Three-Dimensional Vibration Analysis of
Solid and Hollow Hemispheres Having Varying Thickness
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Abstract

A three-dimensional (3-D) method of analysis is presented for determining the free vibration frequencies and mode
shapes of solid and hollow hemispherical shells of revolution of arbitrary wall thickness having arbitrary constraints on
their boundaries. Unlike conventional shell theories, which are mathematically two-dimensional (2-D), the present method is
based upon the 3-D dynamic equations of elasticity. Displacement components gy, £, and gy in the meridional, normal, and
circumferential directions, respectively, are taken to be sinuscidal in time, periodic in 6, and algebraic polynomials in the ¢
and z directions. Potential (strain) and kinetic energies of the hemispherical shells are formulated, and the Ritz method is
used to solve the eigenvalue problem, thus yielding upper bound values of the frequencies obtained by minimizing the
frequencies. As the degree of the polynomials is increased, frequencies converge to the exact values. Novel numerical
results are presented for solid and hollow hemispheres with linear thickness variation. The effect on frequencies of a small
axial conical hole is also discussed. Comparisons are made for the frequencies of completely free, thick hemispherical shells
with uniform thickness from the present 3-D Ritz solutions and other 3-D finite element ones.
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18] 1 Cross-section of a hemispherical shell with va-
rying thickness and the curvilinear coordinate
system( ¢, z, 9)
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Table 1 Frequencies in wa¥ p/Gof completely free, hollow
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04,1, 2,3, ... 100+ Z »oll thahA 391 570 (s=1,

. 59 BRoA v Holth, FHA T Ax

Zr v 58y U3 B29=S Jehdd 23 Qke] 521}
Zt o] it oH 10709 AEFe &4 vErd
c o] BeMe A % BESEt e 99 Aesert

AgE AT

oorr N

hemispheres ( ¢,=0°) having constant wall thickness

(H) for v=0.3
Hia Hla
n N n N
0.05 0.1 0.2 0.5 1 0.05 0.1 0.2 0.5 1
1 (3.161 3.156 3.136 2.989 2.573(9) 1 | 0.7270(4) 1.298(4) 2.206(9) 3.428 3.214
2 15.289 5.280 5.244 4.946 4.041 2 | 1.932 2.670 3.971 4.651 4.263
0" 3 |7.345 7.333 7.278 6.756 4.177 5 3 | 2.461 3.795 4.788 5.670 5.192
4 |8.657 9.361 9.285 6.782 5.579 4 | 3.199 4.793 5.693 6.758 5.669
5 19.384 11.38 11.35 7.589 5.680 5 14.131 5.176 7.261 7.275 6.220
1 |1.418(7) 1.445(5) 1.476(3) 1.516(2) 1.543(2) 1] 1.019(5) 1.808(9) 3.006 4.337 3.866
2 [1.581(10) 1.647(8) 1.894(7) 2.606(8) 2.477(7) 2 | 2.170 3.216 4.834 5.536 4.961
0" 3 |1.744 2.164 3.070 3.168 3.183 6 3 | 23818 4.482 5.688 6.624 5.860
4 12.135 3.116 3.310 4.506 4.166 4 | 3.667 5.692 6.645 7.673 6.426
5 12.708 3.331 4.694 5.320 4.407 5 | 4.596 5.970 8.280 8.132 6.910
1 |11.425(8) 1.452(6) 1.539(5) 1.879(4) 1.907(5) 1| 1.347(6) 2.381 3.863 5.209 4.506
2 [1.621 1.844(10) 2.343(10) 2.242(6) 2.192(6) 2 | 2.469 3.842 5.741 6.424 5.639
1 3 (1911 2.365 2.421 3.529 3.041 7 3| 3.230 5.223 6.589 7.543 6.519
4 12.369 2.598 3.852 3.832 3.453 4 1 4.181 6.588 7.618 8.549 7.150
5 12.420 3.722 4.071 4,254 3.624 5 1 5.141 6.806 9.273 8.969 7.582
1 1.09848(1) 0.1872(1) 0.3452(1) 0.7054(1) 0.9734(1) 1 | 1.711 3.010 4.760 6.043 5.140
2 11.516(9) 1.617(7) 1.885(6) 1.888(5) 1.761(3) 2 | 2.828 4.531 6.677 7.306 6.306
2 3 |1.747 1.952 1.981(8) 2.733(9) 2.891 8 3 | 3.692 6.009 7.492 8.425 17.174
4 11.954 2.184 3.106 3.452 3.049 4 14,723 7.483 8.605 9.405 7.856
5 (2.144 3.131 3.682 4.495 3.785 5 | 5.800 7.675 10.25 9.794 8.248
1 10.2597(2) 0.4783(2) 0.8494(2) 1.566(3) 1.805(4) 1 |2111 3.691 5.686 6.848 5.770
2 11.619 1.867 2.475 2.869(10) 2.706(10) 2 | 3.242 5.274 7.632 8.174 6.966
3 3 ]1.925 2.630 2.959 3.697 3.802 9 3 |4.201 6.833 8.399 9.274 17.825
4 12.437 2.963 3.905 4.662 3.912 4 | 5.290 8.380 9.600 10.25 8.553
5 12.962 3.748 4.992 5.453 4.572 5 1 6.570 8.567 11.23 10.61 8.911
1 10.4724(3) 0.8526(3) 1.479(4) 2.495(7) 2.537(8) 1 | 2.548 4.418 6.633 7.630 6.396
2 [1.752 2.216 3.174 3.768 3.523 2 1 3.706 6.060 8.597 9.022 7.621
4 3 |2.163 3.173 3.883 4.689 4.512 10 3 {4.750 7.689 9.309 10.10 8.473
4 |2.789 3.888 4.775 5.769 4.843 4 15891 9.280 10.60 11.08 9.244
5 13.657 4.433 6.182 6.384 5.426 5 | 7.428 9.481 12.20 11.43 9.572
Note: Numbers in bold face are the lowest frequencies; their order is indicated in parentheses
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AgFE 5% o2 H5AE 2 W7d A(H/e=0.05)
EE} Atte AME BodFm 9

F 39X H/e=0.05 0.2, 1 ¢ o, SLFos
zagt 438 AT AAY(¢,=1", 5°) Sle(4,=0")
FFA(HE Ze AR7EA w73 49 A58 vl
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Table 2 Frequencies in oRY o/G (=2 wa/ o/G) of comp-
letely free, solid hemispheres({ H/a=2) with
(¢,=1", 5°) and without( ¢,=0") small axial
conical holes for v=0.3

b | 1 2 3 4 5
0'13.865(9) b5.764 6.266 8.468 8.520
0" [2.594(2) 3.701(7) 4.829 6.209 6.690
1 |2.845(5) 3.546(6) 4.436 5.171 5.382
0°| 2 [1.718(1) 2.795(3) 4.395 4.684 5.763
3 12.811(4) 4.167(10) 5.738 5.908 7.002
4 {3.837(8) 5.329 6.781 7.278 8.252
5 14.829 6.408 7.797 8.507 9.355
0'13.865(9) 5.764 6.266 8.468 8.520
0" 12.594(2) 3.700(7) 4.830 6.209 6.688
1 12.845(5) 3.545(6) 4.438 5.172 5.383
1°] 2 [1.713(1) 2.794(3) 4.394 4.683 5.758
3 |2.811(4) 4.167(10) 5.738 5908 7.002
4 13.837(8) 5.329 6.781 7.278 8.252
5 14.829 6.408 7.797 8.507 9.355
0" 13.865(9) b5.764 6.269 8.469 8.531
0% |2.586(2) 3.678(7) 4.857 6.202 6.596
1 (2.852(5) 3.522(6) 4.464 5.182 5.391
5°0 2 11.704(1) 2.755(3) 4.358 4.671 5.598
3 12.811(4) 4.166(10) 5.738 5.906 6.997
4 13.837(8) 5.329 6.781 7.278 8.252
5 14.829 6.408 7.797 8.507 9.356

Note: Numbers in bold face are the lowest frequencies:
their order is indicated in parentheses
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Table 3 Frequencies in o' o/G of completely free, hollow hemispheres having constant wall thickness( H) with
(¢=1°, 5°) and without( ¢,=0") small axial conical holes for v=0.3

] $,=0° $=1 $,=5

' H/a=0.05 Hfa=0.2 Hia=1 | H/a=0.05 H/a=02 Hia=1 H/a=0.05  H/a=0.2 Hla=1

1 | 3.161 3.136 2.573(9) | 3.161 3.136 2.573(9) | 3.161 3.136 2.574(9)

2 1 5.289 5.244 4.041 5.289 5.244 4.041 5.292 5.247 4.042
0" 3 | 7.345 7.278 4177 7.344 7.278 4.177 7.354 7.288 4.179

4 | 8.657 9.285 5.579 7.528 9.285 5.579 9.399 9.307 5.587

5 19.384 11.35 5.680 9.379 11.34 5.680 11.44 11.37 5.687

1 | 1.418(7) 1.476(3) 1.543(2) | 1.418(7) 1.476(3) 1.543(2) | 1.421(7) 1.477(3)  1.539(2)

2 | 1.581(10) 1.894(7) 2.477(7) | 1.582(10) 1.894(7) 2.476(7) | 1.582(10) 1.894(7)  2.460(7)
0" 3 | 1.744 3.070 3.183 1.744 3.070 3.184 1.745 3.073 3.205

4 | 2135 3.310 4.166 1.864 3.308 4.165 2.139 3.265 4116

5 | 2.708 4.694 4.407 2.136 4.694 4.408 2.772 4.721 4.414

11 1.425(8) 1.539(5) 1.907(5) | 1.425(8)  1.539(5) 1.907(5) | 1.427(8) 1.541(5) 1.911(5)

2 | 1.621 2.343(10) 2.192(6) | 1.621 2.344(10) 2.191(6) | 1.622 2.346(10) 2.181(6)
1 3 |1.911 2.421 3.041 1.911 2.421 3.042 1.910 2.418 3.061

4 | 2.369 3.852 3.453 2.011 3.851 3.454 2.374 3.814 3.461

5 | 2.420 4.071 3.624 2.370 4.072 3.624 2.414 4.113 3.625

1 | .09848(1) 0.3452(1) 0.9734(1) .09849(1) 0.3452(1) 0.9733(1) | 0.09847(1) 0.3446(1) 0.9702(1)

2 | 1.516(9) 1.885(6) 1.761(3) | 1.515(9) 1.883(6) 1.760(3) | 1.467(9) 1.829(6) 1.731(3)
2 3 | 1.747 1.981(8) 2.891 1.746 1.981(8)  2.891 1.714 1.977(8) 2.874

4 | 1.954 3.106 3.049 1.953 3.105 3.048 1.917 3.075 3.042

5 | 2144 3.682 3.785 2.142 3.681 3.781 2.113 3.647, 3.676

1 | 0.2597(2) 0.8494(2) 1.805(4) | 0.2598(2) 0.8494(2) 1.805(4) | 0.2599(2) 0.8495(2) 1.807(4)

2 11619 2.475 2.706(10) | 1.619 2.475 2.706(10) | 1.619 2.4175 2.707(10)
3 3 |1.925 2.959 3.802 1.925 2.959 3.802 1.925 2.959 3.803

4 | 2.437 3.905 3.912 2.435 3.905 3.912 2.439 3.906 3.912

5 | 2.962 4.992 4.572 2.837 4.992 4572 2.962 4.991 4.571

1 |0.4724(3) 1.479(4) 2.537(8) | 0.4725(3) 1.479(4) 2.537(8) | 0.4730(3) 1.480(4) 2.538(8)

2 | 1.752 3.174 3.523 1.752 3.174 3.523 1.753 3.176 3.524
4 3 | 2163 3.883 4512 2.163 3.883 4512 2.166 3.883 4.514

4 | 2.789 4.775 4.843 2.780 4.775 4.843 2.797 4.779 4.844

5 | 3.657 6.182 5.426 3.394 6.182 5.426 3.642 6.182 5.432

1 ] 0.7270(4) 2.206(9) 3.214 0.7272(4) 2.206(9) 3.214 0.7282(4) 2.207(9) 3.214

2 | 1.932 3.971 4.263 1.933 3.971 4.263 1.934 3.974 4.264
5 3 12461 4.788 5.192 2.461 4.788 5.192 2.466 4.788 5.195

4 1 3.199 5.693 5.669 3.185 5.693 5.669 3.206 5.700 5.670

5 | 4.131 7.261 6.220 3.864 7.261 6.220 4.177 7.261 6.224

1 |1.019(5) 3.006 3.866 1.019(5)  3.006 3.866 1.021(5) 3.008 3.866

2 ] 2.170 4.834 4,961 2.170 4.834 4.961 2.178 4.838 4.962
6 3 | 2818 5.688 5.860 2.818 5.688 5.860 2.826 5.689 5.863

4 | 3.667 6.645 6.426 3.660 6.644 6.426 3.671 6.654 6.426

5 1 4.596 8.280 6.910 4.953 8.280 6.910 4.720 8.280 6.917

1 | 1.347(6) 3.863 4.506 1.347(6)  3.863 4.506 1.850(6) 3.866 4.508

2 | 2.469 5.741 5.639 2.469 5.741 5.639 2.474 5.748 5.640
7 3 |3.230 6.589 6.519 3.229 6.589 6.519 3.240 6.590 6.525

4 14.181 7.618 7.150 4.181 7.617 7.150 4.188 7.631 7.151

5 | 5.141 9.273 7.582 4.719 9.272 7.582 5.264 9.273 7.600

Note: Numbers in bold face are the lowest frequencies: their order is indicated in parentheses
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Table 4 Frequencies in oRV o/G of completely free,
hollow hemispheres( ¢,=0") having linearly

varying wall thickness for h,/R=2/11 and v=

0.3
hif by bl by
n s n s
0.1 0.3 1 0.1 0.3 1
103.582  3.505  3.136 1] 2131 2197100 2.206(9)
215826 5746  5.244 21328 3578 3971
0' 3|7.975 7906 7.278 |5 3| 4397 4876  4.788
411012 1007  9.285 414933 5082 5693
5(12.29 1228 11.35 51 5.739 6.559  7.261
1|1.690(6) 1.667(5) 1.476(3) 112950 3.035  3.006
2(1.900(7) 1.896(7) 1.894(7) 214101 4437 4834
0" 3|2447 2597 3070 |6 3|5313 5835 5688
413152 3428 3310 415929 6.083  6.645
513436 3736  4.694 51 6.774 17592  8.280
1]1.640(5) 1.635(4) 1.539(5) 113842 3944  3.863
212.063(10) 2.165(9) 2.343(10) 215005 5372 5741
1 3|2567 2563 2421 |7 3|6295 6.829  6.589
4(2715  3.102 3852 416924 7101  7.618
513697 4419  4.071 517.833 8671  9.273
110.2916(1) 0.3066(1) 0.3452(1) 1]4794 4909  4.760
2|1.458(4) 1.675(6) 1.885(6) 2| 5974 6364  6.677
2 3(1.924(8) 1.982(8) 1.981(8) |8 3| 7.324 7.838  7.492
412323 2604  3.106 4117922 8137  8.605
513.199 3.714  3.682 518914 9808  10.25
1]0.7807(2) 0.8102(2) 0.84%4(2) 1]5.790 5915  5.686
2(2.019(9) 2.212 2475 216991 7.39% @ 7.632
3 3|2.823 2982 2959 |9 3|838 8851 8399
412942 3271 3.905 418925 9.194  9.600
513932 4606  4.992 5110.04, 10.99  11.23
111.402(3) 1.449(3) 1.479(4) 116821 6.952  6.633
212586 2827 3174 2| 8.042 8456 8597
4 313564 3951 3.883 |10 3| 9.461 9.861  9.309
413932 4115 4775 419937 1027  10.60
514778 5554  6.182 511120 12.19 1220

Note: Numbers in bold face are the lowest frequencies: th-
eir order is indicated in parentheses
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ht/hbz 1

Fig. 2 Holiow hemispheres having linear wall thick-
ness variations of #/#,=0.1, 0.3, and 1 for
h,/R=2/11 (whose outer surfaces are hemisp-
herical, i.e., — W($)/2<2<0)
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Table 5 Comparisons of nondimensional frequencies
in wa¥ p/Gfrom the present 3-D Ritz solut
ions(3DR) and 3-D finite element ones(3DF)
of completely free, hollow hemispheres( ¢,
=0") with uniform thickness(#) for »v=0.3

Hla=2/9 Hl/a=2/3
ns 3DR 3DF Diffeojence 3DR 3DF Diff%}ence
( (7

0! 1(3.129 3.130 0.03 % |2.860 2.860 0%
215232 5236 0.08 % |4.685 4.687 0.04 %
111479 1479 0% 1.533 1.533 0%
211.958 1959 0.05% |2.704 2.704 0%

0% 313232 3239 022% |3.171 3.171 0%
413317 3317 0% 4644 4.647 0.06 %
514.954 4994 081 % |4.899 4901 004 %
11563 1.564 006 % [2.015 2.015 0 %
212.342 2.341 -0.04 % |2.161 2.161 0%

1 312540 2.544 0.16% 3.513 3.513 0%
4 (4.047 4.052 0.12% |3.785 3.785 0%
514.086 4.100 0.34 % 14.016 4.017 0.02 %
6 (4.619 4619 0% 5.222 5.227 0.10 %
1 (0.3775 0.3773 -0.05 % |0.8370 0.837 0%
2 11.911 1.910 -0.05 % |1.850 1.850 0 %

5 312026 2026 0% 2974 2974 0%
413283 3.288 0.15% [3.263 3.263 0%
513.672 3.672 0% 4.340 4.342 0.05%
6 (4.969 4.994 050 % |4.637 4.639 0.04 %
1 10.9225 0.9230 0.05 % 1.748 1.749 0.06 %
212599 2599 0% 2.827 2826 -0.04 %

3 312.963 2.962 -0.03 % |3.939 3.938 -0.03 %
414127 4.134 017 % [4.394 4.395 0.02 %
514978 4979 -0.16 % |5.191 5.193 0.04 %
111598 1598 0% 2.650 2.650 0%
213.350 3.351 0.03% |3.728 3.727 -0.03 %

4 3 |3.888 3.88 -0.05% |4.862 4.862 0%
4 15036 5.044 0.16 % |5.439 5.440 0.02 %
5 16.166 6.168 0.03 % {6.069 6.071 0.03 %

ojt},

# 5% Buchanan¥ Rich¢ & 59} 69 A#EZ 4
200 21)& o83l wV /G2 FBF F, v=0.30]2
Hla7} 2/9¢} 2/3% W, SARR{AA w78 A(g,=
07)9 72 NEF waV o/GE & A9 3344 228
(3DR)$t 159] 32 K3 edd) (3DF)E ¥lwdt Aol
th MRS Aole

3DF — 3DR

Difference(%) = DR %100 (22)
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