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ON THE NILPOTENCY OF CERTAIN SUBALGEBRAS
OF KAC-MOODY ALGEBRAS OF TYPE A/

YEONOK KIM AND SEUNGKEUN MIN

ABSTRACT. Let g = g(4) = MN_ @ h & My be a symmetrizable
Kac-Moody algebra with the indecomposable generalized Cartan
matrix A and W be its Weyl group. Let 6 be the highest root of the
corresponding finite dimensional simple Lie algebra g of g. For the

type A%), we give an element wo € W such that wal(&+) =A_.
And then we prove that the degree of nilpotency of the subalgebra
Sw =94 N w(D_) is greater than or equal to ht@ + 1.

0. Introduction

Let g = g(A) be a symmetrizable Kac-Moody algebra with the inde-
composible generalized Cartan matrix A = (a;;);jer. It is well known
that the generalized Cartan matrix A = (a;;); jer is either (i) finite
(ii) affine or (iii) indefinite type (See Theorem 4.3 of [3]). Denote by
AT, AT¢, A" and AY" the set of all real, positive real, imaginary
and positive imaginary roots, respectively. Let II = {ag,ay,...,an}
denote the set of simple roots and @ = Z?:o Zay; denote the root lat-
tice. For a,8 € Q, we define @ > Sifa— 0 € Q4 = > Z>oa;. For
a=> " ko € Q we define the height of a by ht(a) =Y ., k; and

Su=M Nuw®)= P g

aEAT (w)

for w € W where A = A, U A_ is the set of roots of g with respect
to h and AT(w) = {a€ Ay |w™(a) <0}. The subalgebra S, is
finite-dimensional and nilpotent.
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In (1}, Billig and Pianzola conjectured that the degree of nilpotency
of Sy, is bounded by a constant which depends on A but not on w.

In this paper, we give the partial proof for Billig and Pianzola’s con-
jecture for the type A%).

First, we recall the theory of Kac-Moody algebras. And then we
survey the theories of the root system and Weyl group of affine Lie
algebras of type A%) .

In the case of rank 2, we prove that the degree of nilpotency is 1 or
2.

For the type Al(l)(l > 1) or Ag)_l(l > 1), we give an element wg of

the Weyl group W such that wy 1(54_) = A_. And then we prove that
the degree of nilpotency is greater than or equal to the htd.
In case of Ag) ({ > 2), we introduce an element w; € W such that

{aay + 6,04 + 36} U &+ C At(w) and we prove that the degree of
nilpotency is greater than or equal to htf + 1.

1. Preliminaries

Let a;,, oy, - -+ , a4, € IT (not necessarily distinct) and denote by r; =
T, the simple reflection of W. When w € W is writtenasw = ry, - -+ 7,
(as; €11, t minimal), we call the expression reduced.

ProposITION 1.1 (See [6]). Let w = r; ---7;, € W be a reduced

expression of w. Then we have

At (’LU) = {ﬂla"' ?ﬁt}a

where 8, = r;, -+ 75, (a;,) (1 < p<t) and the B,’s are all distinct.
We have the following lemma. |

LEMMA 1.2. Let A be a generalized Cartan matrix of affine type,
and W the Weyl group of the associated Kav-Moody algebra g = g(A).
Then

AT (w) C AT

for allw e W.

PROOF. Since AY" is W-invariant by Proposition 5.2(a) of [3], we
have A*(w) N AY™ = §. This completes the proof. O
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2. Root systems of affine Lie algebras of type A%)

Let A = (ay;)7;~0 be an indecomposable generalized Cartan Matrix
of affine type and let g = g(A) be an associated Lie algebra. The Kac-
Moody Lie algebra g = g(A) associated with the Cartan matrix A =
(ai5)7 ;= is a finite dimensional simple Lie algebra. Let A and A denote
the set of roots for g and g, respectively. Note that A = A4 UA_, A=
ALUA_, Ame = ATE U AT, AT = AY™ U A", where the subscript
plus(minus) denotes the positive(negative) roots. Let = {ag, - ,an}
and II = {ag, a1, - ,a,} denote the set of simple roots for § and g,
respectively. We denote by A, (&s) the set of long(resp., short) roots for
g.

Let g = g(A) be the affine Lie algebra of type Ag\?) and let A be
the root system of g = g(A). We denote by A;, A,,, and A; the set of
all short, medium, and long roots, respectively. We have the following
Theorem.

THEOREM 2.1. Let W be the Weyl group of Kac-Moody algebra.
Then there exists wy € Wsuch that w, 1(5+) CA_.

Proor. Since II and —II are root bases, there exists wy € W such
that wy (1) = —ITand hence wy ' (Ay) = A_, we are done. O

We can take such an element wq in the above theorem as follows:

PROPOSITION 2.2. (a) If A is of type A" (1 > 1) and | is odd, then

wo = (11 riamir-y o) (g rieamirier e 12)

(i) (re)
is an element of Wsuch that wy (A+) A_. Ifl is even, then
wO = (’rl . 'rl-—lrl,"l—l . .7'1)(7"2 ‘. ',rl—l,rlrl—l . .7'2) P (T%T%_HT%)

is an element of W such that wy YA =
(b) If A is of type AS) (I > 1), then

wo = (ry--r_mri—y o r)(re s mmamri—1 o T2) - (T—amri— 1)

is an element of Wsuch that wyt(AL) =A_.



442 Yeonok Kim and Seungkeun Min

PrOOF. (a) By simple calculation, we have the desired results.
(b) See Theorem 2.8 of [4].

The following proposition is well known.

PROPOSITION 2.3. (See [3]). Let A be a generalized Cartan matrix
of type A(22z) and let g = g(A). Then we have the following:
AT = {1 (a+ (2n —1)0) lacA,neZ} U{a+ns|ach, ne

Z}U{a+2n6|a€51, neZ}.

©AF ={l@+@n-1)8) |lacA,neZ} U {a+ni|ac
A, nez}uf{a+2mb | ael;, neZif Ais of type AL, O

3. Degree of nilpotency of S,

From now on, let A = (a;;)};—¢ be a generalized Cartan matrix of
type Ag\’;). For w € W, define

Se=MnNuw® )= B g,
aEA+(w)
(3.1) 59— 5,

Su = [Sw, 857

forweW, (k=1,2,---).

Billig and Pianzola (See [4]) conjectured that the least positive integer
such that S* = {0} for all w € W is bounded by a constant which
depends on the generalized Cartan matrix A but not on w.

We call this least positive integer the degree of nilpotency of S,,.

THEOREM 3.1. Let A be of type Ai” , 8 =9g(A), and W the Weyl
group of g = g(A). Then the degree of nilpotency of S,, is 1.

PrOOF. We know A" = {fa; +nd | a € A, n € Z} where § =
o1 + . Since sum of any two real roots in A™® is not in A", combining
(3.1), we have

Sw = [Suw, Su]

- B o« B o

acAt(w) aEAT(w)
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C @ Ba+p

o,BEAT (w)

- @ Jo+8

o,BEATE
= {0}
for given w € W. This completes the proof. O

THEOREM 3.2. Let A be a generalized Cartan matrix of type Agz), g

= g(A) the associated Lie algebra and W the corresponding Weyl group.
Then the degree of nilpotency of S, is 2.

PRrROOF. We know § = 2a + a1. By definition of root system of Agz) ;

we have

AL = {zag +ya | 20> —8zy +8y° =2, z,y € Z }
(32) :{xao+yal|$=2yi1a$ayez}

= {%(:I:al +(2n-1)4)|ne Z}
and

AT = {zag+yoq | 22° —8xy +8y° =4, z,y€ Z }
(3.2) ={zag+yo |z=2y+2,z,ycZ}
= {*a1 +2né|n € Z}.

Combining (3.1), (3.2), and (3.3), we have

(3.4) So=( P )P P )

a€AT(w)NEA, aceAT (w)NEA,

5 | D s B w]c B .

a€AT (w)NEA, aeAT (w)NEA, ac AT (w)NA,
for given w € W. Since
w™ (e +mé) <0 implies w™(—a; +md) >0

and
w™(—ay +md) <0 implies w™'(a; +md) > 0,
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combining (3.2), (3.3), we have

(3.6) [ B 8 D s |=

acAT(w)NeA, aeAT(w)NEA;

and

(3.7) | B s P os]=
acAT (w)NEA, acAt(w)NeA,;

for w € W. Thus we have
Sul; = [Swa Sw]

@ @

a€AT(w)  acAt(w)

C @ Ba+p

a,BEAT (w)

c P sa

a€ATe
and
82 = [Su, Sy]

@ @

aceAt(w) a€EATENAT (w)
= {0}.
On the other hand,

1 1
At (rirorirg) = {041, '2‘(01 +4), a1 + 29, E(al + 36) }

and hence
{O} ?é Baz+28 C Srllrorl'ro'

This completes the proof.

We introduce the following important element:

l
6 =6 — agly = E a;0;.

i=1
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It is well known that 6 is the highest root of g.

LEMMA 3.3 (See [4]). FEach B8 € A, can be written in the form
a;, ++ -+ oy, (o €11 not necessarily distinct) in such a way that each
partial sum is a root.

THEOREM 3.4. Let A be of Affine type A). Let 6 be the highest
root in A, with ht 6 = k. Then there is a finite sequence {6,.} in Ay,
with the following properties:

(a) it §; =i for 1 < i < k.

(b) Every root a € A+ can be represented as a connected subroot of
@; for some i with 1 < ¢ < hté.

PROOF. By Lemma 3.3, 6 can be written in the form a;, +--- +
a;, (o, € II not necessarily distinct) in such a way each partial sum is
a root. Construct a sequence {6,} by the following table:

g4) | h h On, 6
AV i+ ] i+ b= 00 0=a1+ - +a
P for n <1,
2
AD la-1| a S+l
forl+1§n§2l—1,
0 =201 +209+---4+20;_1 + oy
pIHE.T forn <1,
2
A 241 | 20+1 Y+ Yol o
forl+1§n§2l—1,

0=2a1+2a2+~~-+2al_1 + g
This completes the proof. (|

THEOREM 3.5. Let A be a generahzed Cartan matrix of type A( ) or
Agf) . and 8 the highest root of g(A) Then the degree of nilpotency is
greater than or equal to ht6.

PROOF. Let wy be an element of W such that wy 1(ﬁ+) = A_ and

let 6. be the highest root. Let {6,} be the sequence in the above table.
Then we have

go, € S5 1 for i=1,--- hto.
In particular, {0} # g9 C S2¥~!. This complete the proof. O
LEMMA 3.6 (See [4]). Let A be a generalized Cartan matrix of type
Azl(z). Then there exists an element w; € W such that

{ (a1 +6), (al+35)}UZX+ c At (wy).
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THEOREM 3.7. Let A be a generalized Cartan matrix of type Ag)

and 0 the highest root of g(/i) Then the degree of nilpotency is greater
than or equal to ht6 + 1.

PROOF. Let w; be an element of W such that

1 1 0 o
{'z-(al + 5), —2—(041 -+ 36)} U A+ C A+(’U)1).

Then we can construct a sequence {7, } in A*(wy) such that
M= %(al +6), 72 = %(041 +36), .y Y2k—1 = Yok = Q) _(k—1) for
2 < k <. By direct calculation, we have

(3.8) oo, S Sur
for 1 <n < 2l. Since Zflzl vi = @ + 26, combining (3.8), we have

{0} # go42s C Sq’};tle-

This completes the proof. d
ExaMPLE 3.8. In Aiz), let w = ryroriTaroriTora 10T 2T179. Lhen we

have

1
At (w) = {a1, 201 + az, 01 + a2, 00, = (201 + a2 + 8),01 + a2 + 6,

2
1 1
5(042 + 5),20(1 + ag + 26,01 + o + 24, 5(20[1 + a9 + 35),

1
oy + 26, a1 + oo + 39, 5(0[2 + 36)}

Put 1 = (a2 +6), 72 = (a2 +38), 73 =a1, 7 = ;. Then
Y1+ v2 +¥3 + Y4 = 201 + a2 + 26 is a root, and hence

{0} # 20y +as+26 C S-
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