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ON THE PRESSURE OF
CONTINUOUS TRANSFORMATIONS

K1 Duk Han, KyuNnGg BOK LEE AND JONG SUH PARK

ABSTRACT. The purpose of the paper is to correct erroneous proofs
of two theorems of Walters ([1]) about the pressure of continuous
transformations.

1. Introduction

In this paper we provide the proofs of the following:

THEOREM A. If T : X — X is continuous and k > 0, then
Q(T,®, A5 = Q(T,®,A), P(T,®, A% = P(T,,A).
If T is a homeomorphism and m, k > 0, then

Q(T7(I)7Alim) = Q(Tvq)a-A)v P(Ta(DvAlim) = P(T>(b7~/4)

THEOREM B. Let T : X — X be continuous and ® € C(X,R). If
m > 0, then

m—1
P(T™, > ®oT") =mP(T,®).
=0

These theorems were proved by Walters in {1, Lemma 1.8] and [1,
Theorem 2.2(i)], respectively. However, his proofs have partial defects.
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In the proof of Theorem A, he used the fact that any subcover of (A%)7~*

becomes a subcover of AET™~! in proving that

Qn(T, @, Af)

n—1
= inf { Z inf{exp Z ®(T'z) : x € A} : a is a subcover of (A’g)g‘l}.
A€o =0

But this statement is not true in general. Any element A of (AK)7™*

is of the form A = (\/o; T~* ﬂ?:o T—7A% where A} € A. But, A =
QK Al o F A% does not imply M;yj=14; € A. In general, any
subcover of (AF)27! is not a subcover of AS*"L.

In the proof of Theorem B, he proved that Q,(T™, Y7, ®oT%,8) >

Qnm (Ta Q, 8) using

1 1
lim sup — log Qnm (T, ®,¢) = limsup — log Q. (T, ®, ),
n—oo NM n—oo N

and then he claimed that Q(T™, Z;’;Bl ®oTH6) >mQ(T,®,c). How-
ever, this does not hold in general. For a counterexample, we take a se-
quence T, = (—1)"*1, Then lim SUp,,_, 0o Tn = 1, but limsup,,_,, Ton =
—1.

The purpose of this paper is to provide new proofs and thereby to
show that his theorems are still true.

2. Preliminaries

We begin by recalling some definitions and known results from [1]. Let
(X, d) be a compact metric space and let T : X — X be continuous. Let
C(X,R) denote the Banach space of real valued continuous functions on
X equipped with the supermum norm. Logarithms will be to the natural
base e. Z* denotes the non-negative integers. There are some standard
definitions and results of the pressure.

A. Pressure using (n, ) separated sets

For € > 0 and n € Z™, the finite subset E of X is an (n,¢) separated
set if for £ # y in E there is a 0 < j < n such that d(T7z,T’y) > ¢. For
¢ € C(X,R) define

n—1
P,(T,®,e) = sup{z exp Z ®(T'z) : E is a (n,€) separated set}.
z€E 1=0
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Since the exponential function is positive, it suffices to take the supre-
mum over maximal (n, ) separated sets. Put

1
P(T,®,¢) = limsup — log P, (T, ®,¢).
n

n—oo
Then ¢; < e implies P(T,®,e1) > (T, ®,e2). Hence

P(T,®) = lim P(T,%,¢)

exists or is co. The map P(T,-) : C(X,R) — R U {oo} is called the
pressure of T

B. Pressure using (n,e) spanning sets

For € > 0 and n € Z™T, the finite subset E of X is an (n,€) spanning
set if for each ¢ € X there is a y € F such that d(T"z, T"y) < ¢ for all i
with 0 <7< n—1. Let

n—1
Qun(T,®,¢) = inf{z exp Z ®(T'z) : E is an (n,€) spanning sets}.
T€ER i=0

It suffices to take the infimum over minimal (n,e) spanning sets. If
Q(T,®,¢e) = limsup,, .., 1/nlogQ,(T, ®,¢), then Q(T,®,¢) increases
as £ decreases and therefore Q(T, ®) = lim._,o Q(T, @, ¢) exists or is oco.
The map Q(7T,-) : C(X,R) — R U {oc} is again the pressure of T. This
follows from the following ([1]):

LEMMA 1. Q(T,®) = P(T, ®).

C. Pressure using open covers

If A is an open cover of X, then the diameter of A is defined by

diam(A) = sup sup d(z,y).
A€Ax,ycA

Clearly T A = {T~1(A) : A € A} is an open cover of X. For open
covers A and B of X, we define A\/ B to be the open cover {AN B :
A€ A B € B} of X. We will use A", to denote \/;__, T~ *A. Then
it is clear that A§T™ C (AK)R.
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For any open cover A of X, put
Qn(T,9®,A)

= inf{ Z 1nf exp Z ®(T%z) : o is a finite subcover of A7~}
AEa

Let Q(T,®, A) = limsup,,_,, Llog Q. (T, @, A).

The following are proved in [1].
LEMMA 2. P(T,®) = sup{Q(T,®, A) : A is an open cover of X}.
Lemma 3. Q(T,®,A) — P(T,®) as diam(A) — 0.

To give another definition, let .A be an open cover of X and put
P, (T,®,A)

1nf{z 31612 exp Z ®(T'z) : o is a finite subcover of Ap~'}.
Aca”®

LEMMA 4. Let A be an open cover of X. Then

P(T,®,A) = lim —logP (T,®,A)

n—oo

exists and equals inf{1/nlog P,,(T,®, A) : n € Z*}.

LemMma 5. P(T,®, A) — P(T,®) as diam(A) — 0.

LEMMA 6. Let T : X — X be surjective. Then Q(T,®,T 1 A) =
Q(T, ®, A) and P(T,®, T~ A) = P(T, ®, A).

3. Proofs of Theorems A and B

Proof of Theorem A. Suppose Q(T, ®, A) < Q(T, ®, Af). Choose real
numbers a, b so that Q(T, ®, A) < a < b < Q(T, ®,.A). There exists an
integer N such that if n > N then 1/nlogQ,(T,®, A) < a. Let

M = max |®(z)|.

reX
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Choose ng such that ng > max{N, (—'I—}_J\Zi} Since b < Q(T, ®, A%), we
may assume that b < 1/nglog Qn, (T, ®,.A%). This reduces to
% < Qo (T, ®, AY).

SiIlCen0‘+‘k>N, we have 1/(n0 k)l Q . k( D, ) ca et |
this giVGS g Wngo+ T 4 a. The
Q7lo+k(T, (I), _A) < @(”O‘Hc)a‘

Thus there exists a finite subcover o of A8°+k_1 such that

no+k—1
Z inf{exp Z ®(T'z): z € A} < elrotha,
Aca =0
From the fact that « is also a finite subcover of (AX)F° ™!, we have
no+k—1 4
elnotha Z inf{exp Z O(T'z) : x € A}
Aca =0
ng— 1
e~kM Z inf{exp Z cx € A}

A€o
—kM
2 € Qno (T7q)7'AO)
> e—kMenob — enob—kM.

This implies that (ng + k)a > nob — kM, which contradicts our choice
of ng > (a;r_ij\i)k Hence Q(T, ®, AF) < Q(T, ®, A).

Consider any finite subcover a of (AE)2!. Every A € ais of the form
A=N", LT ﬂ o T 77 A% where A% € A. Setting Ba = (1, P TiAL
and v = {Ba: A E a}, we see that AC By, By A? and Yo 18 @
finite subcover of A"~!. Furthermore,

Z inf{exp Z ®(Tiz) : z € A}

Aca
>y 1nf{expz &(T'z) : « € Ba}
Aca
n—1
= Z inf{expz ®(T'z) : x € B}
BEva =0

> Qn(T, 2, A).
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This induces Q, (T, ®, Af) > Q. (T, ®, A) for all n > 0. Hence
QT, ®, Af) > Q(T, @, A).

Consequently, Q(T, ®, Af) = Q(T, @, A).
IfT:X - X is a homeomorphism, then

Q(Tv (I)v-A]im) = Q(Ta CD’AIS-Hn) = Q(Tv(I)?A)

by Lemma 6 and the above result. The results for the case P are proved
similarly. O

Proof of Theorem B. If P(T,®) = oo, then there is nothing to show.
Thus we may assume that P(T, ®) < co. To show that P(T™, 3.7 @o
T") < mP(T,®), suppose P(T™, 7' & o T) > mP(T,®). Choose
a real number 7 so that mP(T,®) < n < P(T™, Z;’;Bl ® o T*). Since,
by Lemma 1, P(T,®) = Q(T, ®) = lim._,o Q(T, D, ¢), there exists § > 0
such that if 0 < ¢ < 4, then

m—1

mQ(T, ®,e) <n < QT™, > @oTe).
=0

These inequalities guarantee that there exists K such that if n > K,
then 1/nlog Q. (T,®,e) < n/m, and that there exists ng > K such
that n < 1/ng loanO(Tm,Z;n:61<1> oT% ¢). Since mny > K we have
1/mnplog Quun, (T, ®,€) < n/m and hence Qpn (T, ®,€) < €. This
implies that there exists an (mng,e) spanning set F' for T such that
S e €XP T ®(Tix) < €. Since F is also an (ng,€) spanning
set for T™, we obtain

mng—1 .
e > Z exp Z o(T"z)
zeF =0

no—1 m—1

=Y e Y (3 @0 T (@™)a)

zEF j=0 =0
m—1
> Qn, (T, Z PoT' e) > e,
i=0

This is impossible. Thus P(T™, Y7 ® o T*) < mP(T, ®).



On the pressure of continuous transformations 433

On the other hand, suppose that P(T™, 7' & o T?) < mP(T, ®).
We can choose real numbers a, b so that P(T™, z;n:ol PoT)<a<b<
mP(T,®). These inequalities imply that there exists n > 0 such that if
0<e<n, then QI™ X" ' ®oTi ¢) < aand b/m < Q(T,®,e). For
0 < e <, since b/m < Q(T,®,e) = limsup,,_,. 1/nlogQ,(T,®,¢),
there exists a strictly increasing sequence {ny} of natural numbers such
that

1
b/m < — lOg an (Tv (I)a 5)'
N

Put ny = mpr + g, where 0 < g < m. Since the sequence {ny}
is strictly increasing, the sequence {pj} tends to oc. Uniform conti-
nuity guarantees that there exists 0 < 6 < £ such that if d(z,y) <
8, then d(T%z,T'y) < efor al 0 < i < m—1. Since 0 < § <

n, QT™, 7P ® 0 T §) < a and this implies that there exists N
such that 1/nlog Q. (T™, >, '® o0 T% 6) < afor all n > N. Choose
k such that pr > max{N,a/(b — a)}. Since Qp,+1(T™,> vy "o o
T4 8) < et there is a (py + 1,8) spanning set F for 7™ such
that 3, exp Y00 (K751 @ o T4 ((T™)72) < P2, Since m(p, +
1) — 1> n,— 1, we have

Pr m—1
(e S exp S (Y @0 T(T7 )
TeF =0 =0
m(pr+1)—1
= Z exp Z O(T'x)
z€F =0
nEp—1

>Zexpz

cEF

Noting also that F'is an (ng,£) spanning set for T', we obtain

nkl

e® e 5 3 exp Z ) > Qn (T, ®, ) > /™,
xeF

But this contradicts our choice of p > a/(b—a). Therefore mP(T, ®)
P(T™, "1 ® o T%). Consequently, we obtain P(T™, Y27 1 o T?)

<
mP(T, ®). O
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