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Abstract

In common with workers in hydrologic fields, scientists and engineers relate one variable to two
or more other variables for purposes of predication, optimization, and control. Statistics methods
have improved to establish such relationships. Regression, as it is called, is indeed the most
commonly used statistics technique in hydrologic fields; relationship between the monitored
variable stage and the corresponding discharges(rating curve). Regression methods expressed in
the form of mathematical equations which has parameters, so called parametric methods. some
times, the establishment of parameters is complicated and uncertain.

Many non-parametric regression methods which have not parameters, have been proposed and
studied. The most popular of these are kernel regression method. Kernel regression offer a way of
estimation the regression function without the specification of a parametric model.

This paper conducted comparisons of some bandwidth selection methods which are using the least
squares and cross—validation.

Keyword : nonparametric, regression, hydrologic application, rating curve.

2 x|

FETEEY AAE HIRS, T 2ok Ve AdAlY Vxe AR Mk $40 TS F
g & F itk £E AR5 B F UFY HEHoRM R Zadt e ARES] IS EAFoR
Bl AR -7 TAFAT 2& 2 Az Uigt 7189 e FAEH| ZhE v As
o] BAel ule}, H54¢] g7 4o] AEAY FUAlRE UEME MR e s#Ale] AHEoRA AFEE ¢ 9l
= FAFAE Bt ofHrhe Holrk ofdl| HIF] FofH A2l ofF] EZE e kernel IHRFEL X8 EA
I} A4S AWs] 7388 £ 4 & Welnk

E =FoAle vleziEaes) BhER] kernel SARHE 4317, kemnel IARHS TR YA bandwidth
o] M| Wiel] wZ kernel AR SAdo sl nlal EAEkch

N:LIH
0, o 32

+  AgAdostn ATl 2R3y s
Associate Prof., Dept. of Civil Engineering, University of Seoul, Seoul, Korea, 130-743
(E-mail : ymoon@uos.ac.kr)
o ASAFULE 22TGT SAGR
Ph.D. Student, Dept. of Civil Engineering, University of Seoul, Seoul, Korea, 130-743
wex AFTG ToRS EZBARATHY 05
Professor, Division of Civil, Environmental & Urban Engineering, Wonkwang University, Iksan, Chonbuk, Korea,
570-749

#3648 B 2003F 12/ 1025



she] E@d

gression) ¥ 5“1‘—4 =Y =

{(multiple regression) ©.2 WA ®c}h @3 Fny
2 olufe} 7o How Vehd 4 9t

Y=5+8X+e @

o714, X, Y&

\_ 517] oT

2] SHm FEudol g,
e & QAoIk olHd B 3]
71@4—& AReie Egds SR S9
g WEo| of FHIst SN Aae] B4
B 85k oefe 298 dusjos A
doleka k. wpASH AARN A4S
V4, & o] mRjo] uislofof s, w
19 Azl 3500 9E B9 Ao

7)&) ALgZ=0l iy s REe] Rk &
|2 A EolA] AFE Hie} 2ol vkttt riisH
ARG Aoz Hesh= A 9
A (stage-discharge relation curve)o| thEZo]
g & 4= ik
T2 Tr‘“’b*ﬁ]*"*c‘ gk AR E  vERA
T FEESAY A& TS 2RE
A FHEAEE Fa2 T 9o -7 3l
S et Fr ot ek e BAE Wt
FH-FrEEAN R vee e RIS

Por

L

re A

|
o

1026

WEstA =m, 1 e91s R /IE v gg 2
D O)FgREa Nl sarel Al

SHAA ()4 &
‘l k518 7;”247(4

Q1 wstel FFF (i) Frute] S5 Jabdel we
iv)zE 5} (V)Tﬁ

2 A 39 vz
Asie B47) A, Si

_1
2
@
2
)
2
ujo
OE:
K3
[-
3
o,
gl
fd
> oftt
° 1o
=
o
J‘l"i
O

= 5
o % 4 o
#gol girka ¥ % 9irk

YO G FA-FF PATAE e 2
& A T AB)eE Yed & o

iz
:{o
ol
)
g

a (H+b)" 2)
cH? + dH + e 3

Q
Q

G714, Q& % ( m¥/s ), HE +92 Yehiy
a, boc d e n%zldﬂ]tr}a}@}— A grog
SATRAE B3] Tk SRz gl wet 59

% @A) Ak FFAIM :’vj—if_ FHoZ TN

K

HA F=thd, Q9 HY %kﬂ ther JJrEc’ﬂ sk
slo] defaiek Pele 2(2)

BENEREERE



28 ael WAHZ BN
B8] WalA sk WSl s SoE
2 3jo] 2~370¢) FHoz rol Eask: Aol Uit
Holt,

by, S92 BANE shbel duy gl 3
Adom e & gle W BREA] tehts 7
Zolp 5o webd Zzhe] AANE Tato] A8
o gk

olefet wpasA BmERe Tddsh A5ele] 5
gege degsld, olpasAe Ael HBe, A
w9l S4e A BANe] 48shs el s
| BE BN Selmne fae Abgsisd 9
ol o] welsic) T, mAelsh A9Re) 3]
e B Aeais B, BANS ofe) o
2 tpro] S @ 9ol BAR A 54
wigela] Beil 93 Zd(rend) Asste 2t 7
7 me a9l weh e gANE Mgl sk &

Aeks 7 Qlk
3. Kemel 3l7j2ge M
3.1 Kernel {28

vieiAEeE 394 (non-parametric  Tegre-
ssion) & MHRFE BIA R ASENYH LaAst
B A FREE FAF. olefdt Hlnyies 3
ARMe Folzl AR EAOoZRE] F-dnoise)E
A7) e A F glem, ol dlste] ARe) o
Hol Qo] wrk Yage] 2Hske ANLIL Y
sitke e AT HEi AT sFENe AR
3|7 RMo] sislr] ofefe AdAlL] ojFAola, tE
S A 2R BE AUA HE AnEel o
3 a3 aielglal ¥ 4 gUtWand %,
1995).

AguRE IAArde A vupidss 3
ARHe Ao EXEXS AUYd FAT & e
2L AUn glon) 71& v ulsled o]&# HT
o] 4 etk

o] gol AHgsl wlshpRc sk Enon-
parametric regression estimator)-2 kemel esti-

£

d

T

mators, nearest neighbor methods, smoothing
spline S0l glor, o9} 2 gr|wae 7|&e] 7]
BA ubdol] wlste] B} g HAS SARES A
2} Smoothing spline?] ¢ AFH 7W7he
e T+ YA, ARe) ZPE eplis 2

o2

F36H FEEE 2003F 124

o] BEF How dux itk oldl HSk kernel
regression®] A$E Awe B 9 Fe LS
A YERIE Aol vk & = ok ukebd 71E9
ARl sjAdslr] oleE AIAL] o]dHolx, Tt
o] WE AU, Ak F7RARD WE AU H
= ARE g F-ggk Aol

Kernel regression estimator® 7} 712441 3

He vehie thest 2ok

' 5)
)

a7\d, h £ B9E(bandwidth), n T AEINSF
(x;,v)E Fo2 AZAR, x & FH}ASH:
# K(-) & kernel groltt,
A(5)E A&l ghow vehlz] fis] ERATA
o 2

0=+ 3 fK(thlsl as)y, ©)
o, s, =Bt A o

AG)e A6)H 2 e, 25)el st 4
HZ 0% bias7t FopAl= Ago] Utk 53] o] A
T o HF9s AR oA 7 FES FA4
@e ANE T AeE 2HA Uk

Kernel 3re #2x184 7}5X18 Fo3i, 715
A= kernel @) Bl o8] AAHI, I F2
bandwidthel] 2}8] ZAAYh kernel regression®] 7
9 oA kernel &5E A=l wE FHA
3= 27 gria dEA itk oo wiste] FAA:
bandwidthol #)$- 97, ©] bandwidth®] 24
NS A2ssls o] 717 FiHe fJsle] &
Ak

3.2 Kernel Function

o ro ff rE

Kemel regression®l 21014 kernel -t #5%k
of 71Xz 2gsle] bandwidthie] #=3he 25E
olel el FAHXNE FolFe FEE I ASY
o I3t 71EAE Kernel 2] 2okl o3 ZAo)

1027



ge, 1 =290l we} o2 71 EF7F Ak kemel

Wrel QuEe) B4 thewt 2t

f_mooK(u)du =1 (7
f _:uK(u)du = ®)
f_wwuzK(u)du =g 9

( @i 00] ohd 45)

3.3 Bandwidth

v 3 RES F431) AaiM A5t vehd
£ 2] Aa(signal) e Fohllof shed] YntEes
o] A&(signal)E= uETkn & F Ak F g
g TS A AIF(2APo] oA w1
& FeIR” g @ ¢ gl Ao, A3,

1999).
o] ZjdE Aoz vehd teat 2
® 2 [y;— AxP)?: HIE (goodness of fit)
& [ s

: oj72E8- A% (smoothness, roughness)

D5t @ A sz o] QUi FARAolRT
% Sk
THEA 2&S &M, 0<g<1
& v e 4 103 2

& 7Pk, 4
z b,
(1= R~ L)+ [ If 01ax (10)

A7), ﬁ=/l i P 9 A2 o 4

(L)% o] ¥y & et
n [
SW= By~ Rx)V+a [ T D)ax D)

Ay EAFH vaele dAxe] F¥s vEE
FoZ bandwidth& gulsitt. A7) o5 Feow, &
&3, A7} o AXW 2Ade| 77peIzIch
Z Kernel regression °l 21¢14 bandwidth hZ A}
4= 1 & Kemel 359 bandwidth® olv|sh,

1028

o] 7)ol ujelx] FZgkoll 3! kernel <2 7153
7} AAo] ¥2Z smoothing parameter® #8314
AAA Aol FgS vAA Hrh

4_ Bandwidth =3

A% Kernel regression®] <8< 913} band-
width A9} FaHe= s go] AME= Ao wxp
#RN(Cross Validation)olth. ol& $AEHEL MSE
(Mean Squared Error)& #43} & 4 1= band-
widthg d3ske 7ldellr Edshe Aol

4.1 Least Squares method

LS #H9He Agot 49 g2l MSEE #a= 3}
T A ZohlE Ao tg A3 o] Aojdr

BEFoeRE FHE f9 x=x; 49 F4F
& filxp &8 LS ¥ o 2k

n

LS =1 3 (= filx)?

=

12

A7IM, v, & AR BSAR

2 (12)&= 4 (119 H¥=(goodness of fit)F&
7 2& sdeid) wepa|, g vinele =g o
el 22871 w2 4= 9k

4.2 Least Squares Cross Validation

ol #EAF j HAZE AL n-1 79 BEH=2
FHE o x=x;949 FAAE [,
CV(A) & o 2] (13)3 2ol Aot

CV(A):% Zn(J/j_fg(,‘)(x,‘))Z (13)

=1

a7 Aol Sfsle] 4 (13 W, thael 4
14)sk 2k

_1 &, falxy)
CVD = 2 (7755 (14)
A7F ol gom Folmg W Ax o F4X

s}

Tl x) it 3, v 22 22 AR 4 itk
Filx)=Hyy (15)

o7|M, H,  hat matrix , k; = H; 9 {ji}

Z Cross-Validation ¥ F4A] n-1702] #

BEKEFLEHRE



Zxqk RT3 149 #ASgo2 2R(validation) S
e el CVA) @& A2 she 4 go]
9] bhandwidth”} =™, Least squares cross-
validation® MSEY hiasZ HA z@sl] F+=
Holuk = AR MSEe gt 71tHzke s
HAHE & (20 Pl H,1)E BASl biasE 24
sh= 7]%oltk Eubank, 1988).

43 General Cross Validation

GCVE LSCVY s 22 wAojxet iy, of
AN w(H)/n & AHESE Relti{Wand 5, 1995).

GCV(D) & e 4 (16), (1=} Zo] He] & 5 A
o}

ceviy =+ ﬁl(l—ff;(—f;}%)z (16)
%( é ( y/“f/l(xj))z)
GCV(A) = 41‘1 an
(7 f?’[[" ]‘[/1])2
N EETFEND)
= px—2L= (18)

(EDF)?
A7V, o(H) 3 by,

( Z":I( v;— A(x))? ;5 residual sum of squares,
=

EDF=tAI-H,) ;

freedom.

equivalent degrees of

LSCVé /idxos 598 e GCVY 4+,
LSCVAl 7V8A) (4 ol 1-H]) 2 & Rolsie] of%
2o i3k MSE®] bias& £ 1, noise’} & A}

d

3.

29| ¢ bandwidth®] A4 SlejA LSCV R 4
e Zlox deA SIrKEubank, 1988).

4.4 bandwidth £& uhHo| g sH=d A

B

Kemel regression®] $)¢] bandwidth 2730
ot FAAFAE vlawslr] fsle], qleje FoE 4A
3kl AAdE AR normal BEXEEHE 529 #5351
HA{noise) & 715l BY HEE H3 ARa s A
Adskch ARE = step function® A9+sing
T2, 4885 L A7k F2(noise)2 F 13 2ok

Kernel functiond FY3&}Al Quadratic kernel-&
ARgEtg e, FARYS ¢ Ao I9 1 ~ 1%
83} 2tk TN AL S Wil olde 4
s Uehin &8 A48 kernel regression®] ¢
g A RS Yehirt FHARe] ke 2she
AxE vlug 4 gloh

2847 bandwidth Z7gel] abelo]  lo{A
GCVel 93] bandwidthe 243 B3o] LSl 23
Aol v]3le] bias®] AFLSA Hlgle] & 47t 9l
o}, Mukdon ze S Holw, MSES] A=
GCV 7} 2, 53] 19 4, 8% 2ol Hf{noise)ol I
W MSEZF AA, LS+= bandwidth hzbg& =% 2|
AAREA Eo] BT AARFES AASHA FHAR,
GCVeY 3¢ Juze= MSEZF Hz, a8 3, 7%
2ol Hdg REg s sk

5. Kernel 3ol 2jst F=9-Fat=5M9]
KA
1o

ditgo g FRaA] ARREE 3 R8N
& A% FAA FAozA oigiss e AR
3t} EA1ZQ) 712 A kernel regression-& Hjx

2 de] AR gloy, ESHRI FobllM kernel

Data True Function Noise Sample size
f(t)=2 0.5¢t<1
1 =1 0<t<0.5 N(0,0.04) 100
f(t)=2 0.5¢t=<1
2 f(t)=1 0<t=<0.5 NGO, 100
3 f(t) =e ~'sin(2at) 0=<t=l N(0,0.01) 100
4 f(t)=e ~'sin(@nt) 0=<t<l1 N(0,0.25) 100

364 6 20034 124

1029



o  Data
----- True Funcion
’ regression K
200 -
f(t)
1.00 = “Sister el Byl ) 00 - " e
T e True Function
i regression
0.00 o o e oo DO BER liGRORoisE NOSDH) 000 o 1 g e 5 Step Runclion{naise HOD,04)
0.00 0.20 0.40 0.60 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1,00
t t
I3 1. GCVE =5t Kernel regression O 2. LSE He s Kemel regression 22}
23 Step function, noise{N(0.0.04)) (Step function, noise(N(0,0.04))

o Data

| True Function
~~~~~ True Function 200 -

200 - ) regression
o = TRQression Y

0D e e e e SOV, Step function frdiss NO.1) _mgl o 18 Steplunclion oise N,

0.00 0.20 0.40 .50 0.50 1.00 0.00 0.20 0.40 0.80 0.80 1.00

t 1
8 3. GCVE M3t Kemel regression ¥ 4. (S8 M98 Kernel regression 2%
ZStep function, noise(N{0,1)) (Step function. noise{N(0.1))
o Data ’
~~~~~ True Function 080 1 R,

regression

f(t) c.oo F

o

540

-0.80 - ~0.80 -

GCV, Expanential-sin function{noise N(0,0.04) LS, Expanentigl-sin functionfroise NiD,0.01)

B R S S-S U - .
0.00 0.20 0.40 080 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00
t 1

2" 5 GCVE MHSt Kemel regression 2 28| 6. LSE M5t Kemel regression 23
M Exponential-sin function Exponential-sin function(noise{0,0.1))
{noise(0.0.1)

1030 BEAERRSRIE



2.00

1.00 -

ft) 000 5 o
-1.00 -

-2.00 +

0.00 0.20

a2 7. GCVE Mest
A3t Exponential-sin function

0.40

ft

GGV, Exponential-sin function{noise N{0,0.25)) LS, Exponential-sin function(noise N(0,0.25))

-2.00 -+

0.00 0.40

0.20
i t

0.60 0.80 1.00 0.60 0.80 1.00

Kernel regression a2l 8. LSS MHESH Kernel regression Z 3}

Exponential-sin function

(noise(0.0.25)) (noise(0.0.25))
E 4 ST - J3MA EMu
4 -~ o - ARAT
Az FHTE gy FEd 94 ( 1) 1
0.41 REAE AN

0.1<H<0.99 7 Q=150.000 (H + 0.400) -0 H=0.13} H=09%
98y 0.92 A9)a A

0.99=<H=7.00 23 Q=282.809% (H+(0.618) % 0.96 EEAR AR

(a7 4954 22 Bax. 33 1998)

E 5. GCvet Lol o= Kernel regression Z =t

Function Cross-vaild. Bias MSE
. GCV -0.0034 0.012
Step function N(0.0.04)
LS -0.0057 0.013
. GCV -0.002 0.054
Step function N(0,1)
LS -0.020 0.605
Exponential GCV _1422 2843
-Sin
N00D) LS -1.416 2.847
Exponential GCV -1.468 3.077
-Sin
N(00.25) LS ~1.471 3202
) GCV -0.543 0.857
funtion No. 5 N(0,0.01)
LS -0.544 0.863
GCV -0.573 0.893
funtion No. 6
N{0,0.25) LS -0.566 1.073

F36E FeuE 20034 12H

1031



100.00
: BEXR

0] & x|

oS +H-FHHATY
HhE S SH-BAS

A (H=0.99~7.0)
A (H=0.1~0.99)

" pA2=0.99

ol 4

1000 e e = HAHSH 9 RAS
78/, H(m) A. W 7
1w r A2=0'41\\ LN
[ o X0 \
0.10 —— — — iT'; /
10.00 100.00

Qe AFs] 8] 5 FEEAAdA 98
2757 BFEAGY =9 3 FEEE As(du
BEFEA L 1998)S 01838k kernel IAEE S

gotm, wpRTES Yo e gt ala

Al o rfo

ol
o
3R

o

7<= whe] oja) AAE SAAL & 29 2
A2 23 FAFAY kernel AL

om, AgE

o) o) AR 9 99 Bk
T 29} o] 08} 99 FFAGY 9 FYY
o s

" Xees] BR0.Im<H<0.99m)7 E57he] Fee
: = 129] ME(099m<H<7.00m) Frol
" Ale) wroz felgamANS Apdeith a4
Lo AT ARAS =06%E FU-FFUA ES
A UErdort Aaeles AR TelA tha Hold
¢ H=0.Im$} H-09mQl Z4#E FAST HARNS
CEe W rP=0206 2 vpehdet W] Aeeirta 2
AHEAE r2-41%8 F4E 5740l A Pk
Fae e IS Lo

e

=

o -d

gaReR 7)Ee vias - fEE
s o] wmA BlE ASE ey £
slov), was slARel g S9-FF WA

—_

d|

1032

1000.00 10000.00

7 &,Q (m"3)

BFR

4ol-gaF 2N

s B I oS T

29] H=0.99mE 7|&o% AEE 7 eE U
AN Falglon w3 ATolr Hold
H=0.Im% 09m 23 ALsigen vjmj/iHsa
AR Advd o] HTARelct a8 9%
o] wluisA whHe shie] FHo& ri= 99%E
Rl vk

832l kernel
regressione AEe| £¥ 9 dredzl 23k
AR S AAEE

Kernel &#=3] S FAge 92
bandwidth A & 159 A% Fe{noise)e] &
Aze] ABE oA € AS, 229 bias?t ARAA H
o] HA% bandwidthE A% Esh} GCVY 7
%= Cross-Validationg 3 22k] biasE &<
24 233 bandwidthd A74sHA =& 38 &
A=

FRBA AHEHE e SHRES 4
o2 F9-fk TAlo] e/ =& A= A5
TG M ] FY-FEEA] AR TEx, F AR
ujEt 2] 3)9ale Abgslor s EAL, sl
A gloldt zpse] Ae 37 ke Ure Wil o
g £ g slejeks FHelo] duElA] ol A=

fhs

=
574

O

o
o MN
+ fo

O
b

)]

gl
(o)

tlo

%3
a3

[¢]
=
L

X

FERERPERNE



g & = dEAEE Ad IAAAe] FErt g4 &
Az Aok vt vjuiAEeA] WES AMEsE
A=e AR flo] B5d ARE A FHARY
< e b WAl S g fEsleE B
o dHEHT AEE sl BN =
FHe Ak

Kernel 3j7%2%9] 5/4& olaistar, 4€% band-
width A9 GCVE o]83F Kernel regression
2 FE VAR 2842 AE M whHoEA
A gotel] PAEA o]8E & gl Flojth

~
uAtel 2

o] ¥ 2001 dE Al HNE AL S TRAgH]
o ofsle} ATEHAFUS wF 2 =Eo A WA A
A= 20013% FFiehl wHAYS ol 2 A

Fof| 71odstgon, @] Ao FRAi=guct

Zagd

75, FH1999). AFLH, WAL, pp. 370~39.
Y, 244, ASA0). “FEIH 84S 92

4 HHARE A senEs =23
(Im), h3EE3ts), pp 111~114.

247, F9Y, AEIH1999). “vluiAESLA gy
ol-83% Y- TAITA stEwEs =&
(), HSEESLS] pp. 20~32.

2471, B9y, 3448 9ulE, BEIH2001). “General

A o

H£36% FH63E 2003%F 124

cross—validation™ Least squares methodol] 2%t
vl 7R el B4 skawEs =2
H(m), g=tp2p8s), pp. 33~36.

AANEH FAEFFALIMR). a2dH rIEd
ZAF H0A,

SAFA97). &8 FEE ATz

Cleveland, WS, and SJ Deviin(19838). “Locally
weighted regression © An approach to regression.
analysis by local fitting.” J. Amer. Stat. Assn,
Vol. 83 (403), pp. 5%6-610.

Cleveland, W.S., S.J. Devlin, and E. Grosse(1988).
“Regression by local fitting.” J Econometrics,
37, pp. 87-114.

Eubank, RI(1988). Spline Srmoothing and Nonpara-
metric Regression DEKKER, New York.

Moon, Young-11(1997). “A Nonparametric Nonlinear
Time Series Forecasting Model Application To
Selected Hydrologic Varables in  Korea”
American Geophysical Union, Fall Meeting Vol.
78 #46.

Scott, David W.(1992). Multivariate Density Esti-
rmation. JOHN WILEY & SONS, New York.
Wand, MP. and Jones, MC.(19%5). Kernel Smoo-

thing CHAPMAN & HALL, New York. -

A0

Sk

(=9 5:03-03/435:2003.01. 15/ 4 A+ 5:2003.11.08)

1033



