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Robust Control Chart using Bootstrap Method
Suh-1II Song - Young-Chan Jo - Hyun-Kyu Park
Dept. of Industrial Systems Engineering, Dong-A University

Statistical process cintrol is intended to assist operators of a stable system in monitoring whether a change has occurred
in the process, and it uses several control charts as main tools. In design and use of control chart, it is rational that
probability of false alarm is minimized in stable process and probability of detecting shifts is maximized in out-of-control.

In this study, we establish bootstrap control limits for robust M-estimator chart by applying the bootstrap method, called
resampling, which could not demand assumptions about pre-distribution when the process is skewed and/or the normality
assumption is doubt. The results obtained in this study are summarized as follows : bootstrap M-estimator control chart is
developed for applying bootstrap method to M-estimator chart, which is more robust to keep ARL when process contain
contaminate quality characteristic .
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<Table 1> Control Limit and ARL for bootstrap M-chart
(n=5, k=20, @=0.0027 )

distribution UCL LCL ARL

N(O,1) 14290 -1.4384 387.605
CN(0.1,2) 1.6211 -1.6215 386.576
CN(0.1,3) 1.8868 -1.8848 371435
CN(0.1.4) 22181 22092 360.044
CN(0.1,5) 2.5671 -2.5613 364.924
CN(0.2,2) 1.8012 -1.8042 375.282
CN(0.2,3) 2.2923 -2.3045 317.826
CN(0.2,4) 2.8599 -2.8761 306.422
CN(0.2,9) 3.4563 -3.4786 315.797




<Table 2> Control Limit and ARL for bootstrap M-chart
(n=10, k=20, ¢=0.0027 )}
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<Table 3> Control Limit and Control Limit Factor for
under N(0,1)

distribution UcL LCL ARL n Kk M-chart Bootstrap

N(0,1) 0.96781 -0.97229 367.9510 20 3.1340 3.0902
CN(0.1,2) 1.07336 -1.07846 360.2154 4 30 3.1275 3.0038
CN(0.1,3) 1.18672 -1.19336 411.1812 50 3.1215 3.0038
CN(0.1,4) 1.30403 -1.30961 465.1618 20 3.1532 3.0038
CN(0.1,5) 1.42094 -1.42699 529.6548 5 30 3.1490 3.0038
CN(0.2,2) 1.18299 -1.19132 362.4696 50 3.1433 3.0038
CN(0.2,3) 1.43696 -1.44476 386.4566 20 3.0585 3.0038
CN(0.24) 1.71162 -1.71931 415.1116 10 30 3.0585 3.0038
CN(0.2,5) 1.99803 -2.00617 4439816 50 3.0505 3.0902
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<Table 4> Control Limit and ARL of Bootstrap EWMA
M-chart (n=5, k=20, A =0.05)

distribution ucL LCL ARL

N(0,1) 0.1868 -0.1862 372.338
CN(0.1,2) 0.2050 -0.2037 374213
CN(0.1,3) 0.2210 -0.2193 376.678
CN(0.1,4) 0.2364 -0.2337 375.362
CN(0.1,5) 0.2500 -0.2469 381.953
CN(0.2,2) 0.2237 -0.2219 374.007
CN(0.2,3) 0.2591 -0.2561 396.577
CN(0.2,4) 0.2930 -0.2892 393332
CN(0.2,5). 0.3263 -0.3213 401.553

<Table 5> Control Limit and ARL of Bootstrap EWMA
M-chart (n=10, k=20, A =0.05)

distribution ucCL LCL ARL

N(0,1) 0.1280 -0.1300 351.598
CN(0.1,2) 0.1392 -0.1414 360.390
CN(0.1,3) 0.1472 -0.1493 361.431
CN(0.1,4) 0.1531 -0.1550 367.492
CN(0.1,5) 0.1576 -0.1596 366.416
CN(0.2,2) 0.1512 -0.1538 363.999
CN(0.2,3) 0.1700 -0.1728 377.878
CN(0.2,4) 0.1858 -0.1885 391.218
CN(0.2,5) 0.1996 -0.2021 389.215




<Table 6> Conirol Limit and ARL of Bootstrap EWMA
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<Table 9> Control Limit and Control Limit Factor (N(0,1)

M-chart (n=5, k=20, 1=0.15) A = 0.15)

distribution UcL LCL ARL n k M-chart Bootstrap

N(O,1) 0.3725 -0.3735 376.625 20 2.9025 2.748
CN(0.1,2) 0.4102 -0.4094 367.225 4 30 2.8963 2748
CN(0.1,3) 0.4481 -0.4466 373.945 50 2.8910 2.748
CN(0.1,4) 0.4878 -0.4849 392.979 20 2.9070 L 2,747
CN(0.1,5) 0.5273 -0.5240 390.723 5 30 2.9030 2747
CN(0.2,2) 0.4485 -0.4477 367.823 50 2.8990 2.748
CN(0.2,3) 0.5281 -0.5257 381.861 20 2.8390 2,748
CN(0.2,4) 0.6117 -0.6086 384.835 10 30 2.8393 2.748
CN(0.2,5) 0.6973 06935 387.973 50 2.8320 2.748

<Table 7> Control Limit and ARL of Bootstrap EWMA

<Table 10> Control Limit and Control Limit Factor(N(0,1)

M-chart (n=10, k=20, 1=0.15) A = 0.25)

distribution ucL LCL ARL n k M-chart Bootstrap

N(O,1) 0.2546 -0.2569 326.451 20 3.0080 2.854
CN(0.1,2) 0.2771 -0.2800 335.534 4 30 3.0010 2.855
CN(0.1,3) 0.2939 -0.2970 352.661 50 2.9950 2.865
CN(0.1,4) 0.3076 -0.3102 355.185 20 3.6090 2.865
CN(0.1,5) 0.3190 -0.3215 370.740 5 30 3.0055 2.865
CN(0.2,2) 0.3012 -0.3048 345.445 50 3.0000 2.870
CN(0.2,3) 0.3414 -0.3457 355.185 20 2.9360 2.870
CN(0.2,4) 0.3784 -0.3824 363.575 10 30 2.9360 2.870
CN(0.2,5) 0.4128 -0.4168 377.840 50 2.9280 2.870
Table 4~Table 7¢] A5 B, Aokd RAER & Table 8~Table 10& 594 F 10000 o}A A7} 0.0,

g g9 dolEd disto OW”E}H ARLE: o}
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<Table 8> Contro! Limit and Control Limit Factor(N(0,1)
= 0.05)
k M-chart Bootstrap
n 20 2.5750 2352
30 2.5700 2352
4 50 25640 2352
20 25863 2352
30 2.5840 2353
5 50 2.5790 2352
20 25293 2353
0 30 25290 2.353
50 25223 2353
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<Table 11> Compare of robust EWMA control charts
with ARL, (n=5, k=20, A=0.05)

¥ o M-Chart BM-Chart

N(0,1) 370.593 372338

2 226.463 374.213

0.1 3 163.025 376.678
4 129.009 375362

5 109.165 381.953

N(0,1) 370.593 372.338

2 155.344 374.007

0.2 3 90.649 396.577
4 62.833 393332

5 49.102 401.553

<Table 12> Compare of robust EWMA control charts with
ARL, (n=5, k=20, A=0.15)

y o M-Chart BM-Chart

N(0,1) 357.395 376.625

2 188.148 367.225

0.1 3 118.520 373.945
4 87.229 392.979

5 70.376 390.723

N(0,1) 357.395 376.625

2 113.426 367.823

0.2 3 57.326 381.861
4 37.948 384.835

5 29.186 387973

<Table 13> Compare of robust EWMA control charts with
ARL, (n=5, k=20, A=0.25)

y b M-Chart BM-Chart

N(0,1) 364.282 375.161

2 169.721 353.872

0.1 3 102.131 365.559
4 72.655 401.250

5 57.892 393.010

N(0,1) 364.282 375.161

2 99.694 363.309

0.2 3 47.539 371.660
4 30.687 362.251

5 22.855 369.553
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<Table 14> Compare of robust control charts with process 278 QR EES Zol|A P& Aolmg Frjx
shift under N(0,1), Jdtt Wk RAEAS 0|83 FE|Est M-FAHLS
= 37 3 A) =
charts n=5, k=20 n=10, k=50 o]-§-3k Femrrl A A ARLO =3704% Xr}
fimit shift | M-Chart | Bootstrap | M-Chart | Bootstrap T fAgHE A ¢ 5 Ut
0.00 370.842 403512 | 370649 | 417516
0.25 291.958 315.466 289.999 325.274 <Table 15> Compare of robust control charts with process
0.50 173.214 221314 | 164586 | 182.108 shift under CN(0.2,3)
0.75 96.291 121.674 88.537 97.162 s 5. k=20 =10, k=50
1.00 53.919 66.245 48.822 53.180 limit shift
M-Chart | Bootstrap | M-Chart | Bootstrap
1.25 31118 38.194 27913 30.204
0 19.030 72683 16887 8152 0.00 90.205 319930 | 144432 | 388.032
1.75 12.250 14.163 10.833 11.542 0.25 86.307 305.903 133.592 362.346
2.00 7.958 9.254 7.081 7.533 0.50 76.761 270.546 106305 | 293.805
225 5472 6212 4938 5.207 0.75 62.633 226.344 79.354 218290
250 4.004 4.466 3.604 3.775 1.00 48.672 179.617 55.857 152.946
125 36.289 138472 38.859 104.824
oA R2EY #HY® } T e A 150 27.006 104.999 27.087 71.468
= =g ag 1o 7}O
ARL kel b2 #ejEey Ags 22 gor A% 1.75 19.802 77.936 19187 | 48771
SHA] @¢k7] wiEel FA9 V)& =X =R
814 A"k | el =l ]E s 2.00 14.481 57.342 13.588 33.499
B & s A Fg 2o aaxeld o £ gl%e 225 10.721 41.636 9.858 23351
FIAFT Wged g 2 Az ExHL ¢ ' : ' : :
2 Beese] HaA Wolxx eom. 1.0009H% A 2.50 8.034 30.103 7.240 16.306
o] Z& 9 ARLE 7HHY+= RS ¢ F+ o
450

-6~ M-Chart(n=5k=20)

400 ~#— BM-Chart(n=5,k=20)
350 —+—M-Chart(n=10,k=50)
—%—BM-Chart{n=10,k=50}

ARL

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50
Shift

<Fig. 2> Compare of robust control charts with process
shift under N(0,1)

-6~ M-Chart(n=5,k=20)
400 —a— BM-Chart(n=5,k=20)
350 —a— M-Chart(n=10,k=50)

—%— BM-Chart{n=10,k=50)
300

250
ARL
200
150
100
50

0
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50
Shift

<Fig. 3> Compare of robust control charts with process
shift under CN(0.2,3)
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<Table 16> Compare of EWMA robust control charts
with process shift under N(0,1),

charts n=5, k=20 =10, k=50

limit shift | M-Chart | Bootstrap | M-Chart | Bootstrap
0.00 370.022 368.179 370.269 348.902
0.25 78.915 75.973 75.891 74.234
0.50 28.547 27.832 27.308 26.922
0.75 16.470 16.077 15.884 15.696
1.00 11.505 11.306 11.146 11.016
1.25 8.819 8.684 8.572 8.479
1.50 7.176 7.075 6.992 6.931
1.75 6.046 5.969 5917 5.865
2.00 5.262 5.196 5.151 5.099
2.25 4671 4612 4564 4524
2.50 4206 4.153 4112 4.073

<Table 17> Compare of EWMA robust control charts
with process shift under CN(0.2,3)

charts n=5, k=20 n=10, k=50
limit shift | M-Chart | Bootstrap | M~Chart | Bootstrap
0.00 246.653 383217 | 244136 | 358613
0.25 97.968 122.647 96.218 120.458
0.50 39.483 45619 39.086 44.835
0.75 22485 25233 22297 24.825
1.00 15.428 17.047 15.345 16.782
125 11.771 12.896 11.709 12.654
1.50 9.445 10.309 9.408 10.136
175 7.906 8.602 7877 8.462
2.00 6.820 7412 6.797 7.268
225 5.996 6.501 5.975 6.377
2.50 5.354 5.801 5.340 5.695

Figdst Fig5el ZAzos & & %ol ZH2E
EWMA #2) =oM% Shewhart #eEEo|Ae} wlairhA
el A

& = Q%o RAER FAEEE FAHFT ¥ wE
. ) s
423 w9 958 Aoz Yeh,
400 —6- M-Chart(n=5,k=20)
350 —a— BM-Chart(n=5,k=20)
—— M-Chart(n=10,k=50)
300 —¢ BM-Chart(n=10,k=50)
250
ARL 200
150
100
50
0
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50

Shift

<Fig. 4> Compare of EWMA robust control charts with
process shift under N(0,1)

450 -6 M~Chart{n=5,k=20)
400 —a— BM-Chart(n=5,k=20)
350 —— M-Chart(n=10,k=50)
—»— BM-Chart(n=10,k=50)
300
250
ARL
200
150
100
50
0
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50

Shift

<Fig. 5> Compare of EWMA robust control charts with
process shift under CN(0.2,3)
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