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A Suboptimal Algorithm of the Optimal Bayesian Filter Based
on the Receding Horizon Strategy

Yong-Shik Kim and Keum-Shik Hong

Abstract: The optimal Bayesian filter for a single target is known to provide the best tracking
performance in a cluttered environment. However, its main drawback is the increase in memory
size and computation quantity over time. In this paper, the inevitable predicament of the optimal
Bayesian filter is resolved in a suboptimal fashion through the use of a receding horizon strategy.
As a result, the problems of memory and computational requirements are diminished. As a priori
information, the horizon initial state is estimated from the validated measurements on the reced-
ing horizon. Consequently, the suboptimal algorithm proposed allows for real time implementa-

tion.
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1. INTRODUCTION

In a cluttered environment, the target-tracking
problem naturally involves uncertainty associated
with the measurements as well as modeling inaccu-
racy. This uncertainty is related to revealing the origin
of measurements, since the measurements may not
have originated from the target of interest [1]. This
problem was not recognized until the publication in
1964 of Sittler's first paper [14]. The pioneering work
of Sittler was motivated by the need to find a reason-
able way of incorporating the measurements of uncer-
tain origin into existing tracks. However, since his
method was based on a non-Bayesian approach, the
resulting state estimate and covariance do not account
for the possibility that the determined decisions are
incorrect.

The Bayesian procedures use the “nearest
neighbor” of the predicted measurement wherein the
Kalman filter is modified to account for the a priori
probability that the measurement might be spurious.
This filter utilizes only the sensor reports that are sta-
tistically close to the predicted track measurement for
track updating and calculates its data association per-
formance parameters based on averaging over a pri-
ori statistics. Singer and Sea [12] extended the Bayes-
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ian approach to develop an optimal tracking filter
within the class of nearest-neighbor filters that utilize
a priori statistics for estimating correlation perform-
ance.

The need to incorporate all the observations lying
in the neighborhood of the predicted measurement
was pointed out by Bar-Shalom and Jaffer [2], where
a suboptimal algorithm using a posteriori probabili-
ties was presented. In [2], it was suggested that a pos-
teriori correlation statistics, calculated on-line and
based on all reports in the vicinity of a track (i.e., all-
neighbors approach) should be used to obtain the best
possible tracking performance based on all available
data provided by the surveillance sensor.

In [13], the theoretical formulation of an optimal
filter using the a posteriori probability and all-
neighbors class was completely carried out. This filter
requires an expending memory and utilizes the data
located around the vicinity of the track, accounting
accurately for the possibility that any particular report
among these data may either be extraneous or have
originated from the track. However, this filter is quite
unsuitable for real-time application in dense multi-
target environments.

Several approaches [1, 3, 8] for limiting memory
growth and computation requirements, while still pro-
viding a reasonable approximation to the performance
of the optimal filter, were proposed. In [8], the opti-
mal a posteriori filter of Singer et al. [13] was com-
bined with an adaptive filter. The resulting filter re-
quires an expanding memory. A (#,N) scan ap-

proximation [8], as opposed to an N scan approxi-
mation, was used by Singer et al. [13]. This proposal
was presented in order to obtain an algorithm with
stable memory requirements. In this approximation
those measurement histories which were identical for
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the most recent N scans and those input histories
which were identical for the most recent M scans
were combined together into new histories.

The memory growth and computation problem for
real-time implementation has also been a critical issue
in Kalman filtering. Hence, finite memory filters [6,
10] were suggested as a solution to overcome the poor
performance or divergence due to the modeling errors
of the standard Kalman filter. Finite memory filters
are also useful in situations in which a system model
is valid over a finite interval. In [9], a receding hori-
zon Kalman FIR filter that combines the Kalman fil-
ter and the receding horizon strategy was presented.
In their work it was shown that the suggested filter
processes the unbiased property and the deadbeat
property irrespective of any initial horizon condition.
In [5], a receding horizon Kalman FIR filter including
the estimation of the horizon initial state was investi-
gated. Furthermore, an estimation and detection tech-
nique for the unknown inputs using an optimal FIR
filter was presented [11].

The optimal Bayesian filter in a cluttered environ-
ment, though it has demonstrated enhanced perform-
ance to other filters, has drawn little attention due to
exponentially increasing memory and computation
requirements. The main contributions of this paper
are: first to derive a suboptimal approach using only
the measurements in a receding horizon. As a result,
the increasing memory and computation requirements
are diminished. Second, the horizon initial state is
estimated from only validated measurements on the
receding horizon. Third, the suboptimal algorithm
solves the real-time implementation problem of the
optimal Bayesian filter.

This paper is organized as follows: In Section 2, a
suboptimal algorithm for the optimal Bayesian filter is
derived, and the horizon initial state estimate and its
covariance are obtained. A posterior probability of the
validated measurements on the receding horizon is pro-

vided in Section 3. In Section 4, conclusions are stated.

2. ANEW SUBOPTIMAL ALGORITHM

Consider the following state-space representation
of the target motion and observation

X1 = Fypxy +ay (1)
yszkxk +Vk7 (2)

with @, and v, being zero-mean mutually inde-
pendent white Gaussian noises with covariances
O, and R, , respectively. The suboptimal algorithm
in the sequel does not use all measurements observed

from the initial time up to the present time &, but
uses only a set of measurements observed in some

interval with fixed window-size N, i.e., on the re-
ceding horizon interval [k~ N, k].

Assumption 1: The possibility of a false track ini-
tiation is not considered in this paper. Hence, the ho-
rizon initial estimate and its covariance, as a priori
information which will be estimated in the suboptimal
algorithm, are assumed to be in a correct track.

Let the set of validated measurements obtained at
time k£ be

m

Yk = {Yk,i}i:kl >
where m; is the number of measurements in the
validation region and Y, ;is the set of validated

measurements obtained at time & when the number
of validated measurements are i. Let the set of
measurements on the receding horizon [k — N,k] at

time % be denoted as
k k
Y= {Yj } j=k-N>

where a superscript £ is used, while a subscript £ was
used in the set of validated measurements. A combi-
nation of measurements on the receding horizon

[k—N, k] atthe k-th scan can be denoted as Y** .

Then, Y k1 is defined as follows:
k1 k-1
Yo S ngs s ki =0

where Y¥7 stands for the combination of meas-
urements up to time &k —1 at the (k£ —1)-th scan and

Vi, is the i -th measurement at time k. Denoting
the event that the /-th history at time & is the cor-
rect sequence of measurements by 6% | its a poste-

riori probability, conditioned on Y ks given by

,Bk’l =P{(9k’l Yk} . 3)

Now, the following theorem is stated:

Theorem 1: When the measurements used are re-
stricted within a receding horizon, the state estimate
and error covariance equations of the optimal Bayes-

ian filter take the following forms:
L
. 1
Sk = 2 FU+ By HRHY™ B
=

S y p—1
Xt + Boga sk HR Vi s
Ly
— ,l S -1 -1 ']
Fen+j+ik _Iziﬂk FU+F R H) }:;cSN+j|kF

L
,] ~f ~l ~ A7
+Zﬁk Ko+ j+ N+ e ™ Mo+ i+ WX+ j+1k -
I=l

Proof: The conditional mean of the state at time &
can be expressed as
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Ly
fp 2 Elq [Y*1= Elx |16 YA 1P6% | Y5y
I=1

4
w oo Q)
=D F B
I=1
where fc,ldk = E[x; |6’k’l vk ] is the history-

conditioned estimate. L, is the total number of
measurement histories at time k£ as '
k

L =TT+m)), 5)
J=1
where m; is the number of measurements at time ;.

For each history, the state estimate conditioned upon
the measurement history, Y kil being correct is

=l _ ns / A
e = Xk— T K Whgy = Viger) (6)
where y;, is the measurement at time k in se-

quence / and )A}li|k—l is the predicted measurement

corresponding to history Y*™>* with covariance Si.
The gain is
Kf =By HS{T, (7)
and the covariance of the history-conditioned updated
state is
I i S vy pkld vk
Pk[k = E[(xg —xk|k)(xk _xk|k) |07, Y"] ®
=1 =K HIP, -

The conditional mean of the state at time & of (4)
can be expressed as

L L
A I k.l ' -1 A k.l
Kl zlleiik—lﬂ 2Pt S Oy —Iige)P (9
=l =1
And again, using Sy = HP,_;H'+R and the ma-

trix inversion lemma, (9) is rewritten as follows:
Ly

Ly
I -~ kil ' ’ -1 .
Xk = 12 ‘) FXp e P +l§1FP,j_l| kot (HPy (H'+R)™ [k—N=ky, k] is denoted as

~S k1l
x (Yk,il - ka—1|k-1 Vit

Ly
k! , 'L oy iy
= QAR —FB e H' (HB e H'+ R HB™ }35 _jpey
1=l

Ly
, 'yl k1
+ 2 FR_ ' (HB o H' + R vy,
1=

Ly
s ' s ' -1 kl~s
:IZIF =Py HHP_y (H'+ R HYB™ Xy

Ly

- o=t pv -1 pm—1 okl
+ 2 (P +HRTHY T HR™ 5y,
I=1

Ly
=Y FU+ByHRH)! 555 )
=1
& 1y 1 okl
+ Y F(B Sy + HRTHY  HR™ g5 Vi) -
=1
Combining terms, the final form is

Ly
. o1 =1 kil
B = 2 FU + By HRH) ™
17

o5 s -1
X (X1 + Bt HR™ yp ) )-

The covariance associated with the combined esti-
mate is

A S NI
» o+ 2 ' % o
P = 28" Py + 2B Su X = un ¥
I=1 I=1
Lo v i Y ovrar
— » s o ! X X
_lz‘iﬂ ([—KkH)Pklk_l +lzlﬁ xk|kxk|k = Xklk X k|k
N ! NN
— > - § ! oty X —x X}
—121/3 (F~K Py F +121:ﬂ Tk ik Xk Xkl

Ly
k 1 ’ 3 [ -1
=3 BMFP Py H'(HP y (H'+R)
I=1

—1lk-1
Yokial
N ’ N Y o _ 2 o
x HP 3 F +12;ﬁ XX ke~ Tk Xk

Kkl o e e
=Y BYF(BS L +HRTH) T F
=l

N
+Zﬂ ’ xklkx}clk —xk|kx}€|k.
I=1

(10)
(10) can then be represented by
&k 1yl
5 s p— - s '
P = 2B FUI+ Py (HRTH)" Py |F
= (11)
Sokiol ad o o
+2.p° Tl ke — Tkl Xk
=1
The filter at time ky+i on the horizon

Xy+ik  for
0<i< N -1. The suboptimal algorithm on the reced-
ing horizon [ky,k] then takes on the following
form:

Ly
. N
Liy+j+1lk :12 FUI+B, jwHR H)" p (12)
=

oS s -1
(X + ik + By ik AR Vi vy )»

where the error covariance is obtained from (11) as
follows:
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Ly
— ](,1 S =1 -1 ps 4
Py ol -E/} FU+F HRH B L F

(13)

Ly
ksl il . a
+2.58 Kt hepg ol ~ kvt i+ kgl
=l .

Remark 1: It is noted that fckNJrjlk in (12), for

ky +i<k, is an intermediate variable to compute

Xy and cannot be used as a real estimate. Only the
state estimate ¥ is used as a real estimate of the

real target x, .

Remark 2: In this paper, the suboptimal algorithm
based on the receding horizon will be called a subop-
timal receding horizon Bayesian filter. From (12) and
(13), the state estimate is obtained from the horizon
initial state estimate and the covariance and meas-

urement on the receding horizon [ky,k]. However,

since the past measurements outside the horizon are
discarded in this algorithm, it is necessary to estimate
the horizon initial condition without past information.
Therefore, the horizon initial state estimate and co-
variance are derived from the measurements on the

receding horizon [ky,k]. In addition, in accordance
with Assumption 1, the horizon initial track is as-
sumed to be correct.

On the receding horizon [ky,k], to express the
finite number of measurements in terms of the hori-
zon initial state x; ~ the following equations are

needed:

Xy 4l = Fxpy + 0 s (14)

Viy+l = HExp + Hop, +vi, o,
and
ykN =HXkN +VkN . (15)

Consequently, the substitution of (14) into (15)
yields:

Y* = Hg, + GWs v, (16)
where
yknvti &

! ’
[yl'{N ykN+1 e yl’(N+_]] s

kN+j A ’ ' ' ’
W - [a)kN a)kN+l“.a)kN+j] b

ky+j A, ' ’ ’ .
VN —[VkN VkN+1“'VkN+j], OS]SN—l,

and H and G are as follows:

r 9 - -

H 0 0 00
HF H 0 00
H2| HF? |, G&| HF H 0 0
HF N HFN? prNS o H 0]

Theorem 2 [5]: Denote the horizon initial condi-
tion X, of (12) as X, . and horizon initial co-
variance B in (13) as B, .. The receding hori-

zon initial state estimate and its error covariance are
then expressed as follows:

Ry 2275, (17)
Py =Z0yZ', (18)

where Z =(H '@]\,11-_1 Y H ’(:)7\,1 is a gain matrix of
the horizon initial state estimator [7] and

©y 2 Gldiag(Q Q- Q)]G +[diag(R R~ R)].

Proof: See [5].

Remark 3: Using (17) and (18), the state estimate
of the suboptimal receding horizon Bayesian filter is
given by

Xplk = Xkyt j+1k | j=N—1>

where the intermediate variable % . is derived
from the following iterative form:

Ly
. N
Beyjaie = 2 FU+ B HRTH) ™ B
=

28 5 p—1
X (X otk T Py jik R Yy iy )-
N N N !

3. A POSTERIORI PROBABILITY OF
THE FILTER

The a posteriori probability of (3) can now be dealt
with. The following assumptions are needed:

Assumption 2: The number of false validated
measurements is described by a diffuse prior model.

Assumption 3: The false measurements are uni-
formly distributed in the gate.

First, the vector at each time on the receding hori-

zon [ky,k] is denoted as

m" =[my_ymy]. (19)

Theorem 3: Let Assumptions 1-3 hold. Then, the
a posterior probability of the validated measurements
on the receding horizon [ky,k] is given as follows:
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S

bs my P [_1, "mk
k.l 2=, k—L,s
s x B,
bS Mk S ’ ll =0
+> 7k &8
Ji=1" i

where

A
s

1 o ro— A
e =S O, = TSk O gy = P}

and 4524 _p py2asi /2 M Pg is the probability
INA
that the true measurement will fall in the gate and
Pp is the target detection probability. ¥, is the
volume of the validation region at time k.
Proof: First, the computation of the probability

ﬂk’l conditioned on m* can be expressed as

ﬂk’l - P[gk,l | Yk,mk] — P[ek’i,ek—l,s | Yk,mk, Yk_-l,mk—l]

LY 10 my, 057 YR

PAALTR GRS
X POy 1057 YR e m T

XP[ak—l,S lYk_l,mk,mk—l]
1 - _ _
zzp[Yklgk,iI’mk’gk I’Samk layk 1]

X P[G; [6°71 Y5y m* ] (20)
X P[ek—l,s | Yk—-l ,mk,mk_l]

where ¢ =p[Y, |mk,Yk‘l,m"_'] is the normaliza-
tion constant. Under Assumption 3, the first joint

PDF of the validated measurements on the right hand
side of (20) is

Y 9 - ’gk—l,s’ykfl’mk—l
p[ k| k,l[ mk ] (21)
—my+1 1 . .
A ks Vek-155k 1, =1 ,my

~my, i =0.
V., 1

The second density on the right hand side of (20) is as
follows:

P61 mie, 0575 Y5 m* = A6, | 1=y, (my)

iPDPG{PDPG+(1—PDPG)M i =1emy
my M (my =1)
up (my ) .
=1 (-PpPg)-—E—=—(PyR; i =0
M (my 1)
(22)
+(1_prG)_'uf_M -1
g (my. =1)

where pp(my) is the probability mass function of the

number of false measurements. Using the diffuse prior
model by Assumption 2, (22) is rewritten as follows:

PpPg
, j=1-m
Vi (my) = my ! k (23)
I—PDPG, ll=0

The third density in (20) is available from the previ-
ous step as follows:

ﬂk—l,s ZP[ak—l,S ,Yk_l,mk,mk‘ﬁl]. (24)

The substitution of (21)-(24) into (20) provides the
following form:

- 1 -1 ~ .
Vk T Fg f[yk,i[ ‘ylilk—l ;OaS;]

ki Pp P, k-1,
. x(_D_g] =L, LB
my
Ve (- PoFg), i =0

1 y |
Using ¥, =Cy, 135, |A=Cny;/ 4 1S, |A, the above

equation becomes

Ay
Gy i ISP B,
A =

X

—1 1 AS ' oS A ﬂk s
Fg exp %E Okiy = Ph-0'Sk” Oy =~ i)}

3

|27751§|y2mk

il =1,~-,mk

I ={<c,,yy Bislimaem. - O}ﬂk’”s

where C,,y is the volume of the n, -dimensional

unit hypersphere and » is the threshold of the gate.
By normalizing this result, according to the value of
i, % is rewritten as follows:

a)Incaseof i =1,---,my,

1 A 1o I k-1
y exl{—z()’k,i/ ‘y1§|k—1)Sks(J’kJ1 _ylsrlk~l)}’8 :

B
1 _ns rS~S a8
my ex ‘E(yk,i, yk‘k—l) k (yk,il _yk\k—l)
Z Y
= +(1—PDPG){27ZSZ| 2
PpV

b) In case of 4, =0,
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| 2788 |/ (1- PDPG)mkﬁk -5
’ PV

1 As o ~s
- CXE{—E(J/k,i, = Pip-1)'Se” e —J’k|k41)}
)y
i=1 _ 5 }/2 my
+(L=PpFp) | 275, |2 ——
Ve

ﬂk’l —

Therefore, the a posterior probability conditioned on
the validated measurements in the receding horlzon
[k, k] is given by

S
Jrz1 =1 11
bS

i z]l =1 Jl

ip=1-my

ﬂk,l Xﬁk—l,s .

i =0

4. COMPUTATIONAL COMPLEXITY

The computational burden of each of the two track-
ing algorithms is presented in this section. The
scheme of the suboptimal receding horizon Bayesian
filter derived in Theorem | and Theorem 2 is outlined
in Fig. 1. Using the algorithm in Fig. 1, the computa-
tional complexity and storage requirements of the

State estimate on Statc error covariance

receding horizon B s @ R
State et fm‘z: EGAII{ .
St By gz=2v ! Z=(HOyH)"H'Oy

! !

State prediction covariance
Pl = FPL 0 F '+ Q

dicti Innovation covariance
Vi =H ¥ Sy =HP{ H'+R

tati Filter gain calculation
! s
Ki =Rl f 'Sy

State prediction

Xy = Fxy + oy
kT T Fhg =F 300

Measurement
v =Hy, vy

and measurement vnlndzuon
Yrggodr = ey

o= Vi ‘Vu L

1
s &% —expi—t PSS Y
b’—(z]/zmkc"(l_PDPGJ P zl’k ko Pk
= Y e
4 " l

P

7-th measurement-history of
state updated covariance
! s
P = Pt = K{HP it

jon for a posteriori p ilitics of
validated measurements

s =Leemy

my
b+de’

2e;

a=l

b

=0

my ?

b+ el
2e;
Jr=l

!

Updated state estimate

L
% - rp-l
St = S FU R R HY B R )
=1

Updated error covariance

L
& p=lgpy-lps ’
Prgrjotp = 2 BN FU+ By H RHY Py F
1=l

L,
+3p kgt 3 _3 %
kgt kK etk T Xk jelk Kk Uk
=

Fig. 1. One cycle of the suboptimal receding horizon
Bayesian filter.

tracking filter can be suboptimally reduced compared
to the standard optimal Bayesian filter. Tables 1 and 2
illustrate the computational burden of the suggested
suboptimal receding horizon Bayesian filter and the
optimal Bayesian filter, respectively. From the Tables
it is evident that the computational complexities of
the suggested suboptimal receding horizon Bayesian
filter is less than the optimal Bayesian filter using
flops method [4]. In Table 1, the computational com-
plexity of the suboptimal receding horizon Bayesian
filter is shown. Table 2 also shows the computational
complexity of the optimal Bayesian filter. In Table 3,
an example demonstrates the computational burden of
each filter for the two- dimensional case with N =3.
Although the optimal Bayesian filter of [13] can be
preferred to the suboptimal receding horizon Bayesian
filter in the aspect of performance, the latter has less
computational complexity than the former.

Table 1. Operation summary for the suboptimal reced-
ing horizon Bayesian filter.

Operation Flops
iiu»,l = Fffii_uk_. n2
Vi1 = HEiq mn
Bl n
B:lk—l = pr—ukvlF,+Q n
B’ n’m
S§ = H(BH)+ R (m*n+mn)[2

(HPy(H'+R)” m® +m*[2+mf2

H'S;* m*n

K/i = Pf\k—lH'Sl:S nm
S m?
PS¢ pi n

HP n’m

K (HP ) (mn® + nm)/2

é?S/{bI +Z::k:1€;1} n/(l+mkn)

b/{bHZI % /(1 + myn)
R Yy +is m?
Pk);v+/'|kH’(R_lykN+/,i,) n?
R'H m*n

(B‘A;v +jIkHl)(R_lH) (mn2 + nm)/2

A=+, . wHRHY! w4 n*f24 02

kJ a5 S m-1
AL Gy ik By 4 kIR Py sy n?

Ly kd s
DAL G

5 p-1
B TR Vi aji)

A(P,;V”MF') e

z, lﬂ XI\N+I+IM (ka+j+lU\)

H/ o N(! +m; )n +n(l+n)f2
+ 3 BFAGR L F)

+ H/_:kw(l +m;yn(l+ n)f2

. . ,
= X+ itk Oy )
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Table 2. Operation summary for the optimal Bayesian

filter.

Operation Flops
)?‘ZM_; = Fj&:\k—l n?
Vi = Higg mn

(FR k-1 n?
FRp FN+Q w
HFy n’m

Si = HB L H'+R (m*n+ mn)/2

(HBYyH'+ RY™ m +m[2+mf2
HS:* m?n
K = Pl H'Sy nim
Si'pi m*
(oiV(Sc' o) n
5 5 e s
e/{b +Zh:le},} nf(1+ myn)
¥ 5 "y
b/{b +Z/,=lej,} (1 +myn)
K{.(HP,““‘,(,I) (mn2 + nm)/2
T Gy (n+1m/2

H;(] + mn + (0 + Dnf2
+ ]_[’;:1(1 +m ) (n+ )2

Le ki pt s
21=lﬂ P = X o)’
Le phtai o ni
+z,:]ﬂ X (K )’

Table 3. Computation example for a 2-dimensional

system.
# of Validated Total Flips
Stips, Measurements P
m; OBF RHBF (n~=3)
4 3 32,358 425,604
5 4 608,166 709,316
6 2 6,948,006 531,996
7 3 9,264,006 1,063,920
8 4 2,076,393,606 1,329,936

5. CONCLUSIONS

In a cluttered environment, the use of the optimal
Bayesian filter, as a possible solution to the target-
tracking problem, is often recommended. However,
the computational burden and growing memory are
known to be the main drawbacks in its use. The
suboptimal algorithm proposed in this paper uses the
measurements on the receding horizon and diminishes
the computational complexity and storage require-
ment. Since prior information outside the horizon was
not available, the horizon initial state estimate and its
covariance were obtained using the measurements in
the receding horizon.
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