 7 + (b)

Fig. 7 Sublimation interface position calculated by
fixed grid method: (a) slab and (b) cylinder
objects

8. Conclusion

In this
calculation procedure based on a fixed

study, a finite volume
grid method has been developed. The
multi-dimensional sorption-sublimation
model was used as a freeze drying model
to accurately model the sublimation of ice
(primary drying) and desorption of bound
drying). The

one-dimensional tray freeze drying and

water (secondary

two-dimensional, axis-symmetric  vial
freeze drying were simulated using the
fixed grid calculation progsram developed.

(990)

Comparison between the results of the
fixed grid method
method has demonstrated the accuracy of

and moving grid

the fixed grid method. Using the analysis
program, two-dimensional freeze drying
processes of slab and cylinder objects

were simulated to demonstrate the

versatility of the fixed grid method.

1 T T T T T L—"
(a) )

08 F 8
0.6 .

0.4 .

Slab
--------- Cylinder

Free Water Removal Ratio

265 T T T T R T
260 R

255

Sublimation Temperature ( K )

250 Slab
-------- Cylinder
245 i i i 1 1 |
0 1 2 3 4 5 6 7 8

Time (h)
Fig. 8 (a) Free water removal ratio and (b)

sublimation interface temperature of slab and
cylinder objects
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