Commun. Korean Math. Soc. 19 (2004), No. 2, pp. 211-217

PRIME IDEALS OF SUBRINGS OF MATRIX RINGS
JANG-HoO CHUN AND JUNE-WON PARK

ABSTRACT. Inaring R, (K, J) where K is a commutative ring with
identity and J is an ideal of K, all prime ideals of R, (K, J) are of
the form either M, (P) or R,(P, PN J). Therefore there is a one
to one correspondence between prime ideals of K not containing J
and prime ideals of R, (K, J).

1. Introduction

Let NT,(K) be the ring of all lower triangular n x n matrices over
an associative ring K with zeros on and above the main diagonal.

It is well known that all ideals(resp. prime ideals) of a matrix ring
M, (R) where R is an associative ring with identity are M, (I)(resp.
M, (P)) where I(resp. P) is an ideal(resp. a prime ideal) of R. Dubish
and Perlis [1, Thm.9] gave a uniform construction of all ideals of the ring
NT,(K) over a field K. Levchuk [4, sec.2] similarly constructed ideals
of the ring NT,(K) over a division ring K. It is impossible to give a
similar description of the ideals of NT,,(K) for the case K = Z (see [4]).

Now we assume that K is a commutative ring with identity and J is
an ideal of K and denote the ring N7, (K) + M, (J) by R,(K, J).

Kuzucuoglu and Levchuk [3] described all ideals of R, (K, .J) when J
is a strongly maximal ideal of K. In this paper we will characterize all
prime ideals of R, (K, J) when J is an ideal (not necessarily strongly
maximal ideal) of K. The results are followings;

(1) If P C J is a J-submodule of K. Then P is a prime ideal of K if
and only if M, (P) is a prime ideal of R, (K, J).

(2) If P is J-submodule of K such that P ¢ J and P 2 J. Then
P is a prime ideal of K if and only if R,(P,P N J) is a prime ideal of
R (K, J).
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For the convenience we denote following notations:

(1) ei; ; matrix unit on M, (K).

(2) Tkm ; the canonical projection on M, (K).

That means mm(e;;) = 1 if (k,m) = (4,7) and mem(ey;) = 0 if
(k,m) # (i, 7).

(3) (k,m) < (i,7) means that k < i,7 < m and (k,m) # (i, 7).

2. Prime ideals of R, (K, J)

If H is an ideal of R,(K,J), m,1(H) is a J-submodule (not nec-
essarily an ideal) of K. The following example shows that m,;(H) is
J-submodule but not an ideal of K.

EXAMPLE 2.1. For K = Z o Za®Z, J=09062Z and T =
{(n,n,k)eas +(0,0,2k)e1s | n, k € Z}, let

H = J€11 +T+ J622 +M2(J2).

Then H is an ideal of Ro(K,J) and H # > m;;(H)e;j. Also, mo1 (H) =
{(n,n,k) | n,k € Z} is a J-submodule of K but not an ideal of K.

But we can get the following lemma.

LEMMA 2.2. Let H be a subset of R,(K,J). If H is an ideal of
R, (K,J) Then the followings hold;

(1) m;(H) is a J-submodule of K.

(2) For all (k,m) < (4,7), Kmgm(H) C m;;(H).

(3) For all s > 1, Jﬂ'sj(H) - ﬂ'”(H)

(4) For all t < 7 Jﬂ'lt(H) - 7T.L](H)

Moreover, If ) m;;{(H)e;; = H, the converse is true.

PrOOF. (1) is clear.
(2) It is enough to show

Kni_1;(H) Cmi;(H)

for i > 1 and
K j11(H) C miy(H)

for j < n.
Since H is an ideal, Ke;;—1H C H. So,

Kﬂ'i_l,j(H) = Wij(Kei,i—lH) - T('L](H)
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On the other hand, since H is an ideal, HKe;;1,; € H. so,
Kmiji1(H) = mij(HKejy1,5) € miy(H).
(3) For s > i the fact Je;s C R, (K, J) implies
Ty (H) = mi;(Jeis H) C i (H).
(4) For t < j the fact Je; € Rn(K, J) implies
Jrie(H) = my(H)J = my;(HJesj) C mij(H).

Moreover, by hypothesis and by (1), H is a subgroup of R,(K,J).
So,

Wij(Rn(K, J)H)

= > mia(Rn(K, J))ma; (H)

=1
i—1
= Zﬂ'za(R (K J 71'04] +Z7Tzﬂ 7Tﬁ](]:I)
o=1
i—1
= ) Kmo;(H) +ZJ7% (H) C mi; (H)
a=1 pB=i

by (2) and (3).
Thus, Rn(K,J)H C H. Similarly, by (2) and (4) HR,(K,J) C H.
Therefore, H is an ideal of R, (K, J). 0

REMARK. If H is an ideal of R, (K, J), mp1(H) 2 m;;(H) by Lemma
2.2 (2). This means that if H is a nonzero ideal, then m,1(H) is a
nonzero J-submodule of K.

PROPOSITION 2.3. If H is an ideal of R, (K, J) such that mp1(H) =
T. Then H D M,(TJ?).

PROOF. Since H is an ideal, H = (Jey,)H(Jey,) € H and
TJ?, if (i,7) )

. =(1,n
=107
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That is, H = TJ%e;,. So, for s # 1
(Keg)H = TJ?eqn,

fort #n
H(Ken:) = TJ?eys,

and for s#1and t#n
(Kesl)E(Kent) = TJ2€st.

Therefore,
n n—1
Mn(TJ?) = (Kea)H+ Y  H(Kent)
§=2 t=1
n n-—1 _ 3
+> ) (Kes)H(Kens) + H C H.
s=2 t=1

O

If J is a zero ideal of K, then R,(K,J) = NT,(K) is a nilpotent ring
and there is no prime ideals of NT,,(K). So, in this paper we assume J
is a nonzero ideal of K.

THEOREM 2.4. K is a prime ring if and only if R, (K, J) is a prime
ring.

PROOF. (=) Let H; and Hs be nonzero ideals of R, (K,J). Then
7Tn1(H1) = T1 7—4 0 and Wnl(Hz) = T2 7& 0. Then H1 D) Mn(TlJZ) 7é 0
and Ho D M,(T»J?) # 0 by Proposition 2.3 and primeness of K. So,
since T1T2J4 7é 0, H1H2 2 Mn(TlJz)Mn(T2J2) 2 Mn(T1T2J4) 7é 0.

Therefore R, (K, J) is a prime ring.

(<) Let I; and I; be nonzero ideals of K. Then R,(I,I; N J)
and R, (l2,I> N J) are nonzero ideals of R,(K,J). Since R,(K,J) is a
prime ring, R,(I1,11 N J)R,(I2,I2NJ) # 0. So, 0 # mpi{Rn(l1,11 N
J)R,(I2,Io N J)} C I I. This implies I1 Iz # 0.

Therefore, K is a prime ring. O

LEMMA 2.5. Let H be an ideal of R,(K,J) such that o1 (H) =T.

(1) IfT 2 J, then H is not a prime ideal.

(2) IfT C J and H C M, (T), then H is not a prime ideal.

B)IfT ¢ JT 2 J and HC R,(T, TN J), then H is not a prime
ideal.
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Proor. (1) Since {R,,(K,J)}™ C M,(J) and by Proposition 2.3,
{Rn(K, )} C {M,(J)}® € M,(TJ*) C H.

So, H is not a prime ideal.
(2) Suppose H is a prime ideal and let L = M,,(KT). Then L is an
ideal of R, (K, J) such that L 2 H. Since {R,(K, J)}" C M, (J)

L {R.(K,J)}*™ C M,(KTJ?) = M, (TJ?) CH

by Proposition 2.3. Since L 2 H, {R,(K,J)}*" C H. So, R,(K,J) C
H.

This is a contradiction.

(3) Suppose H is a prime ideal and let L = R,(KT,KTNJ). Then L
is an ideal of R, (K, J) such that L D H. Since {R,(K,J)}" C M,(J)

L {Rn(K,J)}*" C M (KTJ?) = M,(TJ*) CH

by Proposition 2.3. Since L 2 H, {R,(K,J)}*" C H. So, R,(K,J) C
H.
This is a contradiction. O

REMARK. By Lemma 2.5, the prime ideals of R, (K, J) are of the form
M, (T) or R,(T,T N J) for some J-submodule T of K. Next theorem
shows that T is actually an ideal of K.

THEOREM 2.6. If M,(T') or R,,(T,TNJ) is a prime ideal of R, (K, J)
where T is a J-submodule of K. Then T is an ideal of K

PROOF. Suppose T' ¢ J, T 2 J and R,(T,T N J) is a prime ideal.
Then

R (KT, KT N J)Mn(J) C M (KTJ) = Mn(TJ) C Ro(T, TN J).

Since M, (J) € R.(T,TNJ), R(KT,KTNJ) C R, (T, TN J). So,
KT =T, that is, T is an ideal of K.

Similarly, we have that T is an ideal of K if M, (T is a prime ideal
of R,(K,J). O

THEOREM 2.7. If P C J is a J-submodule of K. Then P is a prime
ideal of K if and only if M,,(P) is a prime ideal of R, (K, J).
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PROOF. By first isomorphism theorem, we can easily show that
R.(K,J)/Mn(P) = R,(K/P, J/P).

By Theorem 2.4, P is a prime ideal of K if and only if R,,(K/P, J/P)
is a prime ring if and only if M, (P) is a prime ideal of R, (K,J). [

THEOREM 2.8. If P is a J-submodule of K such that P ¢ J and
P 2 J. Then P is a prime ideal of K if and only if R,(P,PNJ) is a
prime ideal of R, (K, J).

PROOF. (=) Suppose R, (P, PN J) is not prime. Then there exist
ideals H1,H2(2 R,(P,PNJ)) of R,(K,J) such that H1Hs C R, (P, PN
J). Let mp1(Hy) = Ty and 7,1 (Ha) = To. We may assume Ty and Tp
are ideals. Thus,

P D oy (H Hy) D WP T J? = Th T J2.

Now H; 2 R,(P,PNJ). So, for some 4; > j1,m;, 5 (Hy) 2 P or for
some iz < jo,Tiyj, (H1) 2 PN J. In both cases mp1(Hy) = Th 2 P.
Similarly, 7,1 (Hz) = T2 2 P. That is, Ty, T»,J € P.

Therefore, P is not prime.

(<=) Suppose P is not prime. Then there exist ideals A,B(2 P) of K
such that AB C P.

Since(ANJ)(BNJ) C ABNJ C PNJ, R,(A,ANJ)R,(B,BNJ) C
R,.(P,PNJ). But R,(A,ANJ),R.(B,BnNJ) are ideals of R, (K,J
such that R,(A, AN J),R.(B,BNJ) 2 R,(P,PNJ).

Therefore, R,,(P, PN J) is not prime.

—

O

COROLLARY 2.9. There is a one-to-one correspondence between the
set of all prime ideals of K not containing J and the set of all prime
ideals of R, (K, J).

COROLLARY 2.10. A prime ideal of M, (K) is M, (P) where P is a
prime ideal of K.

PRrROOF. Since R, (K, K) = M, (K), we can easily prove by Theorem
2.7. g
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