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ALGEBRAIC NUMBERS, TRANSCENDENTAL
NUMBERS AND ELLIPTIC CURVES
DERIVED FROM INFINITE PRODUCTS

DaEyEoUL KiM AND JA KyunGg Koo

ABSTRACT. Let k be an imaginary quadratic field,  the complex
upper half plane, and let 7 € hNk, p = €™7. In this article,
using the infinite product formulas for g and g3, we prove that
values of certain infinite products are transcendental whenever 7 are

imaginary quadratic. And we derive analogous results of Berndt-
2n—1

Chan-Zhang ([4]). Also we find the values of H?zl(%-;ﬁ)s
and p[I%° (1 + p®")*? when we know j(r). And we construct an

elliptic curve E : y? = 2% + 322 + (3 — -Q-ég)xﬁ- 1withj=j(r)#0
and P = (162p? [[%2 , (1 + p?™)?4,0) € E.

§1. Introduction

The elliptic modular function j(7) is transcendental for algebraic
number 7 in the upper half plane which is not an imaginary quadratic
irrationality. On the other hand, it is known from the theory of complex
multiplication that j(7) is algebraic for any imaginary quadratic 7 ([16],
[21]).

Ramanujan [19] introduced the following functions:
P(z)=1-24) o1(n)2",
n=1

Q(z) =1+240 f: o3(n)z",

n=1
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R(z) =1-504 Z os(n)z",
n=1

with ox(n) = 324, d* and z € C.

1728Q(2)3
Q(2)° — R(2)?
dental for any algebraic value of 2z, 0 < |2|] < 1. It was proved by
Barré-Sirieix, Diaz, Gramain, Philibert ([1]). The algebraic indepen-
dence of the numbers J(z), J'(z), J”(z) was shown in [18]. The result
is a consequence of the main result in [18] on numbers z, P(z), Q(z),
R(z).

Meanwhile in [13], [14] and [15], we dealt with certain algebraic in-
tegers as values of elliptic functions constructed from Weierstrass gp-
function by using infinite products.

In this article, by means of infinite product/ formulas of the Weierstrass

. 2 J(r
p-function we prove that n(r)? ?282; and - i i
(Theorem 10) with 7(7) the Dedekind eta-function, and we consider the
zeros of the Weierstrass p-function and infinite products (Theorem 2).
In [13] we derived analogous results of Berndt-Chan-Zhang ([4]), which
would be a generalization in the case m even. Here we derive similar
results (Theorem 9) of [13]. Furthermore, we prove that certain values
of infinite product are algebraic integers (Corollary 5, Theorem 8).

Also, we justify that [Q([] (i —P" s L QUitr)] < 6 (resp.
Q@2 T, (1 + 5™} : Q(j(r))] < ), and we get the polynomials

In 1967 Mahler conjectured that J(z) = is transcen-

are algebraic numbers

n=1 +p2n—1

M(z) = 2% —82° ___7'__4_7L.3 6_L 2_3x41
(z) =z -3z +<6 256)3: +( +128)m+ 556 ) © z+

and .
—,8 2 _J
N(z)=2"+32"+ (3 256)z—l—l

) ) 1— p2n—1 oo n
satisfying M (T2, (W)s) =0and N(162p2 [[02 (1 +p?)2) =
0 when 7 € hNk and 7 = j(7) # 0. From this we construct an elliptic
curve .
2 3 2 J
Y- = - = 1
E:y =2"+32"+(3 256):1:+

with a point P = (162p% []°2, (1 + p*")?4,0) € E (Theorem 11).
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Finally, we consider the equations of Fricke functions (Theorem 12).
Throughout the article we adopt the following notations:

e k an imaginary quadratic field

e ) the complex upper half plane
eTEHYNE

e A =Z+7Z

o p=e"iT

e Q the set of all algebraic numbers in C

o p(z)i=p(z,Ar) =5+ 2 weh,—{0} ((z—_lw—)g - w%), a Weierstrass

p-function (relative to A,)
® Gi(Ar) = Gi(T) =X cn, — {0} 2, the Eisenstein series with
weight &
o g2(T) = 60G4(7)
o g3(7) = 140Gs(T)
o A(7) = ga(7)? — 27g3(7)? = (27)"2n(7)**
3
o j(r) = 172892((?)
e E an elliptic curve
o 1— p2n—1 8
o =1l (W)
o 5 = 162 T[T, 1+ 577

§2. Values of infinite products

ProprosITION 1. ([8, p.86], [13], [17, p.140]) Let T € kN h.
2

(@ 0 (3) = -5 Lm0 - (L +p )

+16p [T (1 + p*™)8).
2

0) o (T ) = T TELA =) [T, 0+
T3 I (1 +p)%].
© 0 (5) = A=) T, 4 poetye
—16p [Tpey (1 + p*™)8).
@ 02(r) = T IL2, (1 - 2 [T (1 + 7)o
—16p [[o=, (1 +p™)® + 256p? [Too, (1 + p7)*9].

[
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6
(6) gs(r) = 827 12,0 — p2m)2 (122, (1 + p2n )2

_24pHn: (1 _|_p2n—-1)16(1 +p2n)8
—384p” [[om, (1 +p> 13 (1 +p?)'®
+4096p° T2, (1 + p?")24).
. 1 oo n— o] n
(f) j(r) = F[anl(l +p? )16 — 16pTI0, (1 +p™)®
+256p2 [12°, (1 +p2)16]°.

Jacobi ([23, p.470]) showed that

(1+p2n1 ﬁ 277.1 — ﬁ1+p

By the Jacobi relation, we derive from Proposition 1 that

o(3)

fam

1

3
Il

(1) 71' oo oo o)
Z? H (_2 H(l +p2n—1)8 + H(l _p2n—1)8) ,
T+1
()
R - .
— _3_ H(l_p2n) (H(l +p2n-—1)8 2 H(l_p2n 1)8) ’
1
g 5)
® . .
— ? 1:[1(1_p2n)4 (I'_Il(l +p2n 1 ];[1 2n 1 >,
g2(7)
. _ 117?:*4 oo (1_p2n)8[H(1+p2n 1 16+H(1 2n-1)16
n=1 n=1 n=1
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4m% &
93(7)=37r7—£[1(1 (- ];[1+p2" 12
5) n 3ﬁ(1+p2n—1)16(1_p2n—1)8
+ 3ﬁ(1 4 pPn1)8(1 — pin—1)16 zf’oll(l P 1)24)’
n=1 ne
() = ;[nf:[l(l P 1>16+nf:[1<1 P
— ﬁ(l 4 p2n1y8(1 — p2n 1)8] ,
n=1

(6) = o
x (H(1+p2n-—1)8 H(l p2n 1)8)’
n=1 n=1
T+1 al n ne
e | (U s
n=1
% (H( 2n 1 H 1+p2n 1 ’
n=1 n=1
1 o0
1/ _ 4 21\ 8 2n—1\8 2n—1\8
p"(3) =2m E(l—p Ba—p B+ s

By using different expressions of these infinite products, Borcherds
studied the denominator functions of generalized Kac-Moody algebra

([5], [6D)-
Since A(T) is nonzero and [[02,(1+p™™) (1 —p> H(1+p 1) =1,

we see that ]2, (1 —p*"), [[2, (1 +P2n) L, (+p* 1), [T (1 -
p?"~1) are nonzero. So, by (1)-(6), we end up with the following:

THEOREM 2. Let Tt € kNh.
T 1 T7+1
(a) go(—) —O<=>p—2<=>p<§) ——p( 5 )
__7r21—[ 1(1 2n)4(1 +p2n_1)8.
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(b) o T+1

=1 [[aea (1 = p*)* (1 = p?" )5,

@5 (3) =0 o=t = 0 (3) =0 ()
= 72 152, (1 — p2)4(1 — p2n—1)8,

(d) g2(r) =j(1) =0 <= p® = —1 with p # —1.

(e) g3(1) =0 <= p=3, —lor2.

1 1
(f) p” <§>, p" (%) and " (I—;—) are all nonzero and distinct.

Here we refer to [21, p.63] for (f).

Note that Eichler and Zagier [11] found the values of z which are
zeros of p(z,7) (z € C), i.e., the zeros of p(z,7)(7 € b,z € C) are given
by

B 1 log(5 + 2v/6) , teo A(t)

)0 omt = o(3)=-o(3)

(m,n € Z), where Eg(t) and A(t) (t € h) denote the normalized Eisen-
stein series of weight 6 and unique normalized cusp form of weight 12
on SLy(Z), respectively, and the integral is to be taken over the line
t=7+iR; inbh.

83. Algebraic and transcendental numbers

Let a = ( 8 Z) with b mod d and |a} be the determinant of o, and
let

(M) Pa(T) = |a|12% = |a|'2d~12 %(i;)

1

Then we recall the following fact.

ProrosITION 3. ([16]) For any 7 € kN b, the value ¢,(7) is an
algebraic integer, which divides |a|*2.

First, we consider

A(r)  @m)2p?[Ie, (1 —p*™)* o0 o
A~ el e ~r1La+)

n=1
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and

AZ) @I, (-, 1
A - CmEpP [, (1 —p)2t P [, (1 + )

Put a; = <g ?) and agp = <(1) g)

By (7) we get

Ty _ 12_A(_T) _ 12 ()
®) o () =225 (225,

from which and Proposition 3 we see that v/2p=s o2, (1+p") is an
algebraic integer.
Using Proposition 3, we get that both

n(4fh) . n(r)
©) T L o ey

are algebraic integers.
Similarly, we get the following properties.

PROPOSITION 4. ([13]) Let T € kNY. Then the following assertions

hold:
1 1 1 1
(a) v2p2 0L, (14p7), p™ 2 mmi——, p7 2 [0, (1-p""71),
! H =1(]i +pn) !

V2 [T, (L +p™)(1 = p™h), pmaa [I52, (1 +p* ) and
V2T, (A +p™(Q + p2"‘1) are algebraic integers.
3 p(3) 3 p(5) 3 p(3) 3 g() 27 gs(r)

) Ty 7 e R g
p(3) —p(z) () -p3) . o) — () |
1
. 7T277(7')4 ’ 7‘.2,’7(7_)4 and 7'1'2')7(’7')4 are a. gebI'aJC
integers.

In general, set oy = (8 (1)> and oy = <(1) 2) with a € Z*. Then
we get again by (7) that

o0

¢Ott 1/24 \/"pu(a 1) H men)’

n=1 m=0

—l(an 1
(10) ¢al(—)1/24 pE e — —

I G zep™)
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are algebraic integers.

In 1949, Gelfond and Schneider independently solved the Hilbert 7-th
problem concerning the transcendence of 2v2, They actually proved the
following strong transcendence criterion. For o, 8 € Q with a # 0,1
and 8 € Q, o is transcendental ([20], [22]). Thus, for 7 € kN h, the
Gelfond-Schneider theorem yields that e = (—1)~** is transcendental
whenever i« is algebraic of degree at least 2 over Q. This leads us to
the fact that

(11) p=e™" is a transcendental number.

COROLLARY 5. Let Tt € kNh.

(a) Ifa € Q—{-g} then p~* II72 (1 +p"), p* [T, (1 — p**7Y)
and p® []°, (1 + p®*™~1) are transcendental numbers.
(b) Ifa € Q—{0} thenp*[[,- ,(1+p™)(1+p* 1) and p* [T, (1 +
p")(1 — p*~1) are transcendental numbers
(c) Ifb € Q- {5(a— 1)} then p*[[7, (%1 p™) is a transcen-
dental number with a € Z™.
(d) Assume that go(7) and 93(7‘) are nonzero. If p(%) is transcen-
dental, so are (™), p(3) , g2(7), g3(1) and A(7). And if p(3)
is algebraic then so are p(ZEL), p(3), g2(7), g3(7) and A(7).
Iff(T))g(T) € Q( (E)a (I—;—l)a p(%)792(7)793(7‘)7A(T)) and

these are of the same even weight, then f—% is an algebraic

g
number.

Proof. (a), (b), (c) Immediate from Proposition 4, (10) and (11).

(d) Since g3(7) is nonzero, we see by (a), (b), (c), and (e) of The-
orem 2 that p(7Ft), p(%) and p(3) are nonzero. By (1), (2), (3) and
Proposition 4, we derive that

p(5) _20-1 (5
(z)  2-p" (3

(1)

) 14p
) —2+p

. By the assumption, (4), (5)
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and (1’), we get that

92(7)

) e (e (- ()]
- _ 2 — 7\2

B _4[_12++ppp<§)2+22p—p1p(§) +22p—p1 ' —12++ppp(§> ]
-t (5)

93(7)
- ol et D), (0

A(T)
_ (;)_4—3”22)_6 {40 —p+1)* = (p - 220 - 1*(p+ 1)’} p (%)6
— 94,36 (F(’p—_lf)f (%)6

Using the above relation, we can readily check the final statement. [

Let

LT n(%l—)2 - 2n—1\2 2n
o) =9 =y = LLa+ P a - =60,

Here we refer to [8, p.86] for the last equality. Berndt, Chan and Zhang
showed in [4] the following proposition by using three of Ramanujan’s
modular equations, values for certain class invariants of Ramanujan,
representations for quotients of values of ¢ in terms of class invariants
and the theta-transformation formula.

PROPOSITION 6. ([4]) Let m and n be positive integers. Then ¢(mn3)
/$(n4) is algebraic. Furthermore, if m is odd, then v/2me(mni)/¢d(ni) is
an algebraic integer dividing 2,/m, while if m is even, then 2\/m¢(mni)/
¢(ni) is an algebraic integer dividing 4,/m.

In [13] we derived certain analogues of these results purely in terms
of infinite products, which would be a generalization in case m even.
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ProPOSITION 7. ([13]) Let T be any imaginary quadratic andr, s, u,v

$(Z7)

be positive integers such that (r,s) = (u,v) = 1. Then 4\/_ is
(z-27) oz (f !
¢ T u
an algebraic integer. Furthermore, 2,/7—2%—"-—" and 2./v——-— are
¢(,,T) o(% - 57)
algebraic integers.
: $(57) .
The same argument used in [13] to prove that 4/rv Y is an al-

gebraic integer can be applied to the following theorem.

THEOREM 8. Let T € kNh.

(a) Let 6, 65, 03 be the Jacobi theta functions ([8], [9]). Then
n(7)

05(1) = an(r), 6(7) = &'n(7), O2(1) = n(27)a” = —\—/—_Q—a”’, where a, o,

o', & are algebraic integers. Furthermore, we see that av/d

2] ar+b 9 ar+b
vaa 0 vaa (%) ad'Va'd 2*7)

0(=5) 0(=F) 02(4F)
tegers for a,a’d,d’ positive integers and b, b’ integers.

(b) Let us define

(%)
o(r) ~

are algebraic in-

oo
a(T) - a(pZ) — Z p2(n2+nm+m2),
n,m=—00
> 2 2
b(’/") = b(pQ) — Z wn—mp2(n +nm+m ),
n,Mm=—00

(e o]
30 POk F(mE )

n,Mm=—00

o(r) = c(p*) =

2ni

where w:=e’3 .

Then a(r) = gb(r), e(t) = %b(T), a(t) = B"c(r) and b(7) = " c(1),

o p(mrEn
where 3, 8, 3", 3" are algebraic integers. Furthermore, m\/md(—b(d)—),
-
b(‘r) (m7'+n) C( mrd+n)
dmd md’\/mm’dd’—— md'mmidd ——32___ are alge-
b(m T+n ) (m 'r+n ) C(m:-i;f—n )

braic mtegers with m,m’,d, d’ pos1t1ve integers and n,n’ integers.
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Proof. (a) We know from [8] that 63(7) := 65(p*) = [, (1 +
T41)2
p2n——1)2(1 _p2n) — n( 2 )

o+ 1) Since

93(7' (1+p™ 121 - p*) i 2n—-142
H pl/12(1 _ p2n) =p " H(1+p ")
n=1 n=1

we get that there exists an algebraic integer « satisfying 03(7) = an(7).
By [9], we have the identities

o 2y 77(7')2 . N 277(47')2
(12)  6(r) :=0(p") = 20 and  02(7) := 62(p*) = PR
And we deduce from (9) and (12) that
o) _ n(r)?  _ nin)
n(r)  n@2r)n(r) n(2r)’
O2(r) _ n(4r)? 51(47)
n@n ~ GnE (fn@ﬂ) |
Oa2() _ n(dr)® _ (,n(r) 51(47)
ﬁn(f) - 2ﬁn(f)n(?f) - ( n(r) ) (\/—n(%))

are algebraic integers. Also, it follows from (12) that

(6 7))

(24E2) a b2 1
Vi =1l o T
d -2b -
d —2)F _,"\\0o a
a 2
0 a n(2a~rj—2b) ’
6(r) o 2017 ,—i7m o2
Vad -2 - d
(L) 0 d n(27)
2
. (d’ v |® -3 n(r)
/ a’' T 7 )
0 a ] dd"—b)
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) 0( (LT;—I) ) o
ad'va' dw are algebraic integers.
d/
at+b
Similarly, we conclude that ad’'va dﬁ;ﬂ)—) is an algebraic integer.

(b) J. Borwein, P. Borwein and Garvan showed in [7] that b(T) =
3 3
1) o(r) = TET and a(r)® = b(r)3 + ¢()3. Thus we get

n(37)? n(7)
b(r) (n(f) )4 e(r) _1 ( 77(3T)>4
—= = and —— == (V302
e(r)  \n(37) (r) 9 n(7)
0 3 0 . .
Put a3 = 0 3 and oy = 0 1) By using (7), we obtain that
% and c”:f(( )) are algebraic integers. Since a(p?)? = b(p?)? + c(p?)?, we

conclude that agT) and 91;1((:)) are algebraic integers. Also, we get that

() (\rn(m”"))‘”’,(\/a (77(3T) )
n

b(7) (7) Smrtin)
, b(T) b( de+n ) ( m'r+n
AV iy AV AR g, md V' dd S o2 o )
d —d
are algebraic integers. 0

Duverney, Ke. Nishioka, Ku. Nishioka, and Shiokawa proved in [10]
that the Rogers-Ramanujan continued fraction RR(z) is transcendental
for any algebraic number z with 0 < |z| < 1. Meanwhile, we consider in
Theorem 9 some examples of the Rogers-Ramanujan continued fraction
for the case of transcendental numbers z.

Let

2 4 6
ps P b p

F(p?).="— & L £

4 6

‘F‘2(p2)___l p P P T

1+14+p2+14+pt+1+p5+
2 p p* p® p'?
F3(p®) ,

1P+ 14+ 1+ pO 1 +p

2 4 4 8 6 12
Fa(p?) L pPtp pAp pApt
1+ 1 + 1 + 1 +

be the continued fractions as in [10].
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THEOREM 9. Ifl; # —%, ly # (—1;, I3 £0, Iy # % are rational num-
1 1
bers then p' (———F 2 —1), bk Fy (p?), p'e (—-—+F 2),
P\ FmpD 1(p%) p2F(p®), p ) 3(p%)

p't F4(p?®) are transcendental numbers.

Furthermore,
v (g - R0D) -1) 2R, (705 + R?))
Fi(p?) ’ © A\ Fs(p?)

and 2v/2p% Fy(p?) are algebraic integers.
Proof. First, we consider the value of continued fraction Fy (p?). It
e 77(%7)
n(57)

1
follows from [3] and [10] that —— — F1(p?) — 1 =
[ ] [ ] F1(p2) 1(p ) p

Set a = <(1) 0 > Then we obtain by (9) that

25
1 o\ _nEn)
(Fl(zﬂ) ) 1)_77(57)

i

(13) P

is an algebraic integer. By (11) and (13) we are led to the fact that

p" (—1* — Fi(p®) ~ 1)

Fi(p?)
is a transcendental number except for the case [; = —%.
Secondly, it follows from [3, p.221], [8], [9], [10], [12, p.186] that
0
FQ(pQ) = 12(17)2
2p05(p?)

_ 1 29(21)% n(47)*n(7)*
2pi n(r)  n(27)°
_ 1 n(4r)*n(r)

~opi m(27)?
- o (553) (255).

Thus, by (11) and (14) we derive that 2p7 Fy(p?) is an algebraic integer
and p'2 F5(p?) is a transcendental number provided that Iz # ;.
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In a similar way we get that

L LR = 2:23(21 ))

Fs5(p?) ([3, p-221], [10])

-5 (263) (29 (20

1
So 2 =—— + F: 2) is an algebraic integer; hence pl3(
( ) 3(p°) g g

+F; (p2)) is a transcendental number unless I3 = 0.
Finally, we deduce from [3, p.345] and [10] that

oy n(mm(6m)® 1 [ q(r) n(67)\’
Fale) = pin(2r)n(3r)3  2V2p3 (U(QT)) (ﬁn(37)> '

F;(p?)

Hence we conclude by (9) and (11) that 2v/2p3 F,(p?®) is an algebraic
integer and p* Fy(p?) is a transcendental number when Iy # % O

Since j(7) is an algebraic integers

(15) 5 T I =

is an algebraic number.

'S

2
3

N

Assume that go(7) and gs(7) are nonzero. Then n(T)

are algebraic numbers.
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Proof. By Proposition 4, we note that

3 g2(7)
Q(p?) 1 mﬂ?"’)s
R

) " (0 Zmey

2
Since %f}?gg and sizg,a((f))w are algebraic numbers, n(r)* ggzi is an
: J'(1) R(p?)
algebraic number. We see from [9] that = — . By the
: O that 70y = Qe B

above, we get that

J'(r) ( 4Q<p2>)‘1

= - T J{r

n(r)* 7(r) R(p?) r)

is an algebraic number. a

84. Elliptic curves and infinite products

In this section, we assume that j = 5(7) # 0 and R(p?) # 0. It follows
from (4), (5) and the definition of j(7) that there exists a polynomial

M(z) = 28 — 325 __j_ 4 - __j__ 3
(z) =2° - 3z +(6 256)30 +( 7+128)m

J 2
16 — oz |27 -3z +1
(16) +(6 256>x e,
1 __p2n—1
with §j = j(7) such that M { [To~, (——"——1 T

by (16) that

8
) ) = (0. We then derive

1 + p2n—1

] (1—""—2’11)8> : QUi(r)] <6.

n=1

Since

ﬁ 1-p*1\ _ 64(0,7)
1+p2n-1) " 63(0,7)

(12, p362]), we have [Q(Fh53) : Q(j(r))] < 6.
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Put § = p+ 4. Then we obtain

M — 3 3 2 ___-7_ -1 __ =0.
() p(a 3+ (3~ 500 +128) 0

From the Jacobi’s relation we have

oo
H(l +p2n 1 16+ H 2n 1)16
n=1 n=1

o0
2
62p2 (1 +p2n)16+ _
nl_:Il Hn:l(l +p2n)8

and hence
oo
162p2 H(l +p2n)24
n=1
oo oo
- <H(1 +p2n 1 16_|_H 2n 1)16) H(l +p2n)8_2
n=1 n=1 n=1

(HZO_ (1 +p2n—1)16 +H00 ( pzn—l)lﬁ) HZO 1(1 +p2n)8

Hn 1(1 +p2n 1)8Hn 1(1_ 2n— 1)8Hn 1(1+p2n)8

) 1
= (P+;)—2-

-2

Let k = 16%p? [[02 (1 + p?™)%4
Since M (p) = 0, there exists a polynomial
= - 1
N(z)=2°+322+ (3 256);:—1-
with j = j(r) satisfying N(x) = 0. This implies that

@ [Ta+r Qi) <s.

n=1
Hence we can construct an elliptic curve
J
256
with j = j(7) satisfying P = (162p% []>2, (1 + p**)?4,0) € E. Here, the
discriminant of E is

(16" Eiy =03+322+(3- =)z +1

.2 - -
Jo(=1728 + 7) . 1728j
gy =J11-2°7J) . L
A(E) 262144 and J(E) = e

We summarize the above as follows.
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THEOREM 11. Let R(p?) # 0.
1— p2n—1 8 )
(a) [T, <W> ) = QUM < 6 and [Qp* [T, (1 +
™)) : Q(5)) < 3 _
(b) Let E : y? = 23 +32? + (3— 5Lz)z + 1 be an elliptic curve. Then
= (16 [[22, (1 + p2)%4,0) € B, A(E) = LGHEH) and
J(E) = 2180 with j = j(r).

172843

§5. Other examples with infinite products

2n—1

In general, by (16) we find the values of [],_ (W) when j(7)
is known. -

Put []>° (1—+p7——) = p. By (1'), it follows that
(5 _20-1 . p(d) 14y
p(z)  2-p p(z)  —2+p

Let

folzm) = *2735%33;7)@(“‘7)

be the first Weber function for 7 € § and z € k. For a fixed integer
N > 1 and r,s in Z not both divisible by N, let

rs(r) = fo("E57)

be the Fricke function.
By (1), (4) and (5) we obtain the identity for fi o:

f1,0
= fo(%"f)

7 592( )g3(T)
—273 TAM) po(

1 [e o] o0
_ 2n-1) P )
__ﬁ{]:[l(1+p” H "

_ (1 +p2n—1)8(1 _p2n—1)8}
1

n=—

2)

o< oo
-2 JJa+p* 1) -2 [[a -1
n=1

n=1
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+ 3 H(]- +p2’n—1)16(1 _pzn—l)S

n=1

+3 ﬁ(l +p2n—1)8(1 __p2n——1)16}

n=1

{2H1+p2n1 +H 2n1 :l

By the Jacobi relatlon, we derive that

]% — 162 ];'[1(1 +p2n)16/[ H(l +p2n—1)16

n=1

_ 2H(1+p2n—1)8( p¥ 1) H p¥ 1) ]
1,

Since T>2,(1 —I—p2" DA - p* 1)1 +p?*) = 1, we end up with the

following:
fl,O
oo oo
= 97 I:{H(l +p2n—1)16+ H(l_p2n—1)16
n=1 n=1
_ H(l +p2n—1)8(1_p2n—1)8}
n=1
{ 2H(1 +p2n 1)24 21—[(1 p2n 1)24
n=1 n=1
+ 3H(1+p2n 1)16(1 p2n 1)8

+ 3 ﬁ(]‘ +p2n—1)8(1 __p2n—1)16}
A—2JJa+p 2+ - pZ”‘l)B}}/
n=1 n=1

[H 16ﬁ 2'n.1 ﬁ1+p2n 118
n=1 n=1
ﬁ P2 1 2]'
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We are also able to express j(T) as

00 00
j(T) —98 H(l +p2n—1)16 + H(l _pZn—l)IG
n=1 n=1
3 )
p2n 1 8 p2n—1)8] / I:H(l +p2n—1)16(1 _p2n—1)16
n=1

-TIa+
" v
H1+p2n1 H 2n 182:|.

We can apply (1), (4), and (5) to 22 = —2. 325ﬁp(§). Then we can

use . .
fio _#(3) o _ (G
for  p(3) fir p(HE)

Thus we get the following:

1(=2+3p+3p> —20%)(=2+p)
flO'—__ T
2 (1—p+p?)?
1(=2+3p+3p2—20%)(1 +p)
fo,lz—_ 5\ 2 *Js
2 (1=p+p?)
f _ 1(=2+3p+3p>-2p*)(1-2p) .
P2 (I—=p+p?)? g

We denote by Fy ¢ the field of modular functions of level N. As is
known([16]),

]Fl,(C = C(J) and IFN,(C = IF‘1,(11(.]('7”,8)3,11 r,s — C(], fr,s)all r,5°

From the identities of j(7), f1.0, fo,1 and f11 we see that

o0 [ o]
Foc =Clp3 [J+p %75 [T -p"18).
n=1 n=1

We summarize the above in the following theorem.

fig _ (’“)_ZP—I
fi,0 o(3) 2—p’
fo1 o( 1+p

1
for _ 9(3) _
fio  e(3) —2+4p

THEOREM 12. (a)
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(b)
1(=2+4+3p+3p2—2p%)(—2+p) .
f1,0=__ 212 )
2 (1—p+p?)
1(-2+3p+3p02—20%(1+p) .
foalz__ o\2 7
2 (I—p+p?)
s _ 1(=2+3p+3p* —2p°)(1 -2p) .
M a=p+p) "

() Fa.c = Clp~3 [To2, (1 +p® )8, p~5 [, (1 — p>71)%).

ExXAMPLE 13. We consider the cases of complex multiplication. We
know from [21] all elliptic curves defined over Q with complex multipli-
cation by an order R = Z+ f Ry, of conductor f in a quadratic imaginary
field K = Q(v/—D) of discriminant —D. By using (15), (16) and (16'),
we get the following:

Case D =7, f = 1: j(E) = —3%5%, M(z) = a8 — 325 + Lilz? —
L3+ PU? 30+ 1, By’ =23 +322+ Y& + 1

By using Mathematica 4.0, we write the value of 16%p* [[02,(1 +
P2 with p = e™/ 1) a5 follows: — 1 or 35(—47 — 45y/=7) or
35 (—47 + 45/=7).

And by using Theorem 12, we get the following:

fl3E p f1,0 fo,1 fia
33 1—3v/~-7 —8505+1215+/—7 —8505—1215/—7
7 |1 |—3%53 | =2 8505 1215 1215V
1-3v/-—-7 ~85054+12156/—7 —8505—1215/—7 8505
2 2 2
31—-3/—7 —8505—1215y/~7 8505 —8505+1215+/-=7
32 2 2
143+/—7 8505 —8505—1215/—7 —85054+1215+/—7
32 2 2
14377 | —8505-1215v/=7 | —8505+41215/=7 8505
2 2 2
314+3v/—7 ~85054+1215/—7 8505 —8505—~1215+/—7
32 2 2
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