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THE EINSTEIN-KAHLER METRICS ON HUA DOMAIN

AN WANG AND WEIPING YIN

ABSTRACT. In this paper we describe the Einstein-Kéhler metric
for the Cartan-Hartogs of the first type which is the special case of
the Hua domains. Firstly, we reduce the Monge-Ampere equation
for the metric to an ordinary differential equation in the auxiliary
function X = X(z,w) = |w|*[det(I — ZZ7T)]" % (see below). This
differential equation can be solved to give an implicit function in X.
Secondly, we get the estimate of the holomorphic section curvature
under the complete Einstein-Kéhler metric on this domain.

Let M be a complex manifold. Then a Hermitian metric ZZ j gijdzi

® dz’ defined on M is said to be Kahler if the Kahler form Q =
V=132,,9;3dz* Ndz’ is closed. The Ricci form of this metric is de-

fined to be —8dlog det(g; 7). If the Ricci form of the Kéhler metric is
proportional to the Kéhler form, the metric is called Einstein-Kéahler.
If the manifold is not compact, we require the metric to be complete.
Clearly for a noncompact complex manifold to admit such a metric,
it is necessary that there exists a volume form, the negative of whose
Ricci tensor defines a complete Kéhler metric. The volume form of this
Kéhler metric must be equivalent to the original volume form. If we
normalize the metric by requiring the scalar curvature to be minus one,
then the Einstein-K&hler metric is unique. Cheng and Yau (1] proved
that any bounded domain D which is the intersection of domain with C?
boundary admits a complete Einstein-Kahler. Without any regularity
assumption on the domain D, Mok and Yau [5] proved that the com-
plete Einstein-Kahler metric always exists. This Einstein-Kéhler metric
is given by
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where g is the unique solution to the boundary problem of the Monge-
Ampére equation:

2

det g =etVs e p
Bziazj ’

g = A 8D,

and g is called generating function of Ep(z).

The explicit formulas for the Einstein-Kéahler metric, however, are
only known in the simplest cases. The purpose of this paper is to describe
the Einstein-Kéahler metric for the Cartan-Hartogs domain of the first

type:

Yr(1,m,n; K)

:={w e C,Z e Ry(m,n) : |w|*! <det(I - 22T),K >0} :=Y7,
which is the special case of the Hua domains.

The Hua domains are introduced by the second author in 2000. They
can be written as follows:

HEI(le---’N7‘7m’n;p17"'7p7‘)
r

= {W; € CYi,Z € Ry(m,n): Y _ |[W;|*
J=1
<det(I - 2Z7),p; > 0,5 =1,2,...,7},

HEII(N1a~--:Nr,pEPI,---,pr)
= {W; €CNi,Z € Ru(p): > [W;[*

Jj=1
<det(I - Z27),p; >0,j=1,2,...,7},

HEm(Ny,...,Nr,g;p1,...,0r)
T
= {W; € CN,Z € Ryy(q) : Y _ IW;|*

i=1
<det(I-22%),p; >0,j=1,2,...,7},

HEn (N, ...,Npyn;p1,...,0r)
= {W;eCNi,ZeRy(n): Y |W;|*

j=1
<1-2ZZT +|Z2'}%p; >0,j =1,2,...,7},
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N
where |W;|? = lwjk|?, Ri(m,n), Rr(p), Rur(g) and Ry (n) are the

k=1
first, second, third, fourth Cartan domain respectively in the sense of

Loo-Keng HUA [3], ZT indicates the conjugate and transpose of Z, det
indicates the determinant. r, Ny, ..., N,,m,n,p, q are positive integers,
P1,--.,Dr are positive real numbers. Some results on Hua domains can
be found in [6, 7, 8].

This paper is organized as follows. Section 1 presents some back-
ground material and known results from domain Y7 needed for us. In
section 2, by using the noncompact automorphism group of Y7 and the
biholomorphic invariance of the Einstein-Kéahler metric, we reduce the
Monge-Ampere equation for the metric to an ordinary differential equa-
tion in the auxiliary function X = X(z,w) = |w|?[det(I - ZZT)]_‘}?,
this differential equation can be solved to give an implicit function in X.
In section 3, the estimate of the holomorphic section curvature under
the Einstein-Kahler metric on Y7 is given.

1. Preliminaries

LEMMA 1. Aut(Y;) indicates the holomorphic automorphism group
of Y consisting of the following mappings F(z,w; zg,00) :

w* = e®owdet(I — ZoZT) 2% det(I — ZZT) &,
Z* = A(Z - Zo)I - 2T z)"'D71,

where ATA = (I — ZOZg)—l,DTD = (I — Z(?Zo)_l, Zo, Z € RI(m,n),
6o € R.

Proof. See [6].

Obviously, the F'(z, w; 29, 00) maps point (Zp,w) on to point (0, w*)
and Z* = A(Z — Zo)(I — ZFZ)"*D7! is holomorphic automorphism of
RI(m, n)

LEMMA 2. Let X = X(Z,w) = |w|?[det(] — ZZT)|"%. Then X is
invariant under the mapping of Aut(Y7). That is X(Z*,w*) = X(Z,w).

Proof. See [6]. |
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LEMMA 3A. If F = F(z,w;20,00) € Aut(Y7). Let Jr be the Jacobi
matrix of F(z,w; z0,6p), i.e.

0z* ow*
0z 0z
Jr = ,
ow*
0 ow
where z = (211, -, 21ny 2215+ -+, Z2ny+ -, Zmly - - - » Zmn) IS & vector, z;j is
the element of Z and Z = (zji)mxn € Rr(m,n). Then one has
0z*
By o=z = (A" XD lz=,
ow* 1 .
%IZFZ = Eew det(] — ZZg)_EI?E(Z)'w,
ow

5y |z0=s = € det(I - 27T) ==&,

where E(Z) = (tr[(I — ZZT) 13 Z7 ), te[(I — ZT) 115,27, ... tx[(T —
ZZT)  4nZT]) is column vector with mn entries. I,q is defined as a
m X n matrix, the (p,q)-th entry of L4, i.e., the entry located at the
Jjunction of the p-th row and g-th column of I, is 1, and others entries
of I,; are zero. The meaning of x can be found in [4].

Proof. Tt can be got by direct computations. -

LEMMA 3B. IfF = F(z,w; 29,6p) € Aut(Y;) and T = T|[(z,w), (2, w)]
is the metric matrix of the Finstein-Kahler metric of Y;, one has

T((z,w), (z,w)] = Jp|20=T((0,w*), (0, W) TF |1o=,
and |Jp|2 _, = det(I — 2ZT)~(m+n+%) | where |Jp| = det Jp.

z0=z

Proof. It can be proved by using the invariance of the Einstein-Ké#hler
metric under the holomorphic automorphism of Y;. d

LEMMA 4. Let B be a m X n matrix. Then

tr(BB'BB') < tr(BB)tr(BF') < (m® — m + 1)tr(BE BEB)).

Proof. 1t is obvious. a
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2. Reduce the Monge-Ampeére equation to an ordinary dif-
ferential equation
Let Z = (Zjk)mxn € Rr(m,n). We denote
(2, W) = (211, -+ 1 210y 220y~ y 22my« =y Zmly -« + 5 2y W)
= (21,22,‘ o ’ZN)y

where N =mn + 1, and

=(z,w) = &9 a,f=1,2 N
gaﬂ ] —8za82ﬂ y — Ly 4y .
Note that

99 _ 9

A2y Ow’

Suppose g(z,w) generates the Einstein-Kahler metric of Y;. Then
9{z,w) is a solution to the boundary problem of the Monge-Ampére
equation:

(1) det(g,5(2, w)) = eNHDg(zw) (2 ) € Yy,
g =00 (z,w) € 9Yr.

Let F: (z,w) — (2*,w*), F = F(z,w;2,60y) € Aut(¥Y7). Because
of the invariance of the metric, it is easy to show that det(g,5(z,w)) =
|Jp|? det(g,5(2*, w*)). So

eN+19(zw) — | Jo12e(N+1)glz"w™)
Thus
e_g(Z*»w*) — IJF|N_?|-I6‘9(er)_

For arbitrary (z, w) € Yj, especially take zp = 2z, 6y = —Argw,
that is Fy = F(z,w; z, —Argw). We have
e=90W") = | I | W19 — get(] — Z22T)~ ZHHT L g9 )

where w* = X 2. If A = K(m +n) + 1, then |Jp|% _; = X w|"2*. Let
1
h(X) = e79(0:X2) = ¢=9(02") We obtain

R(X) = | Jg, | T e~9() — XN || 27T =9 0).

Hence
oh ., . 0X 2 _a(zw)9(—=9)
ow h(X) ow || ¥re ow
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It is obvious that

il

SIERE

-

(2)

g% 2%

For the sake of convenience, let

X _ [ wdet(I - ZZT)" UK w0,
w 10 w = 0.

Then
og X W(X)

dw_  w hX)

And due to h(X) = Xf_"%|wl‘21"+rle”9(z’w), we have

oh . 0X
= (X5 =~hX)5

Where o = 1,2,...,N — 1. Then

@__( A X_l_h’(X))BX

8z, \N+1 hMX) / 0zq
Let
A K (X)
) Y(X)_N—H_ wMX)’
then
Og 10X
= —_ =1,2,...,. N —
62a aza, 24 ’2? ? 1
09 _(y__2 1
ow N+1/w
So, we have
9’9 y X

(4)
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9 _1,,0X
Owdzg T w 0zg’
d%g yo_10X 0X , 02X ,0X 08X
= =2 L vx- —yx—2&t g2
0w L w0z X omdw D ow 0m
d%g 0X 0X 02X 0X 0X
————:YI —1______ -1 _ —2____.___
822075 575 0m 1N a0z L% 025 Om
where o, 3 = 1,2,..., N — 1. Because
ox 1
= I — T —lI T
. KXtr[( ZZ7) I Z7,
® 0x 1
— _ T\—-1 !
i —KXtr[(I ZZ*) " ZI).
From formula (2) and formula (5), we have
ox|  _o ox| _
Owlz=0 Ow lz=0
(6)
ox| _ex| _, ox| _oxy _
6za z=0 - szq z=0 - (9713 z=0 B %st z=0 -
where a = n(p—1)+g¢,8 =n(s—1)+t. And from formula (5), we have
(7)
20.¢ 10X

OzpqZst K O0Zs

X
te[(I — Z2ZT)" 1L, 27] + e ZZT) U, I

X _ _
+ 3l - zz0zI (1 - 2Z27) 11, 27).

From formula (2), (5), (6), (7), by computation, we obtain
X

82X
K 6ps6qt,

Ozpqist

z=0

’X
Oz2pgW

=0,
2=0

(8)

12,4
8w23t

=0,
2=0
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where

S = 1 p=s, 5o = 1 g=t,
PPl 0 p#s. 710 g#t.

From formula (6), (8) and formula (4), we obtain

azg — YI
0%g —0
owdzg|,o
2
0 g~ —0,
02,0W |,
0%g
=YK
8Za87ﬁ z=0 o
where o, 3 = 1,2,..., N — 1. Therefore
x 0
y\N-1 /
det(g,5(0, w*)) = det y = <E) Y’
K
0 Y’
Due to the
y\N-1
det{ag(z,0) = detla, 0. DInf = () ¥Vl
and

e(N-f—l)g(z,w) — |JF0,2€(N+1)9(0,'w*) — |JF0|2h_(N+1)-
we reduce the Monge-Ampere equation to an ordinary differential equa

tion: No1
K

It is equivalent to
log(YY1Y") + (N +1)logh — log KN~ = 0.

Derivatives to X

(YN lyl)l K
N — .
Iy +(N+1)5 =0
By computation and formula (3) we obtain
YN lyty
( Li 2wk =

(YN 1Y’) X
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So we have

XY = ey - ALy
It is equivalent to
(9) XYyN-ly! =y N+l -A%YN +C,

where C is a constant. Because
Jg A1
< =Y - —)—.
ow ( N + 1)w
So

it holds for V(z,w) € Y;. If take (2,0) € Y7, then X = 0, thus wg%lwzo =
0, therefore Y(0) = —ﬁ% We obtain C' = 1(\’,\(;]\&—7)1%)% from formula (9).

Suppose g is a solution of Monge-Ampere equation. Then from the
above we have

1 Y N1y Ty —( 1
= —_)N-1ly — 77Ty~ (mtntg)
g = g logl()" 1Y det(r — 227) ()
where Y are the solutions to the following problem:
- A-1 (A=N -1\
XYN lyl — YN+1 . __YN ASARE R A
10) N TN DN
A
Y(0)= ——.
0) N+1

The solutions of above problem are not unique. But the solution of the
problem (1) is unique. If g is a generating function of the complete
Einstein-Kahler metric on Y7, then ¢ is unique and has the form as
follows:

1
N+1

where the Y is also the solution of problem (10). Therefore, the estimate

for the holomorphic sectional curvature of the complete Einstein-Kahler

metric of Y7 is included in the estimates provided in next section.
Because det(g,3) = K1 NYN=1Y"\Jp|? > 0 for V(z,w) € Y7 . Let

0= o log{(3) " 1Y det(T ~ 227)(mH ]

A—1 (A= N -1V
V) =YVt — Yy :
cy) N TN
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From the first formula of (10), we have G(Y) > 0 for VX € (0,1).
Because G(»N%) =0 and

A\ y \ N1

, —
G(N+1)“ <N+1> > 0.

Therefore there exists § > 0 such that G (———]\,’_\H —6) < 0. Thus, from the

fact that G(Y (X)) > 0 for VX € (0,1), we have Y (X) > A5 And from
the first formula of (10), we have Y'(X) > 0. Finally, for V(z,w) € Y7,
we have X € [0,1), Y(X) > 347 and Y'(X) > 0.

For the problem (10), we obtain

N
C*'X = (Y - Y(0)) (YN AoN-1 > Y(O)’“‘IYN"’“> e?),

S N(N+1) &
where
N (N +1)yN-1 iy
oY) =~ YN _ AN Ny gvh-1y N-k
Y(0) NNT1) 2ok=1

C* is a positive constant, and Y is the function in X. Therefore the
problem (10) can be solved to give an implicit function in X.

3. The estimates of holomorphic sectional curvatures

Recall that

1
N+1
where Y are the solutions of (10). Then g(z,w) generate the Einstein-

Kahler metrics of Y;. The holomorphic sectional curvatures of the
Einstein-K&hler metrics have the following form by definition:

d(z,w)[-ddT + dTT~1dT |d(z, w)
[d(z, w)Td(z, w)/]2

e, — 8 —
d=>Y" a—za-dza, d=>Y" adza.
And the metric matrix T = (g,5)-
Note that the holomorphic sectional curvature of the Einstein-Kéhler

metric is invariant under the holomorphic automrphism of Yy, and due
to the Lemma 1, for V(z,w) € Y7 there exist F € Aut(Y;) such that

Y
g(z,w) = log[()" Y det(I - ZZT)~(mint ),

wl(z,w),d(z,w)] =

where
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F(z,w) = (0,w*). So it suffices to calculate the w((z,w),d(z,w)| on
point (0, w*). By Lemma 3b,

T((z,w), (z,w)] = Jrlzg=:T1(0, w*), (0, w*)|JF |z9=

we have

where

!

Ti1 = %(AIZ 'X_D_,D) -+ XY

B2/ E@),

!’

Ty = %w det(I — 2ZT)~ % B(Z),

Tp1 = Ty,
Ty =Y'det(I — Z2T)" %,

where A, D, E(Z) see Lemma 1 and Lemma 3a. Because

dT11 dTho - EdTll Edle
dT = = ( dafu ddTi )
( Ty dTy )97 =\ Gumy, ddms,

By computations, we obtain

YI
dT11)2=0 = —I?Ede ,
dT12|,=0 = 0’/

dT51|,=0 = =Wdz,
dT5),—0 = Y wdw,
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XY"+Y' XY’ XY’

_ B , . ,
ddTn'z:O = ———I?——-—ld’wl I+ —2le| I+ —deZ dZ,
Y _

+ @24z’ <1 +1 %32 d2),

_ XY// A .

ddTiolie0 = —-Ki—lidwdz',

_ XY” Y’——

ddTo1limo = —KJ“—dwdz,

_ I/ !
ddTomliee = (XY +Y")\dwl® + Z‘Y_;L‘dz'z_

Let

7 a5, _ { Bu R

then we have
(dz, dw)[—ddT + dTT-dT |(dz, dw) | =0

_ Ry R \ 77—~
= (dz, dw) ( Roy Ro ) (dz, dw)

= dzRqu + dszlﬁ + dZRuW + d’wRQQW.

K
_ I 0
T 1'z=0:( 16 _1_)a
Y/

by computations, we obtain

Because

XY? XY"4Y'\ ., oo XY oo XYoo

Ry = (KY K Jldw] I__I?z_,dz| [= e de
Y — ' A

—+@ZdZ' <1 +1-xdZ dZ),

XY? XY"+Y' o
R12 - (KY - K )dde,
Rn = R,

XY? XYy"+4+Y' 2 Xy " " 2
Be = (v -—% el + (S = XY =YDl
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From (10), by computations, we obtain

A—1 C
2
XY' =Y?% - &Y + g

XY? XY"+Y' YY' ,_ e
KY = K “_K(‘YNH)’
Xy"? N(N =1)C.,
s XY" —Y"=—(2+ —oRIT NG

It is easy to show that

dz(dZdZ' I + I -xdZ'dZ)d7 = 2tx(dZdZ'dZdZ").
In fact, let
du = dz(dZdZ' -xI)
and rewrite du as an m x n matrix dU, then dU = dZdZ'dZ. So
dz(dZdZ' x1)d7’ = dud?’ = tr(dUdZ’) = tr(dZdZ'dZdZ").
Similarly
dz(I xdZ42)d7 ~ tx(dZdZdZdT).
Therefore we obtain
(dz, dw)[—ddT + dTT~'dT)(dz, dw)
= dlelw + dngld_z—’ + dlezw + d’wRQQW
o 2y? (1- A—1 C
- TRV TNy tywe

YY’ NC
- 4= YN+1)|dz|2\dw|2—(2+

Y —
—)dz|* — %tr(dZdZ'dZdz')

N(N -1)C

)Y 2dul?,

we have

(11) w[(z,w),d(Z,'U))]];;:O
(%(1 — 5% + yeeoldz[* Ytr(dZdZ'dZdZ))

(Fldz|2 + Y'|dw(?)2 (F|dz|2 + Y'|dw|?)?
2% (1~ AG)dePldw (1 + S5eac Y""Idwl‘*)
(%ldz|? + Y|dw|?)2 (%ld2|2 + Y'|dw(2)2 /)
N N
where C = g\,i(z\ﬁ—l)l])\,%

We estimate the w[(z, w), d(z, w)]| =0 in three cases respectively.
(1) ThecaseofKE%n—#. Then A> N +1and C > 0.

_ N
Lets—y(‘]—%,jj.
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If N > 2, that is mn > 1( (m,n) # (1,1)). We have

2N 2N
0< N =1 < NZ -1 <1.
That is 0 < € < 1. From formula (11), we have
1
T2 T T EaE 1 v dwp)?

Y2 A-1 (N+1)C ‘
X[Tﬁ (1"5— NY  (N- 1)YN+1) dz|

+ —I}%tr(dzﬁdza’z"/)

N(N -1)C 2y 2 vz
2y N+ <K(N—1)|dzl Y ldw]

2Yy’
K

+ (1-¢) |dz|?|dw|? + (1 - 5)Y’2(dw(4}.

Because Y (X) > —’}_T, S0

1
—Ww > €+
2~ (%ldzl2 + Y |dw|?)?

Yy? A-1 (N+1)C N+1y 4
8 ﬁ(l”E” NY T (N-DY ' A ))'dzl

+ %tr(dzzz_fdzﬁ)]
§ X ((1 — &) iy — 7/},:_%) \dz|* + Ltr(dZdZ'dZdZ")
Zet (Cid=? + V' [dwl?)?
.Y Kt1(dZdZ'dzdZ’) — 2572 |dz|*
~ETR? (Zldz2 + Y'|dw|?)?

Because [dz|? = tr(dZdZ"), according to Lemma 4, we have

1o, Y (K- 02 (m? — m + 1))tr(dZdZdZdZ)
YEf TR (Zldz? + Y'|duw|?)?

(1 — Hminlm®—mtl) y1 (47 d77dZdZ")

Y
K (Xldz]? + Y'|dw|?)?

=g+
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Next, we proof the inequality:

2(m +n)(m? —m +1)
N2-1

(12) <1

It is equivalent to 2(m + n)(m? —m + 1) < mn(mn +2). When m =
1,n > m, inequality (12) becomes 2(n + 1) < n? + 2n, so inequality
(12) is true. When m = 2, inequality (12) becomes (n — 2)(2n + 3) >
0, so inequality (12) is true. When m = 3, inequality (12) becomes
(n — 3)(9n + 14) + 5n > 0, inequality (12) is true. If m > 4, then
2(m 4+ n)(m? —m + 1) < 2m?(m +n) < 2mn2n < mn(mn + 2), so
inequality (12) is also true. Therefore w < —2¢ = _—A_(?VNle < 0. When

m=n=1,WehaveN=2,/\:2K+1,Y221%“,}/5“ <%. So -

1,_,.C Yo ldzl* — 22X | dz)?|dw|? + Y"?|dw|*
oo &
2 Y3 (Fldz|2 + Y |dw|?)?
vy’ 2 2
>, O —HEldaldu

=T Y3 (Zdzf? + Y| dw?)?
%;(dzl‘1 + l%’ilc73z{2|dw{2 + Y"?|dw|*
- (%2—]dz|2 +Y'|dw|?)?

>3
4

Therefore w < —% < 0.
(ii)Thecaseof%<K<%. Then N-1< A< N+1,C <0,

N(N -1)C

1+ St L% 1+N(N2—1)C(N;—1)N+1
_ (N+1)(;)\—N+1) >0
So
ey X1~ A5 + pfer)lde]* + X tr(dZdZ'dZdZ")

(%ldzP +Y'|dw|?)?

(1 + HN L0y 72| g4

(%ldz|2 +Y'|dw|?)?
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According to Lemma 4 and Y > V)-‘ﬁ we have

2
xr(1 = 3% + v + vy ld2l*
(¥)dz]2 + Y'|dw|?)?
(1 + M HO) Y 2| duw|
(Eldz|? + Y'|dw|?)2

w< =2

It is easy to show that 1 — % + Yf;’ T + Y('rnz]fm 1) is an increasing

function for Y > ﬁ So

1_/\—1+ c + K S K(N+1)
NY YN " Ym2-m+1)" A(mZ-m+1)

So
Yo (i)l + (1 + SRS Y 2| duwl*
(¥1dzP? + Y|dw[?)?

Therefore w < — min()\(gg;{zl), (N+1)(2x\>\ N+1))

iii) The case of K < =1 Then A < N—1,C < 0, from formula (11 ,
m+n
we have
Y2 A-1 C \dal4 X 17T
1o (e teweldlt | gtr(dZdZ'dzdZ)
(Rld=P +Y'dwlP)?> " (%ldzP +Y|dw])?

w< -

2

2% (HEldzPdwl® | ()Y duw]*
(¥ldzl? +Y'|dw[?)? * (%ldz[? + Y'|dw]?)?

according to Lemma 4,

Y Y
—t dZ'dZd7’ —_— |dzl*
g r(dzdz! S e L
1 1> ( Ny + yN+1 + y(mzlfm+1)) |dzI4
_—w —
2 B (Fldz|? + Y'|dw|?)?

—2YI¥,(yN+1)|dzl |dw|® + (%ﬁ—c)lfm]dw]‘l
(K,d2|2 + Y/|dw|?)?

+

Let
%|dz[2
X |dz|2 + Y'|dw|?

U =
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Obviously 0 < u <1, then

—%w—l
A-1 C K 9 2NC
> _ — = _
= <NY YN+ Y(m2—m+1)>“ yrrel—v)
N(N -1)C 2
“opNT (1—u)*
That is
%w+1
A—-1 C K 2NC
< - - 2 21—
—<NY YN+ Y(m2—m+1)>u+YN+1u(1 v)
N(N -1)C )
Because —C > 0,and A= K(m+n)+1,N =mn+1, so
A-1 K _K(m+n 1
NY Y(m2-m+1) Y\ N m? —m+1
__K(m—l—n)(mz—m%—l)——(mn—{—l)
Y (m?2 —m+1)N
>£(m+n)m—(mn+1)>0.
Y (m2-m+1)N T
Let
«_ AL C B K
“ENY YN T YmE—m+1)
. 2NC
b=—m,
., NWN-1C
¢ == oy N+1

then they are positive. Then,

1
Ew—i—l < @’ —bu(l-u)+c*(1—u)? = (a* +b* +c*)u? — (b* +2c")u+c*.

Now we consider the maximum value of %w +lonu=0oru=1. If

u =0, then Y (0) < Y(X),

1 ., NN-1)C (N—1)(N+1-X
Z =< — =
Wt l= = Ty 2 '
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If u=1, then
Lo A=l C K
2 ~— NY(0) Y@ONt Y(0)(m2-m+1)
L KN+
A(mZ —m+1)

From A < (N —1), we obtain &= > 1. From N 41— > 2, we obtain
N+l=d S g e
., NWN-1
¢ =-—gyrm 21t
Because a*(0) < 1, so the maximum value of Jw + 1 is ¢*(0) on u = 0.
Therefore, in the case of (iii), we have

(N-1)(N+1-))

: A ’

the equal is true at the point (z,0) in the direction (0,dw). The —2 +

(N=1)(N+1-X)
)

w< =24+

is nonnegative and in some cases it can be positive.

Finally we get the conclusions as follows. In the case of K < —’?n%,
the holomorphic section curvature under the complete Einstein-Kéhler
metric of Y7 can get the positive value. If K > Tn'f:nl, then the holomor-
phic section curvature is bounded from above by a negative constant,

due to [2], we obtain the following comparison theorem.

COMPARISON THEOREM. Let
Y;:={W € C,Z € Ry(m,n) : [W|*K < det(I — 227), K > 0}.

If Ey,(z,w;y) and Ry,(z,w;y) denote the complete Einstein-Kahler
metric and Kobayashi metric of Y7 respectively. When K > %’71,
then there exists a positive constant ¢ such that

Ey,(z,w;y) < cRy, (2, w;y)
for all (z,w) € Y1,y € CV.
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