Commun. Korean Math. Soc. 18 (2003), No. 3, pp. 469479

LITTLE HANKEL OPERATORS ON
WEIGHTED BLOCH SPACES IN C"

K1 SEoNG CHOI

ABSTRACT. Let B be the open unit ball in C™ and pq(qg > —1)
the Lebesgue measure such that pg(B) = 1. Let Liq be the sub-
space of L?(B, du,) consisting of analytic functions, and let Lg’ q be
the subspace of L%(B,duq) consisting of conjugate analytic func-
tions. Let P be the orthogonal projection from L?(B,du,) into
Lqu. Tlf little Hankel operator hl, : Lg,q — Lg,q is defined by
h&(-) = P(p -). In this paper, we will find the necessary and suf-
ficient condition that the little Hankel operator h} is bounded(or
compact).

1. Introduction

Let D denote the open unit disk in the complex plane C, and let dn
denote the usual normalized area measure on D. The Bergman space
L2?(D,dn) is the Hilbert space of analytic functions g : D — C with
inner product given by

<fg>= /D F(2)g(@)dn(2).

Let P denote the orthogonal projection on L%(D, dn) onto L?(D, dn), so
(I — P) is the orthogonal projection of L?(D,dn) onto (L2(D,dn))*.
For f € L*°(D,dn), the Hankel operator

Hy : L2(D, dn) — (L2(D, dn))*

is defined by
Hy(g) = (I - P)(fg).
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It is useful to consider Hankel operator Hy for f € L?(D,dn). As
usual, H*°(D) denotes the set of bounded analytic functions on D. For
f € L*(D,dn), Hf maps H>®(D) into (L2(D,dn))* by the formula
Hs(g) = (I — P)(fg). The set H>*(D) is dense in L2(D,dn). Thus if
H; is a bounded operator, then H extends to a bounded operator from
L%(D,dn) to (L%(D,dn))™*, also denoted by Hj.

The Bloch space of D consists of analytic functions f on D such that

sup{(1 — |2|*)|f'(2)| : z € D} < +o0.
The little Bloch space is the set of analytic functions f on D such that
(L= [2)If'(z)| = 0 as |2| — 1.

In [2], it was shown that for f € LZ(D,dn), the Hankel operator Hy is
bounded if and only if f is in the Bloch space in D, and H is compact
if and only if f is in the little Bloch space in D.

Let B be the open unit ball in C™ with normalized volume measure
dv. The Bergman space L) , = L2(B,dv) consists of those analytic
functions which lie in L?(B, dv). Let P denote the orthogonal projection
of L?(B,dv) onto L2 ,. As usual, H*(B) denotes the set of bounded
analytic functions on B. The Hankel operator Hf(-) = (I — P)(-) maps
H®*(B) into (L2 ,)* for f € L?(B,dv). The set H*(B) is dense in L2 ,,.
Thus if Hy : H*® — (Lg’u)L is a bounded operator, then H extends to
a bounded operator from L2 , to (L2 ,)*, also denoted by Hy.

For z = (21,22, "+ ,2,) and w = (wy,ws,- -+ ,w,) in C", the inner
product is defined by < z,w >= Y77, z;W; and the norm by || 2 I1? =
< z,z > Vf(z) = (;%f;,u- ,6‘97];) is the holomorphic gradient of f.

In [8], Timoney showed that the linear space of all analytic functions
f : B — C which satisfy

sup(1— || 2 |*) || V(=) I| < oo
zeB

is equivalent to the space B of Bloch functions on B. The little Bloch
space By is the subspace of B consisting of those functions f : B — C
which satisfy

lim (1- | 2 [%) | 94(z) || = o.

ll2]l—1

In [4], it was shown that for f € L2 | the Hankel operator Hy is

a,v?

bounded if and only if f € B, and H7 is compact if and only if f € By.
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For each g > 0, the weighted Bloch space of B, denoted by B, consists
of analytic functions f : B — C which satisfy

sup(1— || 2 [[)7 || vf(2) | < oo .
z2€B

The corresponding little Bloch space B, o is defined by the functions f
in B, such that

i 2)a z) || = 0.
Jim (1= 2P ] V) | = 0

Let us define a norm on B, as follows;

1 f Ul =170 +sup{(L — | w [I*)? | Vf(w) |l: w € B}.

For each ¢ > 0, the space B, is a Banach space with respect to the above
norm (See [5]). It was also shown in [5] that the weighted little Bloch
space B, o is the closure of the set of polynomials in the norm topology
of B, for each ¢ > 1.

The measure pq(q > —1) is the weighted Lebesgue measure

dpq = cq(1 — || 2 |I*)9dv(2),

where ¢, is a normalization constant such that pu.(B) = 1. By L2 =
L%(B,du,), we denote the Bergman subspace of L%(B,du,) consist-
ing of analytic functions. We equip L2 , with the norm || f |l24=

(i 1 F1Pdpg) /2.
Let L2 , be the closed space of L*(B,du,) consisting of conjugate
analytic functions, and let

P L*(B,du,) — L2,

be the orthogonal projection. When ¢ = 0, P is the orthogonal projec-
tion from L?(B,dv) onto L2 . If Py is the rank 1 projection (onto the
constants) defined by Pyf = [ f(2)dv(z), it is easy to see (See [9]) that

P-P<I-P
For any ¢ in L?(B,du,), the little Hankel operator

q .72 2
hcp : La,q - La,q
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is defined by
hlg = P(pg).

Suppose that ¢ > 0. In Section 3, we will show that if ¢ is in Lz’q a
Bg+1, then the little Hankel operator hl is bounded on Liq. We will
also show that if ¢ is in Lg’q N Bgt1,0, then A is compact on Liq
Conversely, we will show that if h—(cp € L? q) 1s bounded on L? > then
@ is in Byy1. We will also show that if h_ 1s compact on L2 g then ¢ is
in Bq+1,0

2. Some integral representation in weighted Bloch spaces

Fix a point z € B. The functional e, given by e.(f) = f(2), f
L? ,g» 1s continuous. By the Riesz representation theorem, there ex1sts a

function k, . € L2 , such that

=/ f(w)kq . (w)dpy(w), 2z € B.
B

Let us define the function K,(w, z) as K,(w, 2) = kq,.(w).
It is easily seen that {2}, where « ranges over the set of multiindices,
is an orthogonal basis in Lg,q. An integration shows that

all'(g+n+1)
[(laf+g+n+1)

2% Nl2,4=

and thus the reproducing kernel is

Ky = ¥ n °‘||2,q

k=0 |a|=k

S k Dk+g+n+1)
=Z<z,w>
£ I'(g+n+1)

1
T (1= < zyw >)atntl

(See [1]). In this paper, S is the boundary of B and o is the rotation
invariant surface measure on S normalized by o(S) = 1.
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THEOREM 1. If f € LY(B,du,) N H(B),q > —1, then

o= [ : W) ().

1- < z,w >)7tatl Ha

PROOF. See [5, Theorem 2. O

THEOREM 2. For z € B, c is real, t > —1, define

I.+(2) =/B (- fwi) dv(w), z€ B.

11— < z,w > [P

Then,

(i) I.+(2) is bounded in B if ¢ < 0;

(if) To,e() ~ —log(1 — || z |I*) as || z |- 17

(iii) I (2) ~ (1= || 2 ||®)Cas ]| z||—» 1~ if ¢> 0.

PROOF. See [7, Proposition 1.4.10 ]. O

LemMmA 3. If g € L*°(B), then

(Rq9)(2) :/B( 9(w) dv(w)

1- < z,w >)ntat!

is in Bgy1(q > —1).

ProoF. Differentiating

Ra0)) = [ e 2 rdvtw)

Z, W >)n+q+1
under the integral sign, we obtain

0 w —@j
o (Reg)o) = (n+q+1) [ —LICB) gy,

for j =1,2,... ,n. This shows that

dv(w)

< 1 s .
1 9(Rag)() | < (4 a+ 1) g oo [ i Srrare
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By Theorem 2,
[ V(R | < (n+ ) I} g floo (1— | 2 [|2) =+,

Thus,
A=z P)* | V(Reg)(2) | € C | g lloo -

It is also clear that |[(R49)(0)] < || g ||oo- Thus,

I (Rq9) llg+1
= [(Rg9)(0)| + sup{(1~ || z )7 || V(Ry9)(2) |I: 2 € B}
S(C+D) 19l -

Hence, R, maps L*°(B) boundedly into Bjy1. O

Let N denote the set of natural numbers. A multi-index o is an
ordered n-tuple o = (a1, a2, -+ ,,) with a; € N,j =1,2,--- ,n. For
a multi-index o and z € C", set

o] = a1 +ag + -+ ay,
al = ajlag! -+ -yl

« _ o1, 02 O
2% =202y 20

Let C(B) be the space of complex-valued continuous functions on the
closed unit ball B.

THEOREM 4. If f € C(B), then R, f is in Byy1 0-
ProOF. Let I = (i1,42,--- ,1,). Since

< zyw >M= (21Wy + 22Wa + - - - + 2,Wy,)"

= Z ﬂ!(zlﬂil)il(éwﬂiz"'(znwn)in’

I
[ Il=m
1
(1- < z,w >)ntatl
o0
(n+g+m)!
=1+ < z,w >
Z’l ml(n + g)!
0
(n+q+m)tm! _ ; o
=1+ Z Z ml(n+ q)! F( 1w1)1(22'lU2)2...(znwn)zn
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Hence,

Rq(zazﬁ)
wow’
a /B (1- < z,w >)"+q+1 dvtw)

- e (n+q+m)im! ; ag BT
_/B dv(w +Z Z ol ik wawdv(w)

m=1|I|=m

= CJZJ

for some J and some constant C; [7, Proposition 1.4.8, Proposition
1.4.9].

By the Stone-Weierstrass approximation theorem, each function in
C(B) can be uniformly approximated by finite linear combinations of
functions of the form 22z, which are mapped by R, to polynomials
(finite linear combination of monomials). Since R, maps L (B) bound-
edly into By1 and By is closed in Byi1, R, maps C(B) boundedly
into Bq+1,0. O

For z € B, let us define function X, by

Kwz)?® (=] z]3)™

2 —
Kaw) = K(z,2) (1- <w,z>)2+D)’

where K(z,w) is the Bergman reproducing kernel of L?(B,dv). Then
the function K, is a unit vector in LZ(B,dv). For analytic function f,
V, f is the function on B defined by

1) = [ @)y w).

THEOREM 5. If analytic function f is in L'(B,dp,) and V,f € L*
(B), then Ry(Vyf) = 2 g1

Proor. Applying Fubini’s theorem and Theorem 1, we get
(Rq(Vaf))(2)
- [ R dv(w)

/K (w, 2 /f (1= fw 5" dpg(uw)dv(w)

1— < w,u >)2ntl)
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Ml w (n+1)
=/f )/ (1= fw|?)t K (w, z)dv(w)dp,(u)

1— < w,u >)2n+1)

= / fW)Ky(u, 2 dl‘q( )
C'n+1
= f(z).
Cn+y1
Thus V, f € L°°(B) implies that f € B,y by Lemma 3. O

3. Little Hankel operator on weighted Bloch spaces

THEOREM 6. Suppose ¢ > 1. Then f is in B, if and only if f is
analytic and (1 — || z ||*)9~1|f(2)] is bounded on B.

PRrOOF. See [5, Theorem 6]. O

THEOREM 7. If ¢ is in L2 N Byy1(g > 0), then hY is bounded on
L2 .
a,q

PROOF. Since P is given by
Pg(z) = / 9(w)Ky(z,w)dpg(w), g € L*(B, dpy),

the little Hankel operator has the following integral form :
hta(2) = [ (o) Kol widug(w)
w)g(w
- [ ) )

p(l-<w,z >)n+q+1

Given f and g in H*, we can apply Fubini’s Theorem and Theorem 1
to obtain

<h21,3>= [ o) [ o) @R wIdug(w)
~ [ etw)sw)duae) [ o) Role 012
B B
[ ewrrgtwidngw)
= [ fwlgw)ew)i- v 2)dv()
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By Theorem 6, there exists a constant C' > 0 such that

| <hSF,G> SOl llgrill Fg i< C i@ llgerll £ llooll 9 lloo

for all f and g in H*°. This shows that the operator h{ is bounded on
L3, with | R IS C [ ¢ llg41- O

THEOREM 8. Suppose that ¢ > 0. If g is in L N Byy1 0, then hY is
compact on L

PROOF. If ¢ is a polynomial, then A is a finite rank operator. Since
finite rank operator is compact, hl is compact. For each ¢ in Bgi1,,
there exists a sequence of polynomials {p,} such that

| ¢ —pn flg+1— 0

as n — —+00. Since

Il hg - hgn “SH = Pn |lgr1— 0
as n — +00 by Theorem 7, hl is compact. O

THEOREM 9. Suppose that ¢ > 0 and p € L . If hl is bounded on

LZ ., then ¢ is in Byy;.

a,q?

n+1
1-lz)>) 2

Proor. For z € B, recall that K, (w) = (=<, Sy

in L2(B, dv).
< K., hiK, >

- /ICz(w) hEK . (w)dpg (w)
/ K, (w) / Pl o w)dug(w)

1- <y, w >)ntat!

is a unit vector

. — K. (w)
= /BICZ(u)go(u)/; =< dpg(w)dpg (u)

u,w >)n+q+1

(== [)F
= [ Rlet) [ ot = e e @)
- [ Ewew D g0

= [ ol g ()
ap(2)-
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The function Vg is in L™ with || Vo |leo<[| A ||. By Theorem 5, we
have ¢ € Bgy;. O

THEOREM 10. Suppose that ¢ >0 and ¢ is in L2 . If hl is compact
on L2 , then ¢ is in Byi1,0.

PROOF. Suppose that hl is compact on L ;. If f is in H*(B), then
<f> = [ fR o))
n+1
(1- |l z
PRI L

(1- < z,w >)"+1 Halt

=u—WWrTLu_fW’ ().

<zw >y

<zw>

| < fKa> == 27 |/ ) mrdua(w)

<@WzM_meq/Kl ST KR

< z,w >)|7T1
<MQ1- ||z |}

for some constant M. The last inequality follows from Theorem 2. This
implies that

+1

| < f > <MA- |z ))F =0

as || z || = 1~. Since H>®(B) is dense in L2 (B), this shows that X, — 0
weakly in L2 as|l z|—1".
Since K, — 0 weakly in L2 as || z || = 17,

Vop(2) =< K., hLK, >— 0

as || 2 ||—> 1 . Since V¢ € C(B), R Vg9 € Bgs1,0 by Theorem 4. Since
RqVqp = —— by Theorem 5, we have ¢ € Bgy1,0- 0
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