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ERROR ESTIMATES FOR APPROXIMATING THE FOURIER
TRANSFORM OF FUNCTIONS OF BOUNDED VARIATION

N.S. BARNETT, S.S. DRAGOMIR, AND G. HANNA

ABSTRACT. In this paper we point out an approximation for the Fourier transform
for functions of bounded variation and study the approximation error of certain as-
sociated quadrature rules.

1. INTRODUCTION

The Fourier Transform has applications in a wide variety of fields in science and
engineering [1, p. xi].

In this paper, by use of some integral identities and inequalities developed in [4](see
also [5]), we point out some approximations of the Fourier transform in terms of the
complex exponential mean E (z,w) (see Section 2) and study the error of approximation
for different classes of mappings of bounded variation defined on finite intervals.

Let g : [a,b] — R be a Lebesgue integrable mapping defined on the finite interval
[a,b] and F (g) its Fourier transform, i.e.,

b .
f@awz/g@w”mm&

The inverse Fourier transform of g will also be considered, and will be defined by
b

FHo) 0= [ aoemas

a

The following inequality was obtained in [2]:

Theorem 1. Let g : [a,b] — R be an absolutely continuous mapping on [a,b]. Then we
have the inequality
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b
F(g9) (z) — E (—27iza, —2mizh) / g(t) dt{

[ 1|9llo (b —a)?, if ¢ € Loo [a,b],

K=

2
(a+1)(g+2)]3

([ (0—a)]lg'll

for all x € [a,b],z # 0, where E is the exponential mean of two complex numbers,
that is,

IA

1 .
b-a)Talgl,, ifgelylab;i+i=1p>1 ;

=
E(z,w):= , z,weC.
exp(w) fz=w
The following inequality for a more general class of functions was pointed out in [3].

Theorem 2. Let g : [a,b] — R be a measurable mapping on [a,b], then we have the
inequality:

b
F(9) (z) — E(—2miza, —2mixd) / g(s)ds

(%2l (b—0) gl if 9 € Loolabl;
< —”—>—| g, i g€Lplatl,p>1, L4+1=1
[(g+1)(g+2)]4
[ 2rlalG-a)lgl, o g€ Lilab];

for all z € |a,b], x # 0.

It is the main aim of this paper to point out some new inequalities for the Fourier
transform of functions of bounded variation. Error bounds for some associated quad-
rature formulae are also mentioned.

2. SOME INEQUALITIES

The following inequality holds:

Theorem 3. Let g : [a,b] — R be a mapping of bounded variation on [a,b], then we
have the inequality

b
(2.1) F9) (z) — E (~2miza, —2rizh) / g(s)ds

3 b
<3b-aV ()
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for all z € [a,b], x # 0, where \/Z (g) is the total variation of g on [a,b].

Proof. Using the integration by parts formula for the Riemann-Stieltjes integral, we
have (see also [4]) that

(2.2) [ -adg(s)= -9~ / g(s) ds
and

b b
(2.3) [ a=nsm=0-090- [ s

for all t € [a, b].
Adding (2.2) and (2.3) and dividing by (b — a), we deduce the representation [4]:

b t b
8 gt =j= [ 9@ ds+ i [(-adgle+ = [ (-nds(s).

for all t € [a, b], which is itself of interest.
Assume that z € [a,b], z # 0, then,

b
(2.5) Flg) (@) = / g (t) e 2mtay

= [ [o@ass ik [s-ad

[23

b .
+ ! / (s—b)dg(s)} e 2mal gy
b—a £

1 b b omint
— — T dt
— /a g (s) ds/a e
I LA :
+7 - / (/ (s —a)dg (s)) e 2mEt gy
- a a
1 [/t .
; / (/ (s —b)dg (s)) e~ 2Tt g
—aJg t
b
= E (—2miza, —27rz':vb)/ g(s)ds
a
1 b t izt
+3 a/ / (s —a)dg (s)) e Tt
- a a

(
Ry g

b
/ e~2met gy — (b — q) E (—2riza, —2mizb).
a

+

as
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Using the properties of modulus, we have, by (2.5), that

26)  |Flo)(@)~ B (~2riza,~2rizt) [ ' o(s) ds
= bia /ab </at(8—a)d9(s)) e~ 2mint g
+bia /ab (/tb(s—b)dg(s)> e~ 2mietqy
S at s —a)dg (s)| [e7>"""| dt
+bfa/ab /tb<s—b>dg<s> 2| dy
- [ e-mawe dtmfa/ab /tb<s—b)dg<s) dt.

It is well known that if p : [¢,d] — R is continuous and v : [¢,d] — R is of bounded
variation on [¢,d], then the Riemann-Stieltjes integral f p(x)dv(x) exists and

[ v

Applying (2.7) on the intervals [a, t] and [¢, ], we deduce that '

[ s-ardgts) <
/tb<s—b>dg<s> <

d

< sup [p(@)|\/ (v).

z€[e,d] p

(2.7)

and further that,

/at(s—a)dg(s) + /tb(s—b)dg(s) <

t b
<tem[2»};]{t—a b—t} {\/( )+\/(g)}
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Using (2.6),

‘]—" (9) (z) — E (—2miza, —2mizb) / b g(s)ds

a

b b
1 1 a+b
< —(b- — dt
< Vo [ [3o-a) =)
3 b
= Z(b_a)\/(g)a
a
as a simple calculation shows that
b 2
/ t—a+b‘dt:(b a),
“ 2 4

and the theorem is completely proved. I

Remark 1. If we consider the inverse Fourier transform

F(g)(z)= / g (t) ™ dt,

a
then, by a similar argument, we can prove that

b
(2.8) F~Y(9) (z) — E (2miza, 2mizh) / g (s)ds

a

<

b
(b—a)\/(g), x € la,b], z#0.

>

The following corollaries are a natural consequence.

Corollary 1. Let g : [a,b] — R be a monotonic mapping on |a,b]. Then we have the
inequality

b 3
29)  |Flo) @) - F(~2miva,~2riat) [ g(s)ds| < 3 (b=a)lg () ~g (@)

a

for all z € [a,b], z # 0.

The proof is obvious by Theorem 3, taking into account that every monotonic map-
ping is of bounded variation and \/Z (9) =g (b) —g(a)|.

Corollary 2. Let g : [a,b] — R be an L~ Lipschitzian mapping on [a,b], i.e.,
(L) lg(t) —g(s)| < L|t—s| forallt,s€la,b].
Then we have the inequality

: : b 3 2
(2.10) F(9) (z) — E(—2miza, —2mixb) / g(s)ds| < ZL (b—a)”.
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The proof is obvious by Theorem 3, taking into account that if g : [a,b] — R is
L—Lipschitzian, then L is of bounded variation on [a, b] and \/Z (99 <L(b—a).

3. A NUMERICAL QUADRATURE FORMULA
Let I, :a =20 < 21 < ... < Zp-1 < Zp, = b be a division of the interval [a,b], put

hi i= Tgr1 — 2k (k=0,...,n—1) and v (h) := max {hglk =0,...,n — 1} . Define the
sum (see also [2] and [3])

n—1 1

(3.1) E(g,In,x) Z E(—2mizzg, —2mizxryr) X / g (t)dt,
k=0 Lk

where z € [a,b], x # 0.
The following approximation theorem holds.

Theorem 4. Let g : [a,b] — R be a mapping of bounded variation on [a,b]. Then we
have the quadrature rule

(3.2) F(9)(z) = €(9,Inx) + R (g, In, ) ;

where € (g, I, x) is as defined in (3.1) and the remainder R (g, In,x) satisfies the esti-
mate

b
(33) IR (9, Tn,2)] < v (W) (9

Proof. Applying Theorem 3 on every subinterval [z, Tx+1], We can state that

Th41 . Tk41
/ g(t)e ™Gt — E (—2mizzy, —2mizTHyq) ¥ / g (t)dt
Tk

Tk

for all k € {0,...,n— 1} and z € [a,b], z # 0.
Summing over ¢ from 0 to n — 1 and using the generahzed triangle inequality, we can
state that

3 n—1 Th+1 n—1%k41
<z MV (@ Z Vi
k=0 Tk =0 Ik

3 b

a

and the theorem is proved. 1
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In practical applications, it is more convenient to consider the equidistant partition-
ing of the interval [a, ] . Thus, let

. b—a |
In:xj=a+j-T,j:0,...,n

be an equidistant partition of [a,b], and define the sum (see also [2] and [3])

(3.4) &A%xyzgg { %w%?+k ﬁl_>,QMx(w+w+1yb;a)l

n
at(k+1)-2=2
X / g (t)dt.
a+k~b;—a

The following corollary of Theorem 4 holds.
Corollary 3. Let g be as defined in Theorem 4. Then we have
(3.5) F(9) (x) =&n (g, %) + Rn(g,2),

where £, (g,7) approzimates the Fourier transform at any point x € [a,b], = # 0. The
error of approzimation R, (g, x) satisfies the bound

b
(3.6) I&@)S b-a)\ (9)
for all z € |a,b], x #0.

Remark 2. If we know the total variation \/Z (g) of g on la,b] and would like to ap-
prozimate the Fourier transform F (g) (z) by the adaptive quadrature formula &, (g, x)
with an error less than a given € > 0, we have to divide the interval [a,b] into at least

ne € N points, where
b
3(b—a) b —a)

a

and [r] denotes the integer part of r € R.
The following corollaries of Theorem 4 also hold.

Corollary 4. Let g : [a,b] — R be a monotonic mapping on [a,b]. Then we have the
quadrature formula (3.2) where the remainder is such that it satisfies the estimate

(37) R(g, Tn,2)| < 5w (W)]g (0) — g ()], 2 € [a,8], = #0.

In particular, if I, is taken to be equidistant, then we have the formula (3.5), where
the remainder Ry, (g,x) satisfies the estimate

(3:8) Butg.0) < 20D 4o )~ g (@), 2 € fo.8], v A0,
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A similar result holds for Lipschitzian mappings.

Corollary 5. Let g : [a,b] — R be a Lipschitzian mapping with the constant L > 0.
Then we have the quadrature formula (3.2) where the remainder satisfies the bound

n—1
(3.9) IR (g, I, )| < %L;Oh% < L(b-a)v(h).

In particular, if I, is chosen to be equidistant, then we have the formula (3.5) where
the remainder Ry, (g, 1) is such that it satisfies the inequality

3L (b—a)?
(3.10) (B g, 2)] < 2202
4. SOME NUMERICAL EXPERIMENTS

In the following we numerically illustrate the approximation for the Fourier transform
_ provided by

(4.1) £(g,In,z)

=§E(2wz‘x<a+k- b:za) ’—2wi<a+(k+1)b;a))

k=0

at(k+1)2=2
x / g (t) dt.
a+k-%
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FIGURE 3

If we consider, for instance, the exponential function g (t) = exp(t),t € [~1,1], then
the plots of the error ry, (z) := |R, (g9,2)|,z € [-1,1] for n = 1,n = 10 and n = 100,
respectively, are depicted in Figure 1, 2 and 3.
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