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Abstract

In this paper we study the existence and uniqueness of fuzzy solutions for the nonlinear fuzzy integro-differential equations on
E% by using the concept of fuzzy number of dimension » whose values are normal, convex, upper semicontinuous and

compactly supported surface in R”.
XI!XZ’ "',.)(,l .

E} be the set of all fuzzy numbers in R” with edges having bases parallel to axis
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I. Introduction

Many authors have studied several concepts of fuzzy
systems. Kaleva[2] studied the existence and uniqueness of
solution for the fuzzy differential equation on E* where E”
is normal, convex, upper semicontinuous and compactly
supported surface in R”. Seikkala[9] proved the existence and
uniqueness of fuzzy solution for the initial value problem on
E!. Subrahmanyam and Sudarsanam[10] studied fuzzy
volterra-integral equation. Recently, Park et. al.[8] are proved
the existence and uniqueness of fuzzy solution for the
nonlinear fuzzy differential equation on E7% with nonlocal
initial condition, Kwun et.al.[6] are studied controllability for
the nonlinear fuzzy control system on E%, where E} be the
set of all fuzzy numbers in R” with edges having bases
parallel to axis X, X,,,X,. For example EZ% be the set
of all fuzzy pyramidal numbers in R2 with edges having
rectangular bases parallel to the axis X, and X,.

In this paper we consider the existence and uniqueness of
fuzzy solutions for the following nonlinear integro-differential
equations:

#i{litﬁ=a(t)x(t)+f(t,x(l‘)’

l fo'/e(t,s,x(s))ds))m(n, t<l0, T, (1.1)

x(0) = xg,

where a:[0, T1x—E} is fuzzy coefficient, initial value
xo€ EYy and f:[0, TIxE3xEN—E% and k:[0, T]x
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{0, TIxE%—E?, ate nonlinear regular fuzzy functions.

II. Properties of n-dimensional fuzzy
numbers and metric

In this section, we give some definitions, properties and
notations of the fuzzy number of dimension .

Definition 2.1.(I6, 8]) We consider a fuzzy graph G c R”
that is functional fuzzy relation in R” such that its
membership

function mg(xy, x5 -, x,) € [0,1],

(x,,%; **, x,) € R" has the following properties :

(1) For all xeR(i=1,2,",%),
e[0,1] is a convex membership function.

@) For all e(0,1]1, {(xy,x5 -, x,) € R"m o(x;,x,
-, % ,) = ais convex set.

(3) There
x,) =1

If the above conditions are satisfied, the fuzzy subset G is
called a fuzzy number of dimension .

We denote by fuzzy number in E7, A={(a, a,y,a,)
where a; is projection of A to axis X,(i=1,2,-, %),

m g(xy, %70, % )

exists (x,,%y,x,) € R", m(x),%,.

respectively. And @, (i=1,2, -+ #) is fuzzy number in R

Definition 2.2. The ¢ -level set of fuzzy number in Ej} is
defined by

[A] *= {(xl ,xzv---,x”)ER”le s X9,

n (2.2)
x”)e zl;Il[ai] ¢ 0<axl}

where
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[(Zi] = {x,Ele a,(x,‘)za, 0<a<l} (23)

and T is the Cartesian product of sets.

Definition 2.3. Let A,Be Ef, for all a=(0,11, A=B
e[Al*=[B]"

Definition 24. Let A,Be E}, for all o< (0,1],

[4%,B]"= [lla*b]° (2.4)

where >, is operation in Ej and > is operation in E,.
And (A% ,B)] =Af*B/.

dx(1)

Definition 2.5. The derivative i E} of fuzzy

process x(f) € EY}, is defined by
(4] =1, [ s, (2.5)
—(%x‘f,(t)], 0<a<l.
b
Definition 2.6. The fuzzy integral f x(t)dt is defined by

[[xwa] = [ [T=sora ["eoa] ocast.
(2.6)
where x(f) = E%,a,bs R.

Let ]f[][a,»] “ 0<a<l1, be a given family of nonempty

areas. If
I]jl[ai]ﬂc l]jl[ai] “ 0<alBp<1 2.7
and
xI;[l }bi_{xgc[a,-] M= ‘];Il[a,»] a (2.8)

whenever (a,) is a nondecreasing sequence converging to

n

a< (0,11, then the family H1[ai] ? 0<a<1, represents

the a-level sets of fuzzy number A € EF.

Conversely, if ]'j[l[a,-] 9 0<ax<l, are the g-level sets

of fuzzy number R”, then the condition (2.7) and (2.8) hold
true.

We define the metric 4. on E} and the supremum
metric H on C([0, T]: E%).

Definition 2.7. Let A,B< E},

d o =sup{d ([([A]*,[B] %) | a=(0,1]}

n L
= sun (B u(la 151 DD * | a=(0,1])

where dy is Hausdorff distance and «;, b, € E,.
Definition 2.8. The
C([0, T}: E%) is defined by

supremum metric H  on

H(x,y) = sup{d (x(2),y(£)) | [0, T]}
where x, yeC([0, T]: E}).

Definition 2.9. Nonlinear regular fuzzy function #£[0, T]
x Eyx ER— E% is satisfied, x,y € EY,

71019 = (6 I (e 11 19,1%)

3
e

It [2,] % 09001 )

1
= ”ﬁlf,‘f,(t, x,y)

= F%t,x.9).

IIl. Existence and Uniqueness of Fuzzy
Solutions

In this section, we show the existence and uniqueness of
fuzzy solution for the following nonlinear fuzzy integro
-differential equations :

_d_ffdit_tl = a() () + (¢, x(2),

fotk(t,s,x(s)) @), te [0, T), 3.1

x(O) = xo.
where a:[0, T1x —E% is fuzzy coefficient, initial value
function

£ 0, TIxEYy<Ey—EY and  E:[0, T1x[0, TIXEY, —E}
are satisfies a global Lipshitz condition.

x <€ Ey and  nonlinear regular  fuzzy

Definition 3.1. The fuzzy process x : [0,7] — E% is

fuzzy solution of the equation (3.1) without inhomogeneous
term if and only if

4 o= min{a () * x5 (Dlm=1,2,,ni,j= 1,7,

—j;xf:n; max {a%(H + x4, (Dlm=1,2,,n.i,j= 1,7},

25,00) = x5, m=12,,n,
29,00) = 2%, m=1,2,,m,

Theorem 3.1. For every x,< E%,
LD _ (n)x(o),
(3.2)
x(0) = x,.

has a unique fuzzy solution x= C([0, T]: E%) .
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Proof. Let x, a(t)e E}. From the definition of fuzzy
solution,

-(%x‘{,,,(t)= a®, () - x%,(t),

L yo, (1)=a% (1) x%5,(1), m=12,n,

and
x%,(t) = xGm2) - exp( f(:a‘:,,,(s)ds),
59, () = x4 (1) - exp( [0t () ).
m=1,2,-n
Let
Therefore
[x()1° = T xa(0)
= TT[x5 (D), 25(D]
=TTl S50, 2o S5 ()]
where

S‘;ﬁ(t)=exp(_£]ta‘;,,,-(s)ds), =17, m=12-n

and S%,(¢) (i=l», m=1,2,---n)is continuous. That is,
there exists a constant C>() such that |S%,(#)|<C for all
t=[0, T1. Hence

fx()]e= [S(t)x,]°
By the resolution identity,
x(t) = S()x,
From the definiton of fuzzy derivative,
[4x0] = 0= [i]4 st
T[4 e d
= ,,111[ at Xmi(t), dtxm(t)]
=TT [x5m- a%u(t) - S5(1),

Xy @S () + S5,y (8]

[a5(®) - 2508), a5, () - 25,(1)]

PIRORPIAC

a(t)-x(t)]°.

Thus, by the resolution identity

~a I

Il

|
— §

%x(t) = a(t) - x(¢)
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Hence x(¢) = S(t)x, is fuzzy solution.

The equation (3.1)
integral equations :

x2(8) = S(#)x,

is related to the following fuzzy

anl ['ste=9{sts, x5, [} K, tox(e) s

+ fo'su— 9 uls) ds,

x(O) = Xp.

where S(¢) € E}, and

[S@1= T [S.(0]°= T][S%(8), $5.(1)]
where
t
S5.) = exof [atu(s)as, =17
0
is continuous. That is, there exists a constant C) (0 such that
|S2.()<C for all t=[0, T].

Assume that the following hypotheses :

( H1)Nonlinear regular function f£[0, TIxER>EY, —E%
and £:[0, T]x[0, TIxE%— E% are satisfy a global Lipschitz
condition, there exist K>0 and p> (0 such that

dg(fi(t, %, 31), {8 x5, ¥))
S K(dy([2,1° [%19+ dyg([n ]9 [»19),
dy(ki(t,s,20), ki(t 5,%,5))
< pdy(lx1° [x,19.
where x; y;€ Ey (i=1, 2).
Theorem 3.2. Let 7 > (0. f and % are satisfied (HI).

And CKT(1 + —% T)<1 then for every x,= EY}, equation
(3.3) has a unique fuzzy solution x= C([0, T1: E}).

Proof. For each x(¢) e Ey t=[0, T]. Define
(a>x)(t)=3(t)x0+fo'su—s)u(s)ds
+f0tS(t—s)f(s,x(s),fosk(s,t,x(z'))dr)a’s

Then @ is the continuous function from C([0, T]: E%)
to itself. Then there exists @,(m=1,2,:,n) is continuous
function from C([0, T]: E%}) to itself. Let x(9),¥(He
C([0, T1:E%)  then X(£), v (£)
eC([0, TY:E») (m=1,2,---,n). Thus

there exists
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A (0,201, [0,9,(1]1%)
= ([ Su Dot [Sut=9) 705, 209,
S ks, rx(2))de) ds
R PROPI
[Sn (05 0mt [ St Fuls, o),
S ks, 2320 ) ds
+ 18- 9 un(s) a1
< [ ['S t= 9 s (9,
S s, 1x W) d0)Es ",
[ 8= 9105, 3m(5),
[kt om0 anras] )

< CK [ (d (L2 p()] %[y ()]
td 4y ([x (D] 4,1y (D] ) ds

< CK (14 89 dy (L ()1 % [y ()] Vs

< RO+ ) dy (L (D] Ly (D19,

Therefore
d (Px, Py)

= sup 4o, n@e([Px)] °, [ Oy] %)

1 e.s0]" [ 1 00]

= sup ae[o,ndy([ .

L

= 50 aeto i 35,(dull 091 %, 0,9, (0] D)7}

m=1

< Sup Leqo il mz::1( CK(t+ -22 £)

1
xdg([2, (D], [9,,(£)] D)2} 2

= CK(t+ % )
-1
n 2 2
*sub peto] 35, dn( Lan (D17, [y (D] )]

=CK(t+-22 2)d o (x(t),¥(2)).

Hence

H(@x(t), 0v(t))

= sup 1oy CK (42 £) d (5 (1), 3(1))

< CKT(H——ZQ T)H(x(t), y(t)).

We take sufficiently small T, CKT(H——% T) < 1. Hence

@ is a contraction mapping. By the Banach fixed point
theorem, equation (3.3) has a unique fixed point
xe C([0, TI: E}).
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