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HARMONIC KAHLER FORMS
ON HYPERKAHLER MANIFOLDS

KWANG-SOON PARK

ABSTRACT. Let M be a hyperkédhler manifold with the hyperkahler
structure (g,1,J, K). In [5], D. Huybrechts suggests that it is an
open and interesting question whether any Kéhler class that stays
Kahler in the twistor family can actually be represented by an har-
monic Kéhler form. In this paper we will consider both this problem
and the set of all the primitive harmonic Kahler forms on M.

1. Introduction

Given a manifold M, to study it, we usually use its cohomology ring.
Moreover, with the aids of Hodge theory if we have some information
about its harmonic space, then we can do much more things about the
manifold M.

DEFINITION 1.1. Let M be a 4n-dimensional manifold. M is said to
be hyperkdhler if there is a metric g on M such that for some complex
structures I, J, and K on M with the properties ToJ = —Jol = K,
the metric g is Kdhler with respect to each complex structure R for
Re{l,J,K}.

We call (g, 1, J, K) the hyperkahler structure on M. Let S := {al +
bJ +cK | a® +b?> +c®> = 1}. For each R € 8, it is easy to show that
R is also a complex structure on M. We call R the induced complex
structure on M and S the twistor family of all the induced complex
structures on M.
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2. Kahler classes
For a 1-dimensional complex manifold (C, I), there is a holomorphic

coordinate z = x + v/—1y on C which is compatible with the complex
structure I. Then from the equation I(dz) = v/—1dz, we have

I(dz) = —dy
I(dy) = dz.
Furthermore, by the relation I (dz)(%) =dz(I (;%)), where
o 1,0 0
9z 3V gy
g 1,0 0
2z ~2le TV gy
we get
0 0
I(5.)= oy
7] o]
I(a—y) = "o
Consider the complex manifold (C, —I). From the above, we have
/o (D)=~
(=I)(dz) = v-1dz (—I)(dzx) = dy and ez’ T By
(—I)(dz) = —v=1dz,  (~I)(dy) = —dz, -n2y=2
Oy ox

Thus we see that Z = x — +/—1y is the holomorphic coordinate on the
complex manifold (C, —1I).

PROPOSITION 2.1. Let (X, I) be a Kahler manifold. If o is a Kéhler
form on the complex manifold (X,I), then the form —« is Kahler on
the complex manifold (X, —1I).

Proor. This is an immediate result from the definition of a Kéahler
form on the complex manifold (X, I). O

Now, we will do the main theorem.

THEOREM 2.1. Let X be a 4n-dimensional compact hyperkihler man-
ifold with the hyperkéhler structure (g,1,J, K). Let S := {al+bJ+cK |
a® + b2 4 ¢ = 1}. Then there are no Kihler classes o on the complex



Harmonic Kahler forms on hyperkdhler manifolds 517

manifold (X, I) such that the class « is Kihler on each complex manifold
(X,R) for Re S.

PROOF. Assume that « is a Kéhler class on the complex manifold
(X, I) such that the class a is Kahler on each complex manifold (X, R)
for R € S. Then by the Hodge theory, there is a harmonic form & €
HY(X, ) such that its cohomology class [@] is equal to the class a.
Throughout this paper, we will denote by [(] the cohomology class of
a closed form . By the assumption and Hodge theory, the harmonic
form & is of type (1,1) on the complex manifold (X, R) for each R € S,
since the harmonic forms depend only on the metric g and not on the
complex structures R. Thus, by our assumption and the definition of
the Kéhler class, there is a 1-form g € A'(X, R) such that the 2-form
o + dfg is Kahler on (X, R) for each R € S.

Since the 2-form a+dgy is Kahler on (X, I'), by Proposition 2.1, the 2-
form —(a+dpy) is also Kéhler on (X, —I). Thus the 2-forms —(a+dg;)
and & + dB_; are Kéhler on (X,~I). Let Kx _j) be the set of all
Kéhler classes on the complex manifold (X, —7). Then we already know
that K(x _r) is an open convex cone in HY(X, —T) N H2(X,R). But
[—(@+dpr)] = [-a] = ~[8] € K(x,—py and [@ +dB-1] = [a] € K(x—p),
contradiction. Therefore, we complete our proof. (]

REMARK 2.1. In [5], D. Huybrechts says that it is an open and in-
teresting question whether any Kéahler class that stays Kahler in the
twistor family can actually be represented by an harmonic Kéhler form.
But by Theorem 2.1, this question is absurd.

3. Harmonic primitive Kihler forms

Let X be a 4n-dimensional compact hyperkahler manifold with the
hyperkahler structure (g,I,J,K). Let A be the set of all harmonic
primitive Kéiivhler forms on (X,I) , Kx the set of all Kihler forms on
(X,I), and Kx the set of all Kéhler classes on (X,I). And let

Ky = {weKx | -w} = c- w?" for some scalar constant c}
for0<i<2n-—1.

Then the followings are well-known:

1. Kx is an open convex cone in H%!(X, R).

2. the set K% is isomorphic to the Kéhler cone Kx ([11, {21, (3], [5],

[6]).
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3. the canonical projection I@X — K x is injective for 1 <i<2n—1

[5]-

ProposITION 3.1. ([5]) With the above notations, the set Ef}‘_l is
an open subset of the harmonic space H*!(X,R), where HY}(X,R) is
the space of all harmonic real (1,1)-forms on (X, I).

PRrROOF. For any w € /ng’_l, we have
w-w = c.w? for some scalar constant c.

Since 0 = w?* Y w — ¢ wy = L Yw — ¢ wyp), the form w — ¢- wy is
I wr ’

closed and wy-primitive. Then it is not hard~ to show that w — ¢ - wy Is
wr-harmonic. By the above facts 1 and 3, K%}‘_l is an open subset of
HY (X, R). |

Furthermore, we know
A=H"X,R) NKx

for the primitive decomposition H»'(X,R) = R-w; & HVY(X,R), with
respect to the Kahler form w;. Thus, for any a € A we have that
the form « is of type (1,1) on the complex manifold (X, R) for each
R € S, where S := {al +bJ +cK | a® + b* + % = 1}. Let K} =
l@?_l NHH(X,R);. Then by Proposition 3.1, K+ is an open subset
in the space HY1(X,R) . Since /ng C ACHY(X,R)., we obtain

dim A = K (X) -1, where A" (X) := dim H™(X).

Moreover, the set A is an open convex cone in the space H1!(X,R), .
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