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ON PROJECTIVE BCI-ALGEBRAS
SuN SHIN AHN AND KEUMSEONG BANG

ABSTRACT. In this paper, we obtain Hom(P,_ ) is an exact functor
if P is a p-projective BCI-algebra.

1. Introduction

C. S. Hoo and P. V. R. Murty ([5]) and E. Y. Deeba and S. K. Goal
([3]) independently showed that Hom(X) may not, in general, be a BCL-
algebra for an arbitrary BClL-algebra X. In view of this result we can
also see that Hom(X,Y'), the set of all homomorphisms of a BCI-algebra
X into an arbitrary BCIL-algebra Y may not be a BCILalgebra in general.
However, E. Y. Deeba and S. K. Goal ([3]) proved that if X is a BCL
algebra and Y is a BCK-algebra, then Hom(X,Y) is a BCK-algebra and
hence a BCl-algebra. Y. Liu ([8]) showed that if X is a BCI-algebra
and Y is a p-semisimple BCI-algebra then Hom(X,Y) is a p-semisimple
BC1I-algebra. In [6] and [7], Y. B. Jun et al. investigated some prop-
erties of Hom(—, —) as BCK/BCI-algebras. The present authors ([1])
defined a hom functor Hom(—,- ) in BCK/BCI-algebras and discussed
the exactness of Hom(_,_ ) in BCK/BCl-algebras, and obtained some
properties of Hom(_,_ ). In this paper, we discuss the projectivity in
this sense of p-semisimple BCI-algebras and show Hom(P,_- ) is an exact
functor if P is a p-projective BCI-algebra.

Recall that a BCLalgebra is a non-empty set X with a binary opera-
tion “*” and a constant 0 satisfying the axioms:
(1) {(zxy)* (@*2)} x (zxy) =0,
(2) {zx(z*xy)}xy=0,
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(3) zxz =0,

(4) zxy=0and y*xz =0 imply that z =y
for any z,y,z € X. Furthermore, if it satisfies (5) 0 x z = 0 for any
x € X, then the algebra is called a BCK-algebra. A partial ordering
“<” on X can be defined by < y if and only if z xy = 0. Let X be
the BCK-part of a BCI-algebra, i.e., X, is the set of all z € X such
that z > 0. If X = {0}, then X is called a p-semisimple BCI-algebra.
A mapping f : X — Y from BCK/BCl-algebra X into a BCK/BCI-
algebra Y is called a BCK/BCI-homomorphismif f(zxy) = f(z)* f(y)
for all z,y € X. Define the zero homomorphism 0 as 0(z) = 0 for all
z € X. Denote by Hom(X,Y) the set of all homomorphisms from a
BCK/BCI-algebra X into a BCK/BCl-algebra Y.

DErFINITION 1.1. Let X and Y be BCI-algebras. A BCI-homomor
phism f: X — Y is said to be regular if I'mf is an ideal of Y.

We call an ideal A of X regular in case A is a subalgebra of X. In
the literature, Imf need not be an ideal of Y.

DEFINITION 1.2. Let f: A — B and g : B — C be BCI-homomor
-phisms. The sequence A — B — (' is said to be ezact at B if Kerg =
Imf. A sequence Ay — A1 — -+ — A, — Ap4q is said to be ezact if
it is exact at A1, -+, A,.

ExAMPLE 1.3 ([2]). 1. 0 —» A L B is exact (at A) if and only if f
is injective.

2. AL B —0is exact (at B) if and only if f is surjective.

3. The sequence 0 — A’ 5 A 5 A” — 0 is exact (at A/, A, A”) if and
only if 4 induces an isomorphism A’ = pA’ and ¢ induces an isomor-
phism A/Kere = A/uA’ =y L Essentially A’ is then a regular ideal
of A and A” the corresponding quotient algebra, such a sequence is
called a short ezact sequence.

2. Hom functors

The present authors ([1]) defined a hom functor Hom(_,_ ) in BCK/
BCl-algebras and discussed the exactness of Hom(_,_ ) in BCK/BCI-
algebras. Let C and D be any categories of BCK/BCl-algebras. A
functor from C to D is a triple (C, F, D), where F' is a function from the
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class of BCK/BCI-homomorphisms of C to the class of BCK/BCI-
homomorphisms of D ( i.e., F : Hom(C) — Hom(D) ) satisfying the
following conditions:
(1) F preserves identities: if e is a C-identity, then F(e) is a D-identity
(i) F preserves composition: i.e., F(f og) = F(f)o F(g); i.e., when-
ever dom(f) = cod(g), then dom(F(f)) = cod(F(g)) and the above
equality holds.

Let u: A” — A and v : B — B’ be BCFhomomorphisms, where A, B
and B’ are BCK-algebras. We define a mapping

Hom(u,v) : Hom(A, B) — Hom(A', B)

by requiring that f € Hom(A, B) is to be mapped into vfu € Hom(A',
B’). Clearly, Hom(u,v) is a BCEFhomomorphism and if u, v are identity
maps, then Hom(u,v) is also an identity map.

Again if v/ : A” — A’ and v' : B’ — B” are BCI-homomorphisms,
where A’, B” are BCK-algebras, then

Hom(uu',v'v) = Hom(v',v")Hom(u,v).

In fact, Hom(_,_ ) is a functor. This functor is called a hom functor.

Note that Hom(u, B) = Hom(u,1p) and Hom(A,v) = Hom(14,v).
Let X and Y be BCI-algebras and let

XY ={(ay)lzeXyeY}
We define the operation * on X @Y by
(z,9) * (z',y) = (z* 2’ y x ')

for all (z,y),(z',y') e X @Y. Then (X &Y, x,(0,0)) is a BCI-algebra,
which is called the direct sum of X and Y (see [3]). If uj,us : A” — A
and vy,vs : B — B’ are BCI-homomorphisms, where A, B’ are BCK-
algebras, then the mappings u; ® us : A’ ® A’ — A @ A defined by
uy Bua(x1,z2) = (u1(z1), uz(z2)) for any (x1,z2) € A’®A’, and vy By :
B ® B — B' @ B’ defined by vi & va(z1,22) = (v1(z1),v2(z2)) for any
(x1,22) € B@® B, are BCI-homomorphisms.
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ProOPOSITION 2.1 ([1]). If uj,ugy : A’ — A and vy,v, : B — B’ are
BCI-homomorphisms, where A, B and B’ are BCK-algebras, then

Hom(uy @ ug, B) = Hom(uy, B) ® Hom(uz, B)
and

Hom(A,v1 ®v2) = Hom(A,v1) ® Hom(A,vs3)
i.e., a hom functor is additive.

LEMMA 2.2. Let f : X — Y be a homomorphism, where X is a
BClI-algebra and Y is a p-semisimple BCI-algebra. Then Imf is an
ideal of Y.

PROOF. For any y;,y2 € Y, let y; xy2 € Imf and y2 € Imf. Then
there exist x1,x2 € X such that f(z1) = y; *xy2 and f(z2) = y2. Hence
f(z1) = y1 *y2 = y1 * f(x2). Thus we have

f(z1) % (0 f(z2)) =(y1 * f(z2)) * (0 (f(22))
f(@1) % (f(0) x f(z2)) =(y1 % 0) x (f(z2) * f(z2))
(@) * (f(0x22)) =(y1 % 0) 0
f(@1 % (0% z2)) =p1.

Therefore there is an element zq * (0xx2) € X such that f(zy*(0*xz2)) =
Y1, l.e., y1 € Imf. O

THEOREM 2.3 ([1]). If 0,7 are regular BCI-homomorphisms in the
exact sequence of BCI-algebras:

MISMIM -0
then, for any BCK -algebra N, the sequence

Hom(m,N)
_—

0 — Hom(M", N) Hom(M, N) 22N, Hom(M', N)

is exact.

Using Lemma 2.2 we know that if f : X — Y is a BC'I-homomorphi
-sm from a BCI-algebra X into a p-semisimple BCI-algebra Y, then it
is a regular BC'I-homomorphism.

Y. Liu ([8]) showed that if X is a BCI-algebra and Y is a p-semisimple
BC1-algebra then Hom(X,Y) is a p-semisimple BCI-algebra. With this
concept we generalize Theorem 2.3 as follows:
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THEOREM 2.3". If M' 5 M 5 M” — 0 is an exact sequence of

BC1I-algebras, where M and M" are p-semisimple BCI-algebras, then,
for any p-semisimple BCI-algebra N, the sequence

Hom{o,N)
_—

0 — Hom(M",N) 22", gom(M, N) Hom(M', N)

is exact.

THEOREM 2.4 ([1]). If ¢, are regular BCI-homomorphisms in the
exact sequence of p-semisimple BCI-algebras,

0-B %BLp
then for all BCI-algebra A, the sequence

Hom(A
s

7¢) HOm(A’ B) Hom(A,zZ))

0 — Hom(A,B') Hom(A, B")

is exact.

As we generalized Theorem 2.3, we generalize Theorem 2.4 as follows:

THEOREM 2.4. If0 — B’ % B % B" is an exact sequence of
p-semisimple BCI-algebras, then for all BCI-algebra A, the sequence

Hom(A,¢) Hom(A )
LS —_—_—

0 — Hom(A, B') Hom(A, B) Hom(A, B")

is exact.

3. Characterization of projective BCI-algebras

In this section, we show that Hom(P,_) is an exact functor if P
is a p-projective BCI-algebra. Recall that a BCI-algebra P is called
projective if for every BCI-homomorphism f: P — Y and every BCI-
epimorphism ¢ : X — Y there exists a BCI-homomorphism h: P — X
satisfying gh = f. A BCI-algebra P is said to be p-projective if for every
BCI-homomorphism f : P — Y and every BCI-epimorphism g : X —
Y of p-semisimple BCI-algebras there exists a BCI-homomorphism A :
P — X satistying gh = f. Clearly every projective BCI-algebra is
p-projective.
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LemMa 3.1 ([9]). Let

0 f . B —*2.¢ 0
A B
0 L g9, 0

be a commutative diagram of BCI-algebras and BCI-homomorphisms
such that each row is a short exact sequence and B’ is p-semisimple.
Then

(i) a,7 are monomorphisms = (3 is a monomorphism;
(ii) o, are epimorphisms == (3 is an epimorphism;
(iii) o, are isomorphisms == {3 is an isomorphism.

Let X @Y := {(z,y) |z € X,y € Y} be the direct sum of BCI-
algebras X and Y. Then the mappings ix : X — X ®Y and iy :
Y - X @Y given by ix(z) = (z,0) and iy(y) = (0,y) are clearly
BC I-monomorphisms.

THEOREM 3.2 ([9]). Let 0 — A; L B % Ay — 0 be a short exact
sequence of p-semisimple BCI-algebras. Then the following conditions
are equivalent:

(i) There is a BCI-homomorphism h : Ay — B with gh = 14,;
(i1) There is a BCI-homomorphism k: B — Ay with kf = 14,;
(iii) The given sequence is isomorphic (with identity maps on A; and
Az) to the direct sum short exact sequence

0— A i—1>A1€BA2£>A2—’O§
in particular B = A, @ As.

A short exact sequence 0 — A; ER B % A, — 0 satisfies one of the
equivalent conditions (i), (ii), and (iii) of Theorem 3.2 is called a split
(ezact sequence).

THEOREM 3.3. Let0 — A % B % C — 0 be a short exact sequence
of p-semisimple BCI-algebras. Then the followings are equivalent on
BC1I-algebras:

() 0= 45 BY C— 0 is split;
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Hom(D,p) Hom(D,)
_ 5

(i) 0 - Hom(D, A) Hom(D, B) Hom(D,C)
— 0 is a split exact sequence of p-semisimple BCI-algebras;

(iii) 0 — Hom(C, D) 2P, Hom(B, D) ZCD), Hom(A, D)
— 0 Iis a split exact sequence of BCI-algebras, where D is a
p-semisimple BCI-algebra.

PROOF. (i) = (iii): Assume that the sequence is split. Then, by The-
orem 3.2, there exists a BC I-homomorphisms « : B — A such that ap =
14. It induces a BCI-homomorphism Hom(a,D) : Hom(A,D) —
Hom(B,D). We claim that Hom(p, D)Hom(c, D)= lgomea,p)- In
fact, Hom(yp, D)Hom(a, D) = Hom(yp,1p) Hom(a,1p) = Hom(ayp,
1p) = Hom(14,1p) = lpom(a,p)- By applying Theorem 2.3" and The-
orem 3.2 the Hom(_,_ ) sequence is split.

(iii)= (i): Assume that the Hom(_,_ ) sequence is split. Then, by Theo-
rem 3.2, there exists a BCI-homomorphism Hom(a, D) : Hom(A, D) —
Hom(B, D) such that Hom(p, D) Hom(a, D) = lgom(a,n), i-€., cp =
14. It follows from Theorem 3.2 that the exact sequence 0 — A 2,
BLCc—ois split.

(i) < (ii): This can be proved similarly by using Theorem 3.2 and
Theorem 2.4’, and we omit the proof. a

THEOREM 3.4. The following conditions on BCI-algebra are equiv-

alent:

(i) P is p-projective;

(ii) if ¢ : B — C is a BCI-epimorphism of p-semisimple BCI-
algebras, then Hom(P,v) : Hom(P,B) — Hom(P,C) is a BCI-
epimorphism;

(iii) if 0 - A 5 B Y0 -0 is any short exact sequence of p-
semisimple BCI-algebras, then 0 — Hom(P, A) — Hom(P, B)
— Hom(P,C) — 0 is an exact sequence of BCI-algebras.

PROOF. (i) = (ii): Let ¢ : B — C be a BCI-epimorphism of p-
semisimple BCI-algebras. Then the hom functor Hom(P,v) : Hom(P,
B) — Hom(P,C) is a BCI-homomorphism. We claim that Hom(P, )
is onto. In fact, for any g € Hom(P,C), since P is p-projective, there
exists a BCI-homomorphism h : P — B such that g =Y oh =% oho
1p = Hom(1p,y)(h) = Hom(P,v)(h). Hence Hom(P,1) is a BCI-
epimorphism.
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(ii) = (i): Let f : P — C be a BCI-homomorphism and let ¢ : B — C
be a BCI-epimorphism of p-semisimple BCI-algebras. It follows from
the condition (ii) that Hom(P,v) : Hom(P, B) — Hom(P,C) is a BCI-
epimorphism. Since f € Hom(P,C), there exists h € Hom(P, B) such
that Hom(P,v¢)(h) = f, i.e., 9 o h = f. This means that there exists
a BCI-homomorphism h : P — B such that o h = f, i.e., P is p-
projective.

(ii) = (iii): By Theorem 2.4".

(iii) = (ii): Let ¥ : B — C be a BCI-homomorphism and let A :=

Kery. Then 0 — A = Kery %~ B 2, C — 0 is a short exact sequence
of p-semisimple BCI-algebras. It follows from the condition (iii) that

0 — Hom(P, A) Hom( B9, Hom(P, B) HomB4), Hom(P,C) — 0is an
exact sequence of BCI-algebras, and hence Hom(P, ) : Hom(P, B) —
Hom(P,C) is a BCI-epimorphism, completing the proof. g

The hom functor Hom(P,_ ) discussed in Theorem 3.4 is said to be
exact if it satisfies the condition (iii) of Theorem 3.4. With this concept
we conclude that Hom(P,_ ) is exact if P is a p-projective BCI-algebra.
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