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2 474 stex 2EE AAH R AAS7] A% TFHY
2l R/S ¥4{(rescaled range statistical analysis)® #2E A +E& ‘sinusoid’ ¥

F7kste O AEHADG. o thh Fgol Mo oA FA FF7) 4w
e AAGRES AN H2E A47t F DWALE WA T F Yx EE

(measure)Z €48 F J&& =3Ad

FHoO: q2E AF, RS ¥4, stes

0. A&

—

@3 (sine waves)E 7HF 712FA HYolgt & F dedH, ol 2 A
el A 544 710gd. dFo] ARIESE 15969 @ Bl F 2 (Rheticus,
1514~1574)o A 7193 4y s #¥9 =F<2 “Opus Palatinum de Triangulis”7}
SAHFA EFHQA A7V AFHJD o] =R 9 A AZE(sine,
cosine, tangent, secant, cosecant, cotangent)?’} TIF AR FHJEd, AAA+EE
FA AXN=H A(3], [BD).

AFQ1 Fd(sine curve; sinusoid)®] €2 FARZ gwtslE=d, o g 2
o] *]'?l?i‘r-f] He 2 Fojxth

f(x)=asin(wx+ c)

q7]A4 at HAF(amplitude)e] L wE F7|(period) 27/w BVAD F 3 (frequency)
olm c& HA4(phase)olct. WAooz F& Rold $L/HAE F A3 FaAFx F
ZI1Z2A durr oz MBEE NE2AMe FifE JExHz)E 2R U HzeE d

* o] =EE 20029 §YUTA duidFH] AP AFHAUL.
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Sinusoid W8 QAL Jd FEZAY s|2E X5

= AsE FE /A edH, ojRL
& Ato] 2S94 'H‘_“Eﬂ @ﬂr‘:— ]7}01‘4 Eg A4S AEndA ddel & HE
A= £9 T F717F Euivd AUzivE
27 3 73&14’2 v’]” Z}EE EAsted 490 4 dzA A<d(voltage)
Zo B4 A ZAHE A359 Hd JA¢E Yz
Hell o] J+ §4_E°ﬂ’~1 ‘40“ ;‘*ﬂ’i"] Adsot Z=}°l Wahe, T3 A5 A7)
2 A8 o)E(oscillator) 32 A YoE H2E J3& F@volr
A BE Aol Fr)Holgte 23 =grt °]—‘413?1}E 27t d‘B}—E RF(Radio
Frequency)® 5713 ®isle 43 I AAolt. Fad4E 7HA L oju 7]
& Fug=7h 26, 3ul, 4ujE =HE AAHNA B FAR &
2 FAH EAQL Fog wiert FoldSE oz
T SFPHBBATR) A F714 ¥ FAoZA FAFRN7A A
g5 S o BL 9FL 71X Uk AAZ, FFLPH L 12UAE 71E3
A 129 F717F H3, 603AE 71F3E 603 FU17F 2ve Ao A £
BAgANM Y A7WT T& ZAATH o]Ed ¥ EFLS ymy s3I FL
Rol ot 333 E3e ¢ AAMFANA ddFelgn Erh o]d FAA A
#Esy dYEHe e 2~ 4L44 Kitchin Al-°] , T~11'3 9] Juglar Alo] &

X

o

AAenel B BuE a2 dad o8 A9%0, 5
Aol ofd wesl FAR s BRsvis Fgoloh
2 o]

’

fr

# (random)3t Al FA3E AR E LS HE
k. F7l0 did A&HE =4S atE o EAVE o¥HY
=3 AL 938 AR(Auto-Regressive)) MA(Moving Average), ARIMA(AR+I+
MA)St 2ZEF (spectrum)#4] 5o] Bo] o851 oy, ZAEA HAYE FH4
€02 HE PgAsts ZAe&H e FAow wAstE BT Holdyd e
w-$ oJ»¥ Tt olgid VAL FBItd(Poincare, 1854~1912)= EF 28 EE &F
& UehdE £o]2M 712 2(chaos) /MEE =3t A sA .

E3], 1980 °o]F AlAE e A7) o9& (auto-dependency)®] EAE FAF
o2x ddYA(random work) 7H29 71Z+E Fofste AF B4 ZAAEo AL A
193 k. ol AF BA FoA FoAz A5E 7HA As AN E¥(data
generating process)®] chaos =& HIAE ZAAAULA ohdA AFE F A= 4 F
8tel R/S EA(Rescaled range analysis)¥ SH2E A oe F2EHurst)? L7
o 3&) B AF=HE F7)¥ FEA(long-range dependence)ol EAFE AT
e B AR ese], olHd ANAde] AVH FEAE AFE7] HsA,
vt B 2 (Mandelbrot)e 3 2E7F w3 Z&5H3 AZFA Y (rescaled range)zte
EALS ol&¥ AL AJHTE] a2 A o] HESF W R/S EAFH &
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E AFE oF Ropol @A AALY AYAZ A ARL v ogHT Uk
£ EEAE RS FAFS ol @ AAD &% BF (> watel AAL
AARE &R 2ol st

X(h )= 3} (&= <&

g w71 "Hele &,9 F dole 4 & ZF HAF we RS A4S 4
Alete], Aztga Sl A AR FA([3], Bl td thFdt sinusoidal HEE F2E
AFE ol &3ty FA, #FHA
1. 3j2E A+

Fte 2 Ry AF B4 Wy FAA ANALY AHAAl Je2E REEXE
AAQ37] FalXde A AFAQA TG HFAHA PR ve £ Jded, AFH
Q HHe HAFsaA dte AAge] Ftesd BEAS Zu UeAE AFETE A}
g3te ZlolH, AL AHE Jle2E wEae AAEd A5 °E HF F 95
g e R8T a¥A ES RFE2E A4 AALY A dFS T & o
g AHEoEN HFe Aolrh

R/S BAF S2E Afe o2 EF S AHHoz FASr] 943 TEHY 7
W F stdelth o HESH HYe JH2EV YdAe ¥ Z2AEE FYP3d F
3 2E #A (Hurst process)S NS R=dH[6], R/S B4 A7te] 580 wet HF
71EoR AFAY B 4o] o2 HIEsE SASE oA AFZHUY. F, o
d FdHe FeEFE F5H0l7] did FE} S & F U1, PEYLS 993
o2 81 Jerns HAY AeF FA e 7P FEF dd FY4F
o & ¥ A (cumulative deviation)ZAM Z3" & 3tk o] FAgS EEs] A3
o FFAY FEF AR YFoiFed ot HES AxA ¥ (rescaled range)
A olgta gk

oAn @ AAY &l AF RS BARE g3 @o) BAATHT), [8)).
X(t, D= 2(E~<E>),

R(r)= mer(t, T)— E:ETX(I‘, ),

1<

1

2
so=[L 2 e~
R/S(z)=R(7)/S(z)
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Sinusoid Y Q&L YF SFEBAI S|2E X+

datY dY YA (random walk)olA v £ €Y FEE FFYA FEA F
o o, g;s,-;— N7 %Y B 9ot YT X(¢, ) A &9 AAda

o] 0o] old W, HEE zAs7] &t ABASG o AN JF <E>r=%t§$t

< AFSY R(o)e 717 T X o) Adad HAqY xol2A AAF
ol distd Ry FAAL AYE Yuistes Ayl =AY (self-adjusted
range)°]| 3 R/S(r)e E¥E& dutdstr] f3td EEHA S()E2 UFoFAed
o2 7] A=A W (self-rescaled range)@t 3 3t} o] T AZAH B Ao)
Z74gel wet F71skeE A S Holn, 32EE UubH FEE ten Zo] AA
[ ETN=
R/S(t) = (a- D)

A9 YA g doli, HE $2E A+ (Hurst exponent)2ti st&=d], o33 2
o] Ao oMo 212 Halxw 3FH BAL AAEE FHAE N$FE2 2% & 9}

log(R/S(z))=H-log(r) + a

2= AsE AAL oA 2 AdFel 2 olFd AAES el e
ARE TEE & A& 712E AR, TEISANS Lyapunov A5t FAE
o8 AL ¢, AAFellen $89 WEES ZE AR EYA A A=

(independent random process; Poisson process)oll thd HZH < 4k-g-(asymptotic

behavior)& th&o 9ld FoF & FHeAH4L

(S

R/S(z) = (g r)

F2E 247 H=05019 F7] 719 2347} gle —E’“z A Y=, A A}
FFL vAR FL&g udg ey H2E XFIt 057 ofHHE B
A gow A7l 719& HAA "o 1% A AtZe] ulge
S vAY, ged] R ast F453 AgAe ?";—’—.ﬁ A FBBATL o}
o2 gG3go] A&FHE= AL guigrth B FH2E X } 05<H<10
L Y ¢33 2k 1 A oj27] d el X] % <) (persistent)
F(+)9 “&4&74]% ZeEt &, ol dAY 7417} ALHA 21

Uliﬂﬂ A QA E g E =T
<0

2> e XN
AL B o T
2

o

xS
al

‘oﬂ,'ﬂ

= i% F712Q g N&& oujste

47 00<H<05 76‘—?—% AN B} FE Aol o

1( anti-persistent) B 311 A A9 (mean reverting series)S 2

T@AZE EAGT. &, H2E AF7E 022 F2 7tAA @A
]U°ﬂ7\1 Btdg gg ] =5< 9vjg.
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ARE - gz

2. Ak 24 Ao

2
rl I

q2E A5 34

R/S 43 F2E s AAEe dd993a /M AR 73 59 F3AE
A Xt o)AM £, u7ld ARE APt B ZAAE, AEE (1] AA

& RAe Fxst] A8 dold lgg A7 2°=1,024, 23——8 o7 HAsS ¥
Agtgon, AgE ARIFESF 7[BF7|A 27 & 1,024 T8 AAEE FAA
o a3z B4 g AAlE ARE A ZA sm(x)—a- NEoz F7g 7zt
27/2, 2x/5, 2x/10, 27/50 ¥ T4 sin(2x), sin(5x), sin(10x), sin(50x) T 7}
A1t & (Gaussian noise) N(0, o) (6=0.01, 0.1,0.5,1)& Fo] AT gt
‘sinusoid’®] F¥S HHEJT. Tz FriHez g9 2HEY B (power
spectrum analysis)& Aoz n e ARIFAH F719s HHS APt
o] 2HMEYLS A5 238 g AR UGS J5F FoezAM A%
RAezA A F714AA, & F715AA, 71223 AAE YerdrH2]. £ AFdA
© N=1,024 /¢ H(x,)EE F o ¥3(discrete Fourier transformation, DFT)3} %
3, DFTE &5 W8 (fast Fourier transformation, FFT)E Al43t3t. 1%
HFHoZ F7|7F A A gon AZEo] BaEE T4 xsin(l/x) o FH2E A
g T3te BAsah

B A7 BRE 48 E4 FH71A S-PLUS 20008 A&3ted 248 sttt
HA, A FA sin(x) X F71838E £ sin(@x), sin(5x), sin(10x), sin(G0x) 5
7 7}$-A¢ 3F&(Gaussian noise) FAA N(0, *) (6=0.05) ol & ANAL 29
< Fig. 13+ Zoh. F717F #Fotdd we 389 37—}7} AT {3 Fed
2 %S 7Xe Ae2 YEoy, 3, -r7l7} °ﬂ}~1 FEEHA} O T

277t FEERRTE AW%* o B450 FAHT 3

“—'.'—**"ﬂ g 29y BAg 742} AP vhFig. 2), 2 A3

H, F71Wsle] mE Fge] gdd AFJFA 9 Loglfrequency) vs.
Log(spectral density) plote] @&t HelE oo™, spectral densityd 332 H o)
F217F BotdsE Fugo FrtdYgez oFde AE ¢ F Y =Y, IA
sin(x) o1 B (power-law) 7]&7|7} -1.932914 F717b #@oldel wel -1.8%~
-1216 22 F7FEQATH(Fig. 2 9%). WA 7h9A% &E N0, 6?) (6=0.05) °] £
e BFAAE B71€7] Wt sin(x) oA 0.083 22 b ZA Jehgonu
AAHez 0.037~0.083 == 2L W3E 2} (Fig. 2, LEF

i
i
M,
e
i)

¥
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Sinusoid ' A4 L 9]¢ SE2A9 F2E A5

25 (@) sin(x) + N(0,0.5%)
1.5

0.5 || L. i |

sin{x)

0.5 | ‘] e 1‘. ! |

-1.5

-2.5
25 | (b) sin(2x)+ N(0,0.5%)
1.5

0.5 ‘ ‘Ily,l ‘ | ‘i;

sin(2x)

-1.5 | 1

25 ¢ (c) sin(5x)+ N(0,0.5%)
1.5

0.5 HU : “‘l‘ !;‘I‘ NRE

sin(5x)

'|
-1.5 ‘ |
-2.8
25 1 (d) sin(10x) + N(0,0.5%)
1.5

0.5 N |k L [, 4N : .

sin(10x)

-1.5
-2.5
2.5 (e) sin(50x) + N(0,0.5°)

1.5

0.5

sin(50x)

0.5 W ! | ¥

-1.5

25 h ) A ; .
4] 200 400 600 800 1000
Time (no.)

Fig. 1. The plot of sine curves add on Gaussian noise N(0, 0.5%):
(a) sin(x), (b) sin(2x), (¢) sin(5x), (d) sin(10x), (e)sin(50x)
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AFE -3

4

L4

X2

10

-20

-30
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-20

-30
10

-10

-20

Log Spectral density

-30
10

-10

-20

-30
10

-10

-20

-30

(a) sin(x)

beta-slope = -1.932

(a9 sin{x)+ N(0,0.5)

beta-slope = 0.037

() sin(2x)

beta-slope= -1.895

(b") sin(2x)+ N(0,0.5%)

beta-slope = 0.047

(¢) sin(5x)

beta-siope= -1.833

(c") sin(5x)+N(0,0.5%)

beta-slope = 0.083

{d) sin(10x)

beta-siope = -1.740

(d" sin(10x)+ N(0,0.5%)

beta-siope = 0.079

(e) sin(50x)

beta-siope = -1.216

(") sin(30x)+N(0,0.5")

beta-slope = 0,057

-4 -2 0
(A) sine curves

2-6

4 2 o 2
(B) Gausslan nolse N(0,0.5%)

Log frequency

Fig. 2. The corresponding /A (power-law) slope to the original sine curves(left) vs.

add on Gaussian noise N(0,0.5%) (right) in Fig. 1.
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Sinusoid ¥ A4S g SE=ZA ] s|2E A5

4713 o7 7EA] ARIZ A disld R/S BENES A¥ER AI(Fig. 3), HA
sin(x) & 71F22 F712 WHIFAHAL dolE= Log(R/S) vs. Log(T)e B X7} F7)
7t ZoldFE FEol BolAle FHE wHilon, IAANAY 7LVIEH2E RAF
H)=0.935 94 AFstd F274 22/2, 2x/5, 27/10, 2x/50 &2 8o} oie}
H=0.839 shA 0.074 747 HA ol AL B (Fig. 3 9F). =3, 2S&
o] XgH ASANNE 7IEH(H=0.94)22FF FLo] AZFE thd L&

. (a) sin(x) ) (a" sin(x)+N(0.0.5%)
4 L
3 L
2 - 1
1 v,o—"" Log(R/S) = 0.9353*Log(T) - 0.5448 L et Log(R/S) = 0.9535*Log(T) - 0.6773
0 | et N N A . s el N . N _
5 () sin(2x) . (5" sin(2x)+ N(0,0.5%)
4 L
3 | -
2t , .
1 ’,,-(""" * Log(R/S) = 0.8385*Log(T) - 0.25% F . ,‘f-;-.’.'./’ Log(R/S) = 0.8640*Log(T) - 0.4166
0 ~ R R . A ) LS L R . . .
. _ . 2
) i (¢) sin(5x) (¢ sin(5x)+N(0,0.5%)
= L
X 3
~ ottt -
o 2 . (ot | o’
S 1 b 7T LaWws) - 0s1estLogT) - 0.4853 e b Log(R/S) = 0.5220%Log(T) + 0.45%2
0 LI " n S i ) » 3 " " n I J
5 (d) sin(10x) - (d" sin(10x)+ N(0.0.5")
4 L
3 L
i ,_J———:‘;T * Log(R/S) = 0.3066"Log(T) - 0.7760 [ .. T surd Loq(R/s) 0.3353* Lou(T) +0.7045
0 > . . - . ] s . —
. - ] 4 2
5 (e) sin(50x) . (e") sin(50x)+N(0,0.57)
4 L
3 Log(R/S) = 0.2824*Log(T) + 0.1577
2 Log(R/S) = 0.0744*Log(T) - D.3994 |
Dl et R —— [ e ST
0.0 1.0 2.0 3.0 4.0 5.0 6.0 0.0 1.0 2.0 3.0 4.0 50 6.0
(A) sine curves (B) Gaussian noise ¥(0,0.5")
Log (T)

Fig. 3. The plot and regression line of rescaled range( log(&/S)) vs. Frequency
( log(z) ) with time series data generated by sine function:

(A) sine curves; (@) sin(x), () sin(@x), (¢)sin(6x), (d)sin(10x), (e)sin(50x)
(B) sine curves + Gaussian noise N(0,0.52); (a’) ~ (e")
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Jou

M

APE - FH

H gudgoy g0 UARD A5 wxdA BR &%ﬂ“ A%E 9UTHFig.

3 28F). =%, IR FeAG FEo M gEE LYY AAFHA nH §
28 Agd] 2A ¥ FAE G, sin(G0x) o W FL N0, 1%) 9 &3}
' da € 24(0.2)8 29

A AL A} A J2EXAS H 484 le 2HE st AL e
o FHAAZL 1008 BELEL F9 FE} XEAXE AF Fad umIHgn
(Fig. 4. 2 2% sin(x), sin(2x), sin(Ga), sin(10x) ol WANE g A I
S WA BowA 93 e AFEEE 2P, sin(0x) A da & JH
At A& N, 1) o A EEVAI 0.056 224 dAYe) Y& HREAS
& 2o FA 8 HHFig 4).

o HFHoE F7) L JBo] witale asin(l/x) o 5ol disA RS B
g AYsged, oA 34 l?’i‘ 37 2 %7 59 i AS 2 wAS A
@ﬁ~%ﬂﬂ7wlﬂgﬂléﬁ ooz sty dAE 2@ ) dFEolh

24 xsin(l/x) & A A [0,27) A 1,024 (Jag=2%) 719 HEES MY
ﬂ%zﬁ,7h4mk@ﬁ' l%ﬂ%H%b}%%ﬁﬂlmﬂ 2 3g s
A He 082524 HASPRGE ﬂ&@@ﬂ

JJ(
AP FH xsin(l/x) o 2=
A& ZASNO,1HE AYstd YRR TFAR Yo &

Je 2 veded, 4

a4,
1.0 ¢ 0.933 N 35 % sin(x)
N - WM sin{2x)
0.8 v qam
3
[
g
0.6 1 .
2 0.519 g} sin(5X)
ﬁx, o p =3 =
% | sin{10x)
£ 0.4 0.307 sin(30x)
T 2 -~
6.2t
0.075
G‘O "y e L
original noise noise noise noise
curves N{0,0.01) N0 N(0,059) N(0.1%)

Fig. 4. The plot of Hurst exponents of sine curves sin(cx) (¢=1, 2.5, 10, 50)
according to Gaussian noise N(0, 6 ) (¢=0.01,0.1,0.5,1).
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Sinusoid & 4L & S22 F2E A5

15 7

10

x*sin(1/x)

0.0

0.5

3.0 r

x*sin(1/x)

0.0

-1.5

05

(A) xsin(1/x)

15

200 400 600 800 1000

(B) xsin(l/x)+ N(0,0.5%)

‘ ‘ | nr
WA ANARNLY R ALY
Webgnay i g

' Lt

Time (no.)

Fig. 5. The plot of (A) xsin(1/x) and (B) add on Gaussian noise N(0, 0.52%);

0.9 1

0.8

Hurst exponent

0.7

(Time no. = 1,024 points, x < [0, 2x])

xsin(l/x)
0.825 0.825
0.822 0.792
l | I ' i
original noise noise noise noise

arves  N(0,001®) N(0.0.F) N0,05)  N(0,1%)

Fig. 6. The plot of Hurst exponents of xsin(l/x) according to Gaussian

noise N(0, ¢?) (6=10.01,0.1,0.5,1).
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AFE -FH3

3. 48

R/S €47 J2E e AAGe Ad¥932 7t8 A 2 A5 FHrdqxe A
&A% A E&AAS Hristed E45HE 5 oS SEHAVT €S B4l

B A7dMe Az Zolst lkgE 27 2=1,04, 2°=8 22 HA3d
R/S BA 3 S2E A4S &9 ‘sinusoid AE L 2As=d H&adt. B4 =
S5 Adggse 712F71 278 1,024 SEF AAZA sin(x) o @S o
g5t on, FM sin(x) & 7IELZ FUE F/HAIIEA FEo 9FE REAE
Brtste] H2E AFo AHFE NFHeE HFEAd 2 A, AT FS
(Gaussian noise)o] & A%-¢ F717F vl $ FE Afoe HEE 2F9 HAIF &
At o dAZ SAHY el e BJY. 183 EF7] ’“‘ok-‘"‘ e A
FEAH MAEANE e FHxsin(l/x) o AN H2E X$E FIIA
0.5<H=0.825<12A F713 dFg vt (&HAY Alz=d A3z ddd ¢ 3}
Rt

fo

2 rh

A ik FEol A9 UeWwA FAC EF71 4FE 2= AAE A5 g
A 2FHEyEN R Yol o g A, FXE Ay BFgH A3 FUHNE =
A F A+ F=(measure)E L2 F ALE AAEHIT Y
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A Hurst Exponent as the Measure
for a Sinusoid Pattern Recognition

Professor, Dept. of Mathematics, Hanyang Univ. Kyung-Joon Cha
MSC, Dept. of Mathematics, Hanyang Univ. Sun-Ho Hwang

The Rescaled range statistical analysis and Hurst exponent which are
standard methods to test the chaotic model are used to examine sinusoid
pattern. We notice that the Hurst exponent can be used as a measure to

examine the time series data that show semi-cyclic trend with noise.

Key words : Hurst exponent, R/S analysis, chaotic method



