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Strain Rate-dependent Model for Anisotropic Cohesive Soils
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Abstract

The appropriate description of the stress-anisotropy and time-dependent behavior of cohesive soils is very
important in representing the real soil behavior. In this study, two constitutive relations have been incorporated
based on the generalized viscous theory: one is the plastic constitutive relation adopted to capture the
stress-anisotropy with a few model parameters; the other is the rate-dependent constitutive relation adopted to
describe the strain rate-dependent behavior, an important time-dependent behavior in cohesive soils. The incorporated
and proposed constitutive model has relatively a few model parameters and their values need not to be re-evaluated
at different strain rates. The proposed model has been verified and investigated with the anisotropic triaxial test

results obtained by using the artificial homogeneous specimens.
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1. Introduction

Modern constitutive relations try to precisely simulate,
especially in cohesive soils, the stress anisotropy and
time-dependent behavior. The stress anisotropy has been
described in the form of the development of isotropic
elastoplastic constitutive models. Constitutive model is
evaluated in the consideration of certain theoretical
background, the validity of mathematical formulation,

the obvious identification and determination of the

model parameters, and the applicability(material and
stress condition applied to). The determining procedure
of the model parameters as well as their number and
physical concepts might be most important in practical
utilization of the model. The anisotropic elastoplastic
models previously proposed have their own advantages
and limitations in view of the above standard.

Such time-dependent behaviors of cohesive soils as
creep, stress relaxation, and strain rate effect might be

properly simulated with the viscous theory, not with the
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elastoplastic theory alone. Many constitutive models have
been proposed based on the viscous theory. The viscous
models also have advantages and limitations considering
the evaluation criteria stated above. The general elasto-
viscous theory proposed by Perzyna(1966) has been, in
many cases, adopted for the time-dependent constitutive
models since the theory has the merits of generality and
practical usefulness. The models based on Perzyna's
theory, however, mainly focus on the description of the
creep and stress relaxation other than the strain rate
effect. ‘

In this study, two constitutive relations have been
incorporated based on the Perzyna's generalized viscous
theory. The model developed by Banerjee et al.(1986,
1988) was adopted as the plastic constitutive relation to
capture the stress-anisotropy with few model parameters.
The constitutive relation by Adachi et al.(1974, 1982)
was used as the viscous relation. The model parameter
values need not be re-evaluated under different strain
rates. The combined and proposed constitutive model has
the advantages of simulating the strain rate effect well
with a few model parameters. The proposed model has
been verified and investigated with the experimental
results obtained by using the artificial homogeneous
specimens. The concept of the theoretical background,
mathematical formulation, and comparison with the
experimental results are briefly presented in the following

sections.

2. Development of the Constitutive Relation

The following eq. (1) was used for the development
of the strain rate-dependent constitutive relation(Dafalias,
1982).

. s e I L S 4 v
€ 4= &y + €y = &y + [ + €y (1)

where the superscripts e, i, p, and v respectively represent
elastic, inelastic, plastic, and viscous part, that is, total
strain rate consists of elastic, plastic, and viscous strain

rates.
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2.1 Elastic, Plastic, Viscous Constitutive Relation

The elastic behavior is assumed to be strain rate-
independent and to follow the gencralized Hooke's law
of eq. (2).

e i ‘= C ikl 51«;1 (2)

The plastic behavior is represented by the associated
flow rule of eq. (3)
: f=<L>—£% 3)
The elastic, plastic, and viscous strain rates are inde-
pendent and just superposed for total strain rate in the
classical generalized elasto-visco-plasticity. In this study,
the plastic behavior is assumed to be coupled with the
viscous behavior for more precise simulation. The total
strain rate, the elastic strain rate, and the plastic strain
rate are respectively obtained by eq. (1), eq. (2), and eq.
(3); however, the loading function L in eq. (3) is different
from that in the classical plasticity. The loading function
L in this study is obtained by the summation of the
classical plastic loading function and the overstress
function ©®. The viscous strain rate &,  and the o
verstress function ¢ are described in the viscous part.
The constitutive model proposed by Banerjee et
al.(1986, 1988) is used to describe the plastic behavior
in this study. In the model, the yield surface is assumed
to be a distorted ellipsoid and the hardening rule adopted
is a combination of isotropic and kinematic hardening
rules(Fig. 1).
Due to the kinematic hardening, the material develops
a new state of anisotropy at every stage of the loading
process. The yield surface passes through the origin and
intersects the failure surface as well as the hydrostatic
stress axis. During a loading process, the yield surface
rotates and the condition of ( 3f/ d¢ ; )=0 is automatically
satisfied at the instant of failure. All formulations includ-
ing the consistency condition and the obtaining procedure
of the loading function L obey the classical plasticity.

Geotechnical processes and the stresses relevant to the
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Fig. 1. Yield surface in general stress space and p-q space(Banerjee et al., 1986)

formation of naturally deposited soils are mainly re-
sponsible for the development of the inherent anisotropy.
Subsequent application of a given stress history introduces
further anisotropy, induced anisotropy, in the mechanical
properties of real soils. The plastic model stated above
has the advantage that it can account for both the
inherent and induced anisotropy with relatively a few
model parameters, which are the traditional A (slope of
virgin compression), x (slope of unloading-reloading line),
v (poisson's ratio), ¢ (internal friction angle).
The viscous behavior is represented by eq. (4), based
on the generalized viscous theory(Perzyna, 1966).
éﬁ”=<¢»—§¥; (4)
where the overstress function @ plays an important role
in the plastic behavior through the coupling effect as well
as the viscous behavior in the strain rate-dependent
behavior of clays. Several forms of the overstress
function have been proposed; however, eq. (5) by Katona
(1984) has been widely and successfully used for
geotechnical materials(Kaliakin, 1985; Kaliakin and
Dafalias, 1990a, 1990b; Al-Shamrani and Sture, 1994).

d)=—1§ exp( Jo/NI ) (d3) " )

- 1
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where ], is the second invariant of the deviatoric stress

tensor, I, is the first invariant of the stress tensor, N
is the slope of the critical state line in /;~J; space. 4o
is called normalized overstress and obtained through a
closed form solution using the viscous nucleus parameter.
sv. ey is the inelastic deviatoric strain tensor and
{(2/3)ef,-e ﬁ,} 05 is the accumulated inelastic deviatoric
strain tensor. n, V, & m, and sy are the model parameters
related to the viscous behavior. To avoid the error
appearing during the identification and value determi-
nation of the model parameters, constant values have
been used for the 7V in this study as in Kaliakin(1985).
Substituting eqs. (2) to (6) into eq. (1) produces a
combined visco-elastoplastic constitutive relation. But in
that case, a cumbersome work is needed to obtain the
different values of the model parameters each time the
strain rate changes. To make the problem more efficient,
the overstress function proposed by Adachi et al.(1974,
1982) and Oka(1981, 1985) was used in this study.

2.2 Development of an Anisotropic Strain Rate—
dependent Constitutive Relation

Adachi et al.(1974, 1982) and Oka(1981, 1985)
proposed eqs. (7) to (9) based on the critical state energy
theory(Roscoe and Burland, 1968).

o= COexp[m'In((o;“,’,)/df,f;)] 0
static yield function :

®)
mnoo=F=V2/,9/No,“+mas¥
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dynamic yield function :

9
no'e=f~V2/No,+lna, ©)

The static yield function means the initial yield
function playing the role of the elastic nucleus in the
classical plasticity. No viscous behavior occurred inside
the static yield function. The dynamic yield function
indicates the current yield function changing according
to the hardening rules. In other words, the viscous
behavior is described in the same way that the plasticity
is described in the yield function .and hardening rule. ¢,
is the model parameter controlling the total magnitude of
the overstress function but does not appear in the final
form of the mathematical formulation as explained in eq.
(18). m’ is the model parameter determining the slope of
the line connecting the maximum deviatoric stresses to
the corresponding strain rates. ¢ m is the mean principal
stress. Eq. (7) can be expressed as eq. (10) using egs.
(8) and (9).

Va2l 2,

o= coexp{m'[ No, + In GM_W

<s>” (10)

The overstress function is rearranged, under triaxial
condition, to eq. (11) using the principal stress
difference g= (o, — 0,) and the slope of the critical state
line M in the mean principal stress-q space( M=V 3/2N).

(D=Coexp{m' —Mqa"r Ino,— TWQ‘W In 055)]] an

Adachi and Oka(1982) proved that eq. (11) is valid

under the undrained triaxial condition, based on the
experimental results(Perzyna, 1966).

en= 720& 0 (12)

A relation between two different strain rates(strain rate

(1) case, strain rate (2) case), under triaxial condition, can

be expressed as eq. (13) from egs. (11) and (12).

ne P= m—/—+ Inc,

(1) (s)
{ [—q—+ln Om— Tllq;w In 0(3)]} (13)
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ne = lnwzﬁ’——i— Incg

2) (s)
ot

i o“)]} (14)

The relationship between two different strain rates is,
using eqgs. (13) and (14), as eq. (15) for the triaxial

condition and as eq. (16) for the general stress condition.

63}

In ( éu / 511(2))=%X(Q(D/Um‘q(z?/dm) (15)
In ( 511(1)/ }511(2))_—><(V2fél/0 V27216, (16)

where the superscripts (1) and (2) indicate strain rates
(1) and (2), respectively. Eqgs. (15) and (16) can be
rearranged as eq. (17) on the basis of the second invariant
of deviatoric stress tensor and using that the mean

principal stress is one third of the first stress invariant.

NXa,
JP= % md In( 511 / 511(2)) V2](1]

1 2
NX_Il . , i
= —% + In( ey @) IO B 2]51)] 17)

The second invariant of deviatoric stress tensor at
strain rate (2) can be, as shown in eq. (17), determined
from the second invariant of deviatoric stress tensor at
strain rate (1). Substituting eq. (17) into eq. (5), the

overstress function is expressed as eq. (18).

1
NX—II . X
@:—]'v— exp(—% ‘T@ln( €1 (1)/ € (2))
—V27P)? N4 " (18)

Substituting eq. (1) for egs. (2), (3), (4), and (18), a
strain rate-dependent constitutive relation is obtained.
The overstress function, as stated above, effects the
plastic behavior through the coupling as well as the
viscous behavior. The model parameter values required
and the verification of the proposed model are described

in the following sections.

3. Laboratory Test

The anisotropic triaxial compression tests have been

conducted to determine the values of the model parameters



Fig. 2. Slurry consolidometer

and to compare the model predictions with the experi-
mental results. A number of specimens with identical
quality have been prepared, using the shurry consolidometer
technique. They are very homogeneous with known stress
history. To get the experimental results only by the strain
rate difference, very homogeneous and reproductible
specimen is essential, and the slurry consolidometer
technique was very useful for the purpose as in the
previous studies(Kurup et. al., 1994). Dry soils were,
first, mixed with the deaired water, to be slurry, at twice
the liquid limit. Then, the slurry was carefully placed into
the consolidometer chamber(Fig. 2). The slurry was
consolidated under Ko condition and four steps of dead
loadings. Fig. 3 represents the consolidation data of each
loading step in the slurry consolidometer. After the slurry
consolidation finished, the specimen was extracted and
trimmed for the triaxial test. The slurry consolidometer
was made of stainless steel and twice the triaxial
specimen in diameter and height. The physical properties

of the specimen is as in Table 1.
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Table 1. Pyhsical properties of specimen

o, (%) ’ 45.0

wp (%) 25.0
Pl 20
Gs 2.70

USCs CL

Table 2. Triaxial test program

Ko consolidation strain
slurry in triaxial apparatus controled
consolidation .
test \ . ‘ , , | undrained
O v | oh|chioy shearing
(kPa) (kPa) | (kPa) | (kPa) (%/min)
1 176 200 98 0.49 0.1
176 200 98 0.49 0.01
176 200 98 0.49 0.001

Table 2 shows the triaxial test program conducted for
determining the model parameter values and verifying the
model. The only difference of the tests is the strain rate
applied. Larger effective vertical stress than that in the
slurry consolidometer was applied in the triaxial apparatus
to remove the rigid boundary effect of the slurry

consolidometer on the specimen.

4. Verification of the Developed Constitutive
Model

Table 3 shows the values and determining method of
the model parameters for the developed constitutive
model.

The traditional critical state parameters A, «, v, and
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Fig. 3. Slurry consolidation of each loading step
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Table 3. Model parameter values and determination

parameters value determination
slope of virgin A 0.34 triaxial test
compression
slope of K 0.067 triaxial test
unloading—reloading
internal friction angle o 24° triaxial test
v
poisson's ratio 0.3 assumed
viscous parameters sV 2.0

> 40000 fitting curves from

triaxial test
n 1.5
rate—dependent m’ 61 fitting curves from
parameter triaxial test
rate—dependent input r 0.01 0.1%/min
r 1 0.01%/min

0.001%/min

¢ are the elastoplastic model parameters related to
Banerjee et al. (1986, 1988). The value of v was assumed
to be 0.3 and verified from the shear modulus G and
Young's modulus E values obtained in triaxial tests. The
viscous and rate-dependent parameters are involved in
the overstress functions in eq. (18). sy is the elastic nucleus
parameter included in the image stress A4 in eq. (18).

m' is the slope of the line connecting the maximun

deviatoric stress to the corresponding strain rate in

deviatoric siress-strain rate space. The rate-dependent

input 1, not parameter but input, indicates £, 0/ &, ©

in eq. (18). The values of all parameters were determined
by fitting curves or directly from the triaxial test results
performed at the standard strain rate 0.01%/min. Once
the parameter values were determined, the values were
used for the prediction at different strain rates, and only
the input r changed as in Table 3.

Figs. 4 to 6 show the experimental results of the
triaxial tests and the predictions using the developed
constitutive model. The principal stress difference, the
mean principal stress, and the undrained shear strength
were normalized by the vertical consolidation stress, and
respectively denoted by normalized q, normalized p', and
normalized s,.

In Fig. 4, the maximum principal stress difference, as
expected, increases with the increase of the strain rate.
The model predictions show good agreement with the
experimental results in all the three strain rates. The axial
strain corresponding to the maximum principal stress
difference is a little bit different from that of the model
predictions. Best agreement appears at the strain rate of
0.01 %/min. since the model parameter values were
determined from the experimental data at the strain rate.
At the strain rate of 0.1%/min., the model prediction is
higher than the experimental result, which might be due
to the fact that the overstress function is overestimated
at the higher strain rate. A model parameter, which can
control the excessive overstress function, needs further
research. At the strain rate of 0.001%/min., the model

prediction matches well the experimental results in both
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Fig. 4. Principal stress difference-axial Fig. 5. Stress paths with various strain rates  Fig. 6. Undrained shear strengths with

strain with various strain rates
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the magnitude of the principal stress difference and the
corresponding axial strain, in other words, the developed
model gives better results at a lower strain rate than the
standard strain rate. It may produce a future study in
which the model parameter values are determined from
the experimental data at a higher strain rate. Using more
appropriate elastic model other than the generalized
Hooke's law, would be anticipated to give better results
in the initial part of the prediction.

Fig. 5 shows the stress paths. The model predictions
represent very good agreement at strain rates of 0.01 and
0.001 %/min. like in the relationship between the
normalized principal stress difference and the axial
strain(Fig. 4). The predicted stress path at strain rate of
0.1 %/min. is also in the reasonable range compared
with the experimental result. Fig. 6 indicates that
undrained shear strength has a linear relationship to
logarithmic strain rate, which confirms the viscous
theory by Adachi et al.(1974, 1982) and Oka(1981,
1985) adopted in this study. It is unnecessary to
re-evaluate the model parameter values at different strain
rates in the developed model. Once the parameter values
are determined at a strain rate, the values can be used
at different strain rates. It is only the rate-dependent
input r of the values in Table 3 which should be
changed. The r is included in the overstress function.
The overstress function seems to influence only the
viscous strain rate, but it affects the plastic strain rate

through the coupling(eq. 1).

5. Conclusions

In this study, the generalized Hooke's law, the plastic
model proposed by Banerjee et al.(1986, 1988), and the
viscous theory by Adachi et al.(1974, 1982) and
Oka(1981, 1985) have been combined based on the
generalized viscous theory by Perzyna(1966), to develop
a strain rate-dependent constitutive model for anisotropic
cohesive soils. The anisotropic triaxial compression tests
have been conducted at the strain rates of 0.1, 0.01,
0.001 %/min. The homogeneous specimen was prepared

using the slurry consolidometer technique. The model

prediction were compared with the triaxial experimental
results, and showed good agreement specially at the
strain rates of 0.01 and 0.001 %/min. A little larger
prediction than the experimental results at the strain rate
of 0.1 %/min is due to the overestimation of the
overstress function. A parameter preventing from the
excessive overstress function at higher strain rates needs
further research. The developed constitutive model has
a definite advantage that it is not necessary to re-evaluate
the model parameter values each time the strain rate

changes.
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