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PROJECTIVELY FLAT FINSLER SPACE WITH
AN APPROXIMATE MATSUMOTO METRIC

HonG-SuH PARK, IL-YONG LEE,
Ha-YonGg PARK AND ByYuNG-Doo KiMm

ABSTRACT. The Matsumoto metric is an (o, 3)-metric which is an
exact formulation of the model of Finsler space. Lately, this metric
was expressed as an infinite series form for |3| < |a] by the first
author. He introduced an approximate Matsumoto metric as the
(o, B)-metric of finite series form and investigated it in {11]. The
purpose of the present paper is devoted to finding the condition
for a Finsler space with an approximate Matsumoto metric to be
projectively flat.

1. Introduction

A Finsler metric function L in a differentiable manifold M is called
an (o, B)-metric, if L is a positively homogeneous function of degree
one of a Riemannian metric o = (a;;¥*y’)'/? and a non-vanishing 1-
form 8 = b;y* on M. The Matsumoto metric is an interesting (o, §)-
metric which is an exact formulation of the model of Finsler space. This
metric was introduced physically by using the gradient of slope, speed
and gravity [5]. But this metric is expressed as an infinite series form
for |8] < |a|. The first author introduced an approximate Matsumoto
metric as the r-th finite series («, 3)-metric form and investigated it in
[11].

A change L — L of a Finsler metric on a same underlying manifold
M is called projective, if any geodesic in (M, L) remains to be a geodesic
in (M, L) and vice versa. A Finsler space is called projectively flat if it
is projective to a locally Minkowski space. The condition for a Finsler
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space with (a, 8)-metric to be projectively flat was studied by M. Mat-
sumoto [6]. Aikou, Hashiguchi and Yamauchi [2] give interesting results
on the projective flatness of Matsumoto space.

The purpose of the present paper is to consider the projective flatness
of Finsler space with an approximate Matsumoto metric.

2. Preliminaries

In a Finsler space (M, L), the metric

(2.1) L(a, B) :a{i (g)k}

k=0

is called an approzimate Matsumoto metric. The Matsumoto metric is

expressed as
' r /6 k ag
] el =
Jim o {Z (a Py

k=0

for |8} < |a| in (2.1). If r = 0, then L = « is a Riemannian metric. If
r =1, then L = o+ 3 is a Randers metric. The condition for a Randers
space to be projectively flat was given by Hashiguchi-Ichijo 3], and M.
Matsumoto [6]. Therefore in this paper, we suppose that r > 1.

Let ;% be the Christoffel symbols with respect to « and denote by (;)
the covariant differentiation with respect to v;%. From the differential
1-form B(z,y) = bi(z)y® we define

2ri; = bij + by 28i5 = biyj — bj = (90 — Biby),
5; = a"srj, b =a'"b,, b%=a"%b,bs.
We shall denote the homogeneous polynomials in (y°) of degree r by
hp(r) for brevity and the subscription 0 means contraction by 3¢, for
instance, to = t;y°. In the following we denote L, = 8,L, Lg = 05L,
Lyo = 000, L.
Now the following Matsumoto’s theorem [6] is well-known.

THEOREM M. A Finsler space (M, L) with an (a, B)-metric L(c, 3)
is projectively flat if and only if for any point of space M there exist local
coordinate neighborhoods containing the point such that ;" satisfies:

(70" 0 — Yoooy'/0?)/2 + (aLg/Lq)sy

(2'2) 211 %
+ (Laa/La)(C + arOO/z/B)(a b /ﬁ —Y ) = 07
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where C is given by
C + (a®Lg/BL4)so

+ (@Lao/B*La)(0?b* — B*)(C + argo/28) = 0.
The equation (2.3) is rewritten in the form

(C 4 arge/26){1 + (@Lao/B%La) (0?6 — 1)}
—(/26){ro0o — (2aLg/La)so} = 0,

(2.3)

(2.4)

that is,
aﬁ(’l“g()La - 201L580)

2{B%Lq + aLya(a?b? — §2)}

C + arg /208 =
Therefore (2.2) leads us to

{La(e®y0'0 — yo00y") + 203 Las’ o H{ 8% Lo, + aLao (a®b? — 5%)}

(25) 3 211 7
+ &°Laa(rooLa — 2aLgso) (b — By*) =0

3. Projectively flat space

In the n-dimensional Finsler space F™ = (M, L) with the r-th (r > 1)
approximate Matsumoto metric (2.1), we have

k-1

La=—§<k—1> (—i—)k Lﬁ=§k(§) ,

T k
Loo = ékzzo(k — Dk (—g—) .

Substituting (3.1) into (2.5), we have
(3.2)

{Z(k— 1) < ) (@®¥0'0 — Yo00y’) — 20°s% Zk (g)k—1}
X {52 z(k— 1) (g—) — (a?b? _Bz)kzzo(k_ Dk (g)k}
_azz -1k (g)k{rookzr::o(k—l) <§>k+2a30§k(g)k_l}

X (a2bZ — ByY)

(3.1)



504 Hong-Suh Park, II-Yong Lee, Ha-Yong Park and Byung-Doo Kim

We shall divide our consideration in two cases of which r is even or odd

(i) Case of r = 2h (h is a positive integer).
When r = 2h, we have

r B é k__l—Zh o R
> (k-1) - —a2h2(2h k—1)akg?k,
k=0 k=0

r BV g 2
(3.3) Z k (a) = Z(Qh — k)akpghkl
k=0

k=0

r k 2h
=1k (2) = 2 S (@h— k- 1)2h — k)akp2*,
a a2h

Separating the rational and irrational parts in y', we have
(3.4)

2h
> (2h—k—1)a*p**

k=0
h h—1
=Y (2h—2k— 1)o7 +a S (2h — 2k — 2)a2k g2h-2k1
k=0 k=0
=A+aB,
2h
>-(2h—k—1)(2h - k)" " =D +ak,
k=0
2h
Y- (2h —k)a* T+t = F + oG,
k=0
where

(2h — 2k — 1)a?* B>,

M=

A=

T
)

B= Z(Zh — % — 2)a2kﬂ2h—2k—1,

b
Il
©

D (2h — 2k — 1)(2h — 2k)a2*g2h—2k,

[
M=

£
i
o
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h—1
E = (2h—2k—2)(2h — 2k — 1)a® g1,
k=0
h
F= Z(2h _ Qk)a2kﬂ2h-—2k—l’
k=0
h—1
G =) (2h— 2k —1)a® 22,

k
Substituting (3.3) and (3.4) into (3.2), we have

I
o

(&®¥0'o — Y000y*){B*(A% + 20AB + o’ B?)
— (0®b? — B?)(AD + o(AE + BD) + &*BE)}
— 20450 {B*(AF + a(BF + AG) + o> BG)
— (a?b® — B*)(FD + o(FE + GD) + o*GE)}
— a?(a?b — By*){roo(AD + o(AE + BD) + o*BE)
+2a%so(FD + o(FE + GD) + o*GE)} =0,
that is,
P+aQ =0,
where
P = (&®v0'0 — Y0000 ) {B*(A% + o2 B?) — (o®b* — f*)(AD + o*BE)}
— 20450 {B*(AF 4 o®BG) — (a2b% -~ B%)(FD + o*GE)}
— o?(a®b — By ){roo(AD + a2BE) + 2a*%so(FD + o?GE)},
Q = (®v0'0 — 1000y"){26°AB — (o’ — 5*)(AE + BD)}
—20s'0{B3*(BF + AG) — (¢®b® — 8°)(FE + GD)}
— o?(a®b* — By"){roo(AE + BD) + 2a°so(FE + GD)}.

Since P, @ are rational parts and o is an irrational part in 3¢, P = 0
and @ = 0, that is,
(3.5) ' .

(%% — Y000y"){B*(A? + o> B?) — (a?b? — B%)(AD + o’ BE)}

— 2a%s% 0 {F%(AF + a’BG) — (b — B*)(FD + o*GE)}

— o?(a®b* — By*){roo(AD + a*BE) + 20a”so(FD + o*GE)} =0,
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(@*0'0 — Y000y"){26°AB — (a®b* — 8°)(AE + BD)}
(3.6) —2a%s'{B*(BF + AG) — (a®b* — f*)(FE + GD)}
— a?(a?b — By*){roo(AE + BD) + 2a*s¢(FE + GD)} = 0.

Eliminating (ay0% — Yo00y®) from (3.5) and (3.6), we have

2025 [—{B*(AF + o> BG) + (*b* — 8*)(FD + o*GE)}
x {282AB — (*b® — B*)(AE + BD)}

+ {#*(BF + AG) — (o?v* — B*)(FE + GD)}

x {B*(A* + o®B?) — (a®b® — *)(AD + o’ BE)}]

— (a®b* — By ) [{roo(AD + o®BE) 4 2a”so(FD + o*GE)}
x {262AB — (v — 3%)(AE + BD)}

— {roo(AE + BD) + 20%so(FE + GD)}

x {B%(A? + a®’B?) — (ob* — B*)(AD + o*BE)}] = 0.

(3.7)

Transvecting (3.7) by b;, we have
(3.8)
20%so[—(AF + o> BG){23?AB — (o*b? — 5?)(AE + BD)}

+ (BF + AG){8?(A% + o?*B?) — (a*b? — %)(AD + o’ BE)}]
— r00(a®b? — 8%){2(AD + o®BE)AB — (AE + BD)(A? + o®B%)} = 0.

The term of (3.8) which does not contain o? is 2(2h — 1)4rgeB8 +L.
Therefore there exists hp(8h + 1) : Vgpy1 such that

(3.9) 2(2h — 1)*rgo B! = o Vapat.

We suppose that a® #Z 0 (mod ). In this case, there exists from (3.9) a
function k = k(z) satisfying Vsn41 = k8%"*1, and hence

(3.10) Too = Aa?,

where A\ = k/2(2h — 1)%. Substituting (3.10) into (3.8), we have
(3.11)
2s9[—(AF + o?BG){28%AB — (o*v* — 3*)(AE + BD)}

+ (BF + AQ){B?(A% + o?B?) — (o®b® — 8%)(AD + &’ BE)}]
— Ma?b? — 82){2(AD + o*BE)AB — (AE + BD)(A*> 4+ o*B?)} = 0.
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It is observed from (3.11) that (c1sg + c2A3)3%"? must have a factor
a?, that is,
(c150 + c2AB)B%H? = W,

where ¢; = (2h—1)?(8h% —6h+1), c; = (2h—1)2(2h —2). Since a? # 0
(mod B), c180 + c2AB = 0, that is, ¢15; + coAb; = 0. Transvecting this
by b¢, we have caAb? = 0.

(a) If c2 = 0, that is, h = 1, then
A=p%-a? B=0, D=23% E=0, F=28, G=1.
Hence (3.5) and (3.6) is written as

(7o' — Y000y ) {(1 + 26%)a* — 2(2 + b%)a? B + 33}
(3.12) + 4atsto{(1 + 2b%)a?B — 33%}
+ 2a2(azbi - ﬂyi)(rooaQ — 40*Bso — 7‘0052) =0,

(3.13) 5%0(362 — (1 + 2b%)a?) + 2s¢(a®b’ — By*) = 0.

Transvecting (3.13) by b;, we have s4(8% — o?) = 0. Since 82 — a? # 0,
we get sg = 0. Substituting this into (3.13), we have

s'o{(8% — &®) — 2(a®b” - 6%} = 0,
from which s‘g = 0, that is, s;; = 0. The term which does not contain

a? in (3.12) is —3v000y°B*. Therefore there exists Ap(1) : po = pi(z)y*
such that

(3.14) Y000 = ,LLoa2.
Substituting s¢g = 0, sp = 0 and (3.14) into (3.12), we have
(3.15)  {(1 +2b%)a? — 38%}(v0'0 — poy’) + 2ro0(a®d’ — By*) = 0.

The terms of —382(yo’0 — poy*) — 2rooBy’ of (3.15) must contain the
factor a?. Hence there exists 1-forms vy = v*;(z)y’ such that

(3.16) 35(70% - ,uoyi) + 2rooy’ = Vil
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Transvecting (3.16) by y;, we have
(3.17) 2rg0 = Vioyi.

On the other hand, (3.15) is rewritten as the form

o?{(1+26%) ("0 — poy’) + 2roob’} = B{3B(x0"0 — poy") + 2re0y'},
from which it is reduced to
(3.18) (14 26%) (70’0 — koy") + 2rood® = Bro

by virtue of (3.16).
Substituting (3.17) into (3.18), we get

(3.19) (14 26%)(v0%0 — poy®) = Bre — voob',
where v;; = a;,v";. From (3.15) and (3.19) we have

vio{(1 + 2b%)a? — 38%} = voo{(1 + 26%)ys — 30b:},
from which

vi;{(1 + 26%)an — 3bibr} + (jkh)

(3.20) , .
= I/jk{(l + 2b )aih - 3bzbh} + (]kh),

where (jkh) denotes the terms obtained from preceding terms by cyclic
permutation of indices j, k, h. It is easy to show that the tensor (1 +
2b%)a;; — 3b;b; has reciprocal

MY = {a¥ 4 3b'67 /(1 — b)}/(1 + 2b°).
Transvecting (3.20) by M"*  we get
(321) Vi = M{(l + 2b2)aij — 3b¢b‘7},

where M = M"*vy,; /n. Therefore, from (3.17) we have

(322) Tij = %M{(l + 2b2)aij - 3bzbj}
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Hence, we have
1
(323) bi;j = QM{(I -+ 2b2)aij - 3bzbj}

Next, from (3.21) the equation (3.19) is reduced in the form

(3.24) Yo'o — poy’ = M(By* — a®b?),
that is,

, 1 . ) )
(325) ’)’jzk = 5{(/1,] -+ Mbj)élzc + (,U/k + Mbk)(S;} — Majkbz.

Conversely, it is easily verified that (3.12) and (3.13) are consequences
of (3.23) and (3.25).

(b) For h> 1, A=0o0r b =0.
First, if A = 0, then s; = 0 and roo = 0 from (3.10). Therefore, from
(3.7) we have
2025 [—{B*(AF + o*BG) + (o*b* — ?)(FD + &*GE)}
x {26%AB — (o*b? — B*)(AE + BD)}
+ {B%(BF + AG) — (o?v* — B>)(FE + GD)}
x {8%(A? + o’B?) — (a?* — 3*)(AD + o*BE)}] = 0.

(3.26)

The term which does not contain o is (2h — 1)*(64h* + 48h° — 14h® +
4h +1)s'B8M+2, Therefore there exists hp(8h + 1) : Usp41 such that

(2h — 1)2(64h* + 48h% — 14h? + 4h + 1)5%B% 2 = 2 Usp 1.
Hence s’ = 0, that is, s;; = 0. From this and r;; = 0 we have
(3.27) bisj = 0.
Substituting s’y = 0, r;; = 0 and sp = 0 into (3.5), we must have
hp(1) : og = 0;(x)y’ satisfying yoo0 = doa®. Therefore vo'g = ooy’, that

is,

(3.28) 27"k = 00} + ok,
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which shows that the associated Riemannian space is projectively flat.
Conversely it is easy to see that (3.2) is a consequence of (3.27) and
(3.28).
Secondly, if b2 = 0, then (3.11) is reduced to
2s0{—(AF + o*BG)(2AB + AE + BD)
(3.29)  + (BF + AG)(A*+ o’B* + AD + o*BE)}
+ M2(AD + o®?BE)AB — (AE + BD)(A% + o?B%)} = 0,
from which
2500 % = B*Usn_4,

where Usgp—4 is hp(8h — 4). Therefore sy = 0, and hence A = 0. Thus
we obtain (3.27) and (3.28).

(i) Case of r =2h + 1 (h is a positive integer).

In this case, we have
(3.30)
2h+1

T k 1 ]
’;O(k Y <§) - W Z (2h — k)akF?h—k+l

o2h+1 —sn1 (H +ad),
r g\E-1 g 2tl
k(-) = — Z(Qh_k_i_l)akﬂml—k
k=0 @ > =0
«
=~ (J +aF),
r )6 k 1 2h+1
> (k~1k (—) = 7 3 (2h — k)(2h — k + 1)aFp2h—r T
k=0 o . k=0
= 2htl —5hg1 (K +aD),
where
h h
H= Z(gh _2k)a?k iRl g Z(gh — 0k + 1)a2kg2h—2k
k=0 k=0

h
K = (2h — 2k)(2h — 2k + 1)o?* g2k +1,
k=0
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Therefore (3.2) is written as

{(a®v0%0 — Yooy )(H + A) — 2a*s%4(J + aF)}
x {B*(H + ad) — (®* — 5%)(K +aD)}

— (K + aD){roo(H + ad) + 20a%so(J + oF)}
x (b — By*) = 0.

(3.31)

Separating the rational and irrational parts in °, we have
P' +aQ =0,
where
(3.32) _ _
P’ = (0?7400 — Yoooy ) {BX(H? + o2 A?) + (HK + o?AD)(a?b* — 5%)}
— 2050 {B*(JH + o*F A) — (JK + o*FD)(a®b* — 5%)}
— & {roo(KH + 0®DA) + 20%s0(KJ + o DF) }(a®b' — By")
=0,
(3.33) ' ‘
Q" = (@®y0'0 — Yo00y"){26°AH + (HD + AK)(a?b* — §°)}
—2a"s'{B*(FH + JA) — (JD + FK)(a®V* — %)}
—a*{roo(KA+ DH) + 20a%so(DJ + KF)}(a®b' — By*) = 0.

From (3.32) we have 8h3vyp0oy'8*"** = a?Vipie, where Vipig is a
hp(4h + 6). Therefore there exists hp(1) : vy satisfying

(3.34) Yooo = Voa.

Next, eliminating (a?7o% — Yo00%") from (3.32) and (3.33), we have
2025 [{B*(JH + &®F A) — (JK + o*FD)(a?b* — %)}

x {26%AH + (HD + AK)(a?b* — 5%)}

—{B%(FH + JA) — (JD + FK)(a?b* — 3%)}

x {B*(H? + a2 A%) + (HK + o> AD)(a?b? — )}

+ {roo(KH + ¢?DA) + 2a2so(KJ + o DF)}(o?b* — By*)
x {282AH + (HD + AK)(a?b* — )}

— {roo(KA+ DH) + 20%s9(DJ + KF)}(a®b* — By)

x {G%(H? + o®A?) + (HK + o*AD)(a?b* — 3*)}] = 0.

(3.35)
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The term of (3.35) which does not contain o? is 8h3(2h —1)(16h% +4h —
U)rop38"+8y¢. Therefore there exists a function p = p(z) such that

(336) Too = pa2 .

Substituting (3.36) into (3.35) and transvecting it by b;, we have
(3.37)
250[(JH + o*FA){26%AH + (HD + AK)(c?b? — 8%)}

— (FH + JA){B*(H? + o®A%) + (HK + a”AD)(a®0” - 5%)}]
+p{2(KH + o’ DA)AH — (KA + DH)(H? — o A*)}(a®b* - §?)
=0.

The term of (3.37) which does not contain a? is (c|so + chpB3)B84+4,
where ¢; = 8h2(4h + 1)(32h* — 12h% + 8h — 1), ¢, = —8R3(2h — 1).
Therefore ¢ sg + chpB = 0, that is, ¢|s; + chpb; = 0. Transvecting this
equation by b;, we have chpb? = 0. Since ¢, # 0 for a positive integer,
p=0o0r b =0.

First, if p = 0, then sg = 0, that is, s; = 0 and roo = 0 from (3.36).
Therefore we have from s’o = 0, that is, s;; = 0. Hence b;; = 0. Sub-
stituting b;;; = 0 and (3.34) into (3.32) or (3.33), we have yo'0 = voy’,
that is, the associated Riemannian space is projectively flat. Secondly,
if b2 = 0, we have easily the above result by the same method of the
case of r = 2h. Thus we have the following

THEOREM 3.1. A Finsler space F™ with the approximate Matsumoto
metric (2.1) provided o # 0 (mod (3) is projectively flat if and only if
(i) when r = 2, b;,; satisfies (3.23) and the Chrisroffel symbols of the
associated Riemannian space are written in the form (3.25),
(i) when » > 2, b;; = 0 and the associated Riemannian space is
projectively flat.

REMARK. In the case of r = 2h+1,if h =0, then H =0, J = 1,
A= -1, F =0, D =0. Therefore (3.31) is reduced to

o®y5%0 — Y000y + 203s%9 = 0.

This equation coincides with one in [6].
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