Commun. Korean Math. Soc. 18 (2003), No. 3, pp. 581-586

NOTE ON SRIVASTAVA’S TRIPLE
HYPERGEOMETRIC SERIES H4y AND H¢

YoNG Sup KiM, ARJUN K. RATHIE AND JUNESANG CHOI

ABSTRACT. The aim of this note is to consider some interesting re-
ducible cases of H4 and H¢ introduced by Srivastava who actually
noticed the existence of three additional complete triple hypergeo-
metric functions H 4, Hg, and He of the second order in the course
of an extensive investigation of Lauricella’s fourteen hypergeomet-
ric functions of three variables.

1. Introduction and results required

Lauricella [2], in 1893, generalized Appell’s four functions to func-
tions of n variables. For n = 3, he conjectured the existence of ten
hypergeometric functions of three variables in addition to F4, Fg and
Fp defined by himself. These ten functions, namely, Fg, Fr, Fg, Fk,
Fy, Fn, Fp, Fg, Fs, and Fr were defined, and their properties were
studied by Saran [3]. In the course of Saran’s function, Srivastava came
across three additional new hypergeometric functions H4, Hg, and Hco
of three variables which are given in Srivastava and Manocha [6, pp.
68-69, Egs. (36)-(38)]. The H4 is recalled here:
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whose region of convergence is |z| < 7, |y| < s, |z|] <t,and r+ s+t =
1+ st, and (a),, denotes the Pochhammer symbol defined by

et if n=290,
(a)n‘{a(a+1)(a+2)---(a+n—1), if neN={1,2,3,---}

_ T(a+n)

RO

where T'(2) is the well-known Gamma function.

The following well-known formulas are recalled for our present inves-
tigation (see [1]).

Gauss theorem:

(12) 2F1 (e — a)T(c —b)

a,b; 1] _ T(e)T(c—a—b)

provided Re(c —a —b) > 0.
Kummer’s theorem:

a,b; T(1+a—bI(1+ 1a)
2F1 -1 =
1+a-b;

(1) “TA+al(+la-b)

Gauss’s second summation theorem:
a,b; (T (L lp 41
(1.4) WP | 1 1| _TE)FGa+ts +§)'
s(a+br1);2 T(ja+3T(Fb+ 1)

Bailey’s formula:

(1.5) o
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Appell’s function Fy:
(1.6)
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where F} is defined as in [6, p. 53, Eq.(4)].
The object of this note is to derive some interesting reducible cases
of H A and H, C-
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2. Main results and their derivations

We first show that
HA (aaﬁ)ﬂ/;7’1+/6+ﬂ, _a;xala_l)

(1) _TU-a)l(1+30T0+6+8 -a) [ﬁ,a%ﬁ' l]

T LA+ AT+ 50 — )" |

Indeed, by noting (A)m4e = (A\)m(XA+m)¢ and starting with (1.1), we
have
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Settingy =1, 2= -1, and v =1+ 8+ — a in (2.2) and using
(1.6), we obtain

HA (075,5/5%1"‘5"‘/@/—06§$,1,—1)
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which, upon using the following identity:
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immediately yields
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This completes the proof of (2.1).

Furthermore, we will consider some interesting special cases of (2.1).
In (2.1), setting z = 1 with (1.2), s = —~l and y = 1+ 8 — o+ 3’ with
(1.3), z = § and v = 3(1+a — B — 14') with (1.4), and « = § and
B = 2a+ 28 — 2 with (1.5), after some simplification, we, respectively,
obtain the following interesting special cases of (2.1):

(2.3)
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By using the known identity (2.10) and (2.2), we find that Hy4 is
reducible to a generalized hypergeometric function:
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Similarly, considering Srivastava’s Ho function (see [6, p. 69, Eq.
(38)]) defined by

(2.8) )
I R
(Je[ <1, |y <1, || <1),
we obtain
He (o, ﬁ ﬂ"'v;w Y, 2)
(29)  _ Z RS, a+mﬂ+m7+mzy] Zm

which, upon using the known identity [6, p. 55, Eq.(15)]:

- _T(eT(c—a—-b-V)
(2.10) File, 5,0’ ’1’1]_F(c—a)1"(c—b——b’)
R(c—a—-b-b)>0; c#£0,-1,-2,...),

yields
(2.11)
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If we take, in (2.11), z = 1, 8 = §, and v = 38 with Watson’s
theorem [4, p. 245],and z =1, 1+ a = 46—, and v = 33 with Dixon’
theorem [4, p. 243], we, respectively, obtain
(2.12)
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and
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