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SOLUTION AND STABILITY OF
A GENERAL QUADRATIC FUNCTIONAL EQUATION
IN TWO VARIABLES

EuN Hwi LEE AND JO SEUNG LEE

Abstract. Inthis paper we obtain the general solution of the func-

tional equation

P f(E=2) + f@) + 21 () = 2071 E) + f(2).

The type of the solution of this equation is @(z) + A(z) + C, where
Q(x), A(x) and C are quadratic, additive and constant, respectively.
Also we prove the stability of this equation in the spirit of Hyers,

Ulam, Rassias and Gavruta.

1. Introduction

In 1940 S.M. Ulam [22] raised the following question concerning the
stability of homomorphisms;

Given a group G, a metric group G2 with metric d(-,-) and € > 0,
does there exist a & > 0 such that if a mapping f : G; — G satisfies
d(f(zy), f(x)f(y)) < dforallx,y € Gy, then a homomorphism g : G| —
G exists with d(f(z),g(z)) <eforall z € G7

The case of approximately additive mappings was solved by Hyers
[3] under the assumption that G; and Gz are Banach spaces. Rassias
[18] proved a substantial generalization of the result of Hyers and also
Gavruta[2] obtained a further generalization of the Hyers-Rassias theo-

rem. Later, many Rassias and Gavruta type theorems concerning the
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stability of different funtional equations were obtained by numerous au-
thers(see, for instance, [6,7,8,9,10,11,12,13,14,15,
16,17]).

In this paper we deal with a general quadratic functional equation in

two variables

0 @fET) S 2 (6) = 260 () + f(2),

where a is a nonzero real number.
In 2002 Y. W. Lee[15] obtained the quadratic functional equation in

three variables

Tz — 2y

r+y+z
3
Tty
2

9f(
= 4f[(

which the solution is

)+ f(=) + fly) + f(2)

)+ (55 + (55

f(z) = Q(z) + Alz) + <,

where Q(x) is quadratic, A(z) is additive and C is constant.

We show that the equation (1) in two variables has the same solution
as that of the above equation in three variables but the method of proof
is different. And then we investigate the stability of the equation (1) in

the spirit of Hyers, Ulam, Rassias and Gavruta.

2. Solutions of the equation (1)

Theorem 2.1. Let X and Y be real linear spaces. A function f :
X — Y satisfies (1) for all 2,y € X. Then there exist an element
¢ € Y, and an additive function A . X — Y and a quadratic function
@ : X — Y such that

flz) =Q(z) + Alz) +c

for all z € X. In particular ¢ = 0 if a # +v/2, and A = 0 if a is an
integer and a # 1.
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Proof. Let Q(z) := 3{f(z) + f(=x)} ~ f(0), A(z) := ${f(z) -

f(—z)}, and ¢ = f(0) for all z € X. Then we get A(0) = 0, A(—~z) =
—'A('T)a Q(O) = O: Q(_I) = Q(I),

@ Q)+ Q) +200) = 272 + Q)
and
(3) GQA(:E_;_?_y) + A(z) + 2A(y) = 2a2A(¥) + A(2y)

forall z,y € X.
First we claim that @ is quadratic. That is, we show Q(z + y) +
Qx —y) =2Q(x) +2Q(y) for all z,y € X. Putting y = 0 in (2), we get

for all x € X and

(4) Qlz —2y) + Q(z) +2Q(y) = 2Q(z — y) + Q(2y)

for all z,y € X. Replacing y by z in (4), we have 4Q(z) = Q(2r) for all
e X.
Thus we get

(5) Qz — 2y) + Q(z) = 2Q(x — y) + 2Q(y)
for all z,y € X. Replacing z — y by v and y by v in (5), we have
Qlu+v) + Qu—v) =2Q(u) + 2Q(v)

for all u,v € X. Therefore @ is quadratic. Secondly we claim that A is
additive. Letting y = 0 in (3), a2A(§) = A(z) and replacing y by , we
have A(2z) = 2A(z) for all z € X. Rewriting (3) we get

(6) Alz —y) + A(z) = 2A(z — y)
for all x,y € X. Replacing = by 2z in (6) we have
(7) Alz —y) + A(z) = AQ2z - y)
for all z,y € X. Putting x —y = u and x = v in (7), we have

Alu) + Alv) = A(u +v)
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for all u,v € X. Thus A is additive. Thus f(z) = @(z)+ A(x)+cisa
solution of the equation (1), where ¢ = f{(0).

Suppose that a is an integer and a # 1. Since A(2z) = 2A(z),
we have n2A(%) = A(z), for all z and each integer n. Thus we get
a?A(%) = aA(2) for all z € X. Since a # 0,1, we get A(z) = 0 for all
x € X. Also letting x = y = 0 in (1) we have

(a® - 2)f(0) = 0.

If a # £/2, we obtain ¢ = f(0) = 0.

3. Stability of the equation (1)

Throughout this section X and Y will be a real normed linear space
and a real Banach space, respectively. Let ¢ : X x X — X be a mapping
satisfying one of the conditions (a), (b) and one of the conditions (c),

(d);

oo
1

2 =¥ p(a'z, a'y) < oo, (a)

=1

Zam‘p at’ i (b)

=0

Z’Z_ (27, 27 1y) < o0, (c)
= 221_1@(57 o) <00 (d)

i=1

for all z,y € X.
One of the condition (a),(b) will be needed to derive a quadratic

function and one of the condition (c),(d) will be needed to derive an

additive function in the following theorem.
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Theorem 3.1. If the function f: X — Y satisfies

la? (=) + £(2) + 20 ) - 262 () - fw)l < play)

for all £,y € X, then there exist a unique if a is an integer, quadratic
function Q : X — Y, a unique additive function A : X — Y, and a

unique element ¢ € Y such that

[f(z) — Qlz) — Alz) —c|| < e(x) + (),

2D Q) - o <e@),
and
flz) - f()

- A(z)|| < 6(x)
for all x € X, where ¢(z) = ®;(,0), i =1 or 2, and §(z) = ®;(z,0) +
Q(z,z) + ®;{z,—x), j =3 or 4

The function @, A and the element c are given by

i @)+ F(=a"2) = 21(0)

Qa) = { == 2 o
hm —{f(—) ( ) —2f(0)} if ¢ satisfies (b),

if  satisfies (a),

f(2"z) — f(-2"x)

lim

if o satisfies (c),

A(.’E) = n_’oo 21_ 2n —z
nlggo —{f( —) — (%—)} if @ satisfies (d}

for all z € X and f(0) =c.

Proof. Let fi : X — Y be the function defined by fi(z) := 3{f(z)+
f(—=z)} — f(0) for all z € X. Then we get f1(0) =0, fi(zx) = fi(—=x),
and

la2A1(E=22) + (@) + 202(a) — 262 A1(E) — frcaw))

®) < glela) + ol -y)

for all z,y € X. Putting y = 0 in (8), we have
x
(9) lo®£1(=) = Ai@)] < ¢(z,0)
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for all z € X. Replacing z by ez in (9) and dividing by a? we get
fi(az)
a?

(10) I15:(2) = 2520 < < (e, 0)

forall x € X.
Assume that @ satisfies the condition (a). Replacing = by a® !z and
dividing a®»~1) in (10) we obtain

n—1
(1) (A8 Ay L)

forallne N and all z € X.

An induction argument implies that

(12) i) - 252 < 3 Loz,
i=1

foralln € N and z € X.

Hence we get

n m n

I fl((;n:t:) _ fli(;mflf)“ < E almgp(a z,0)
i=m+1

for all n,m € N with n > m and 2 € X. This shows that the sequence

{f L2 z)} is a Cauchy sequence for all z € X, and thus converges. There-

fore we can define a function @ : X — Y by

(13) Q(x) := lim fila"z)

n—o0 asm

for all z € X. Note that Q(0) = 0, Q(—z) = Q(z), and Q{az) = a?Q(x)
for all z € X. By (8) we have

122Q(E=2) + Q(z) + 2Q() - 2°Q( L) - Q2y)|

IA

lim {pla™z,a™y) + p(a™z, —a"y)}

n—+00 2a2

= 0

forall z,y € X.
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Since a?@Q(Z) = Q(z) for all z € X, we get

(14) Qe — 2y) + Q) +2Q(y) - 2Q(z —y) - Q(2y) =0

for all ,y € X. By the method of proof in Theorem 2.1, ¢ is quadratic.
Taking the limit in (12) we obtain

(15) If1(z) = QLz)l| < @1(x,0)

forall x € X.
If Q' is an another quadratic function satisfying (15), then we have
Q'(0) =0,Q'(2z) = 4Q'(z), and Q'(—z) = Q'(z) for all z € X.
Replacing y by 2z in Q'(z + y) + Q'(z — y) = 2Q'(z) + 2Q'(y) we
have Q'(3z) + Q' (—z) = 2Q'(z) + 2Q'(2z) and so Q'(3z) = 9Q’(z) for
all z € X. An induction argument implies Q'(mz) = m?Q’(z) for all

z € X and m € N. If ¢ is an integer, then we have

Qa"z)  fi(az) fila"z)  Q'(a"z)

”Q(l‘) - Q’(l‘)” S ” agn azn H t+ ” azn a2n “
2
< aﬁél(anm,())

forallne N and 2 € X.

Therefore we can conclude that Q(z) = Q' (z) forall z € X if a is an
integer.

If ¢ satisfies the condition (b), then the proof is analogous to that of
case (a). Indeed, replacing = by —Zy and multiplying by a®™=1) in (9)

we have

ne T _ x _ z
la?£1(22) = 2 (=) < 02 2=y, 0)

for all n € N and z € X. An induction argument implies

n—1
(16) [ £1(20) = fala)l < 3 a%e(5.0)
=0

forallme Nandz e X.
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Hence we get

||02"f1( - a2mf1 —)| < Z a* c,o

foralln,me N withn >mand z € X.
This shows that the sequence {a®"f1(Z)} is a Cauchy sequence for

all z € X and thus converges. Therefore we can define a function Q :
X —=Y by

—_ T 2n i
(17) Qz) = nan;oa fl(a")
for all z € X. Then we get Q(0) = 0, Q(—) = Q(z), and Q(ax) =
a’Q(x) for all z € X. By the same proof as that of case (a), we have
Qz —2y) + Qz) +2Q(y) — 2Q(z —y) - Q(2y) =0
for all z,y € X, and so

Qlz +y) + Qz — y) = 2Q(z) + 2Q(y)

forall e,y € X.

Taking the limit in (16) as n — oo, we obtain

| fi{z) — Q)| £ P2(z,0)

for all x € X.

Also we easily have that @ is unique if a is an integer.

Now let f2 : X — Y be the function defined by f2(z) := %[f(w) -
f(—z)] for all z € X. Then we have f3(0) = 0, fa(—z) = — fo(z) and

122522 1 o) + 2fa(y) — 262 f2(B=Y) — foi2y)l

(18) < slplay) + vla,-v)

for all z,y € X.
Putting y = 0 in (18) vields

(19) la?2(2) - f2(a)ll € ¢(2,0)

for all z € X.
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Replacing y by x in (18) we have
z 1
(20) I A+ 3f() - a2l < 5lp(,2) +plz, ~2))
for all z € X. By (19} and (20), we get

[2f2(e) = fa(22)]
la?f2(5) = fo@)l| + | = *f2(Z) + 3fale) — fal22)]

IA

IA

o(.0) + 3{p(z,2) + olz, ~2)}
(21) < (P(I’O) + ‘p(I’ 1") + 99(1"3 —.’L‘)

forallz € X.
Assume that ¢ satisfies the condition (¢). Dividing by 2 in (21), we
have
f2{2x 1
@) i@ - 22 < Lo, 0) + ola,2) + ol -a))

for all z € X. Replacing z by 2" 'z and dividing 2" ! in (22) we obtain

(2 a)  fo(2"a)
gn—1 an

| f

1
(23) < %{99(2”—19:, 0) + (2" 1z, 27 1z) + (27 1z, —27 1)}
foralln e N and z € X.

An induction argument implies

I72(z) - w”

=1 : . .
22_ 21 1. +(p(2l 1 21Alz)+¢(21ulz’_2z—lz)}

forallne Nandz € X.
Hence we get
” f2(2n1") _ f2(2mz) H
2n 2m

n

1 - - - - -
< ) gle@ e 0) o2 e, 27 ) + (27 e, -2 )}
i=m+1
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for all n,m € N with n > m and z € X. This shows that the sequence
{-fi(;nﬁ)-} is a Cauchy sequence for all z € X\{0} and thus converges.
Therefore we can define a function A : X — ¥ by

A(z) := lim f2(2"z)

n—oo o

for all z € X. Note that A(0) = 0, A(—z) = —A(z) and A(2z) = 2A(z)
forallz e X.
By (18) we have

T — 2y

a?A( ) + A(z) + 2A(y) — 2a2A(i";—y) — A(2y) =0

for all z, y € X. By the method of proof in Theorem 2.1, A is additive.

Taking the limit in (24) as n — oo, we have
(25) [ f2(z) — Alz)|| < @3(2,0) + ®3(z, 7) + P3(z, —7)

for all z € X.
If A’ is an another additive mapping satisfying (25), then we have

| A(z) — A'(2)||
”A(2";c) 3 fo(2x) f2(27x) B A'(2™z) i

2n 2n 2n 2n
2%{‘1)3(2"55, 0) + ®3(2"z, 2"z) + ®3(2"x, —2"x)}

IA

I+

IA

A

2 Z %{tp(2’-*lx,0) + (27 e, 27 ) + (2 e, -2 15)}
i=n+1
for all n € N and = € X. Therefore conclude that A(z) = A'(z) for all
e X.
Assume that ¢ satisfies the condition (d). Replacing z by § in (21)

we get
12£23) = L@ € 95,0+ 30(5.5) + (5.~ 2)
(26) < PG50 +e(5.3)+ 05 -3)

forallz € X.
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Replacing by 5251 and multiplying by 2"~ 1z in (26) we have
2" fa(z) = 2 falgm )
< el +so(2i =)+ el )
foralne N and z € X.

The rest of the proof is similar to the corresponding part of the proof
of the case (¢). Thus there is a unique additive mapping A : X — Y
such that

[ f2(x) — A)]| < ®a(=,0) + Pa(z, ) + Dalz, —2)

for all z € X. Let ¢ = f(0). Since f(z) = fi{z) + fa(z) + F(0) for all
r € X, it follows that

/(=) - Qz) — Alz) — ]|

IA

I fi(z} — Q) + || f2(x) — Al)]]
®i(z,0) + ®(z,0) + ®;(z,x) + P;(x
e(z) + ()

forallz € X,i=1o0r 2, and j = 3 or 4. Thus we complete the proof.

IN

Corollary 3.1. Let p # 1,2 and 0 be nonnegative real numbers.
Suppose that the function f: X — Y satisfies

o =) + f(2) + 27 (0) - 20 £ (2Y) - sy
< olelP + I91P)

for all z,y € X. Then there exist a unique quadratic function @ : X —» Y

if @ is an integer, a unique element ¢ € ¥ such that
1 f(z) — Qlz) — A(x) — cl| < 0l|=(|P(

f(x)+ f(=x)
2

a® N 1 )
o -2

| — Q) — ¢l < 8liz]|”

o — o]
and

“w - Alz)| < 39||:c||”|2,,1_ 5]

for all x € X.

, =)
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Proof. Let p(z,y) := 8(||z|[P + |ly||?) for all z,y € X. Then y(z,0) =
0||z||? and p(z,z) = p(z,—z) = 28||z||P for all z € X. If p < 2, then we

have
s o] 1 o0
$1(z,0) =) — 0) = 8||x||Pa*P—2)
(20 = melen0) = Y dlelra
_ aPo|=|P
@l -aP
forallz € X.

If p > 2, then we get

= Za%w(% 0)

=0

e .
Z 0||x||pa‘(2_p)
i=0

aP8||z||”
aP — a?
for all z € X.

If p < 1, then we have

&3(z,0) + B3(z, x) + P3(z, —x)

o

1 . : : 4 :
= Z E[cp(Qt_l.’E, 0) + (2712, 27 z) + (20 1z, -2 L))
i=1

> 2i(p—1)
= 3 solelPZ
i=1

1
22

= 36|z|I”

forallz e X.
If p > 1, then we get

D4(x,0) + Po(x, z) + Py(x, —x)

_ 1 T z
= 221 [sp( 21’ +<P§§)+W(2,=—§)]
21. (1-p
= 239“%“”
: 2
=1
1
= 30|

2r -2
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forallz e X.

Thus we obtain

0“50” (ap aP—al +2p 2) ifp>2
(@) 4 6) = L OJalP(oes 4 Sy)  H1<p<?
el + ) Hp<l

Corollary 3.2. Let # > 0 be a real number. If the function f : X —
Y satisfies

1027 (E=2) + f(z) + 21(w) — 20252y - fi2g)ll < 6

for all z,y € X. Then there exist a (unique 1f a is an integer) quadratic
function Q : X — Y, a unique additive mapping A : X — Y, and a
unique element ¢ € Y such that

(] 1

1f(z) - Qz) — Alz) — ¢ < §(m -3),
fz) + f(=2) 9
l—i——Q(I)—C” < A2 =2
and
RAR EIRTETRS
forallz € X.
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