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A WEIGHTED OSTROWSKI TYPE INEQUALITY
FOR FUNCTIONS WITH VALUES IN
HILBERT SPACES AND APPLICATIONS

S. S. DRAGOMIR

ABSTRACT. Some weighted Ostrowski type integral inequalities for
vector-valued functions in Hilbert spaces are given. Applications
for quadrature rules with values in Hilbert spaces are also pointed
out.

1. Introduction

In [8], Pecari¢ and Savi¢ obtained the following Ostrowski type in-
equality for weighted integrals (see also [5, Theorem 3]):

THEOREM 1. Let w : [a,b] — [0,00) be a weight function on [a,b].
Suppose that f : [a,b] — R satisfies

(1.1) If(t)— f(8)| S N|t—s|*, forallt,s € [a,b],
where N > 0 and 0 < a < 1 are some constants. Then for any x € [a, b]
[Paw (¢) f (¢) dt S21t— x| w(t) dt
[Pw(t)dt fPwtyd
Further, if for some constants ¢ and A

O0<c<w(t)<Ac, forall telab,

(1.2) flz) -

<N

then for any x € [a,b], we have

fPw () f(t)dt N
[Pw (t) dt

AL (z) J (z)

(1.3) "L(z)—J(z)+ M (z)

f(x) -
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where

and

(CC _ a)1+a + (b _ x)1+a

T @) =0

The inequality (1.2) was rediscovered in [3] where further applications
for different weights and in Numerical Analysis were given.

For other results in connection to weighted Ostrowski inequalities,
see [2], 6] and [7].

In the present paper we extend the weighted Ostrowski’s inequality
for vector-valued functions and Bochner integrals in Hilbert spaces.

Let X be a Banach space and —00 < @ < b < . We denote by
L (X) the Banach algebra of all bounded linear operators acting on X.
The norms of vectors or operators acting on X will be denoted by ||| .

A function f : [a,b] — X is called measurable if there exists a se-
quence of simple functions f, : [a,b] — X which converges punctually
almost everywhere on [a, b] at f. We recall also that a measurable func-
tion f : [a,b] — X is Bochner integrable if and only if its norm function
(i.e. the function ¢t — | f(¢)|| : [a,b] — R4 ) is Lebesgue integrable on
[a, b].

The following theorem holds [1].

THEOREM 2. Assume that B : [a,b] — L(X) is Holder continuous
on [a,b], i.e.,

(1.4) |B(t)— B(s)| < H|t—s|* forall t sé€]la,b],

where H > 0 and o € (0, 1].
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If f : [a,b] — X is Bochner integrable on [a,b], then we have the
inequality:

(15) HB(t) / " (s)ds - / "B(s) £ (s)ds

b
< H/ it — s[%|17 (s)]] ds

(

(b _ t)a+1 + (t o a)a+1
a+1

111 fa8],00
if f€ Loo([a,b];X);

(b= )7+ 4 (t — g)?*] "
pr 1M a0
ifp>1,1+1=1
and f € Ly ([a,b]; X);
a+bl]®
] T

2

\ [%(b—a)—i—\t—

for any t € [a, b].
The following corollary holds.

COROLLARY 1. Assume that B : [a,b] — L (X) is Lipschitzian with
the constant L > 0. Then we have the inequality

(1.6) “B(t) /abf(s) ds—/abB(s)f(s) ds

b
< L/ it~ s If (s)]] ds
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4 1 +b 2
lz (b—a)®+ (t— a2 ) :|”|f“|[a,b],oo
if f€ Lo([a,b];X);

_ 1
<Dx{ |G- +(t-a)™ "

i 111

fp>1,1+1=1
and f € Lp([a,b]; X);
a+b

B!
O | T

for any t € [a, b].

REMARK 1. If we choose t = “T“Lb in (1.5) and (1.6), then we get the
following midpoint inequalities:

(1.7) NB <a;b) /abf(s)ds—/abB(s)f(s)ds

b
< uf

" 1F (5)l1ds

S_a+b
2

( 1

[ _ a+1
7o) 0 I lepoo

if f€ Lo ([a,b];X);
1

1
(b—a)*" 7 Il
29 (qa+ 1) fa.blp

if p>1,24+2=1
and f € Ly ([a,b]; X);

IA

H x <

i
q

1 a
| 55 0= )" 11
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and

(1.8) HB(‘“{”) /abf(s)ds—/abB(s)f(s)ds
L/ab

a+b

IA

i enas

(1
1 (b— a)2 |||fm[a,b],oo
if f€ Lo ([a,b];X);
1 1
< Lx?¢ r (0= a)"" 0 1l ap1,
2(g+ 1)«
if p>1, % + % =1
and f € L;D([av ];X);
1
® (b—a) |||f|||[a,b],1
respectively.
REMARK 2. Consider the function ¥, : [a,b] — R, ¥, f

It —s|*|f (s)llds, @ € (0,1). If f is continuous on [a, b], then \I/a is
differentiable and

Weld _ e orironas | REERIIY

= a [/at (tllfi)zlla /tb (Sllii))llla ]

If tg € (a,b) is such that

oG P @
/a (to — s) T s a /to (s — to)l_ads

and ¥’ (-) is negative on (a,tp) and positive on (fo,b), then the best
inequality we can get in the first part of (1.5) is the following one

9)
b b
B(m)/ f(s)ds—/ B(s) f (s) ds

If « = 1, then, for

b
<H / lto — 5| [1£ ()| ds.

b
() = / it — sl 1 ()] ds,
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we have
t b
P2 = [1rolds- [C1reas, te o),
2
diz(t) 21 f @) =0, te(ab),

which shows that ¥ is convex on (a, b).
If t,, € (a,b) is such that

/atm If (s)l ds = /t: 1 (o)l ds,

then the best inequality we can get from the first part of (1.6) is

b b
(1.10) HB(tm)/ f(s)ds—/ B(s) f (s)ds
b a
<L / sgn (s — tm) s ]| (5)l| ds.

We recall that a function F : [a,b] — L£(X) is said to be strongly
continuous if for all x € X, the maps s — F (s)z : [a,b] — X are
continuous on [a,b]. In this case the function s — || B (s)|| : [a,b] — R4
is (Lebesgue) measurable and bounded ([4]). The linear operator L =

f F (s)ds (defined by Lz := f F (s)zds for all £ € X) is bounded,
because

b
L] < (/ ||F(s)||ds> el forall z € X.
a

The following theorem also holds [1].
THEOREM 3. Assume that f : [a,b] — X is Hélder continuous, i.e.,
(1.11) If @)= fS)<K|t—s|® forall t,se[a,b],

where K > 0 and 3 € (0,1].

If B : [a,b] — L(X) is strongly continuous on [a,b], then we have
the inequality:
(1.12)

”( )f(t)‘/abB(S)f(S)ds

SK/bn—sW 1B (s)] ds
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((b=t)°* +(t—a)*!
B+1 |||B\|i a,b],00
if |B()| € Loo ([a,b]5RY);

thIB+ ¢Z/3+
<K x{ [t sar ) 1181100

, and ||B ()|l € Ly ([a,b];R+);
L [% (b_a)‘*'jt_g‘;_b” IHBIH[a,b],l

for any t € [a, b].

The following corollary holds.

COROLLARY 2. Assume that f and B are as in Theorem 3. If, in
addition, f: B (s) ds is invertible in £ (X)), then we have the inequality:

(1.13) ”f(t)— </bB(s)ds)—l /bB(s)f(s)ds
< K”(/b s)ds) /|t—s\5u3(s)1|ds

for any t € [a, b].

REMARK 3. It is obvious that the inequality (1.13) contains as a
particular case what is the so called Ostrowski’s inequality for weighted
integrals (see (1.2)).

2. The results

The following lemma concerning an integral identity that will be used
in the following holds.

LEMMA 1. Let f : [a,b] — H be an absolutely continuous function
and g : [a,b] — H be Bochner integrable on [a,b], where (H,(-,-)) is
a Hilbert space on K (K =R,C). Then for any x € [a,b], we have the
identity
(2.1)

(0.0 [s0a)= [(roomas [0 K e,
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where
(B) [Tg(s)ds if a<tT<z<b
K (r,z):=

—(B)fTbg(s)ds if a<z<t<b

and (B) [ ; g (t) dt denotes the Bochner’s integral of g on [a,b].

Proof. Integrating by parts, we may write:

(2.2) / i < £ (1),(B) / "0 s) ds> dr

- (100, [ g a5) :—[u(v),g(f»m
(t@.) ["a@as) - [“r@g0)ar

and

(2.3) /z ’ < £ (r),—(B) /T o (5) ds> dr
- (1018 [(g()05) :—Lb<f<r>,g<r>>df
- <f<x>,<B>ng<s>ds>—Lb<f<r>,g<r>>dr.

If we add (2.2) and (2.3) we deduce the desired identity (2.1). O

For g as above, we now define the following associated functions

v =@ [(ewas

, T€la,b

, T € [a,b]

) ¢ = ”(B)/Tbg@)ds
and

x b
I (z) := / v (7) d7'+/ 4 (r)dr, z € [a,b] provided v,7 € L; [a,b],
a x

1
T b q
Lg(z) : =</ 'yq(T)d'r+/'7q(T)dT>q, x € [a,b]
a T
provided v,% € Ly [a,b], g € (1,00),
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I'wo (z) : =max| sup v(7), sup ¥(r)dr |, z € [a,b
T€la,z] T€[z,b]
provided 7,5 € L [a, b].
We may state the following estimation result:

THEOREM 4. Let f and g be as in Lemma 1. Then for any z € [a,b]
we have the inequality:

(2.4) Kf(z),(B) / "9) dt> - / oY, (t>,g(t>>dt]
< /azllf’(T)Ilv(T)dT+/xbHf/(T)H‘v(T)dT::M(:v)-

If we denote (fora < a < f3<b)

3

H‘fl‘H[a,m,oc = ess SFP | £ ()]

TE€ [, 3]

8 ’
W Mgy = ([ @) 21

then we have the inequalities for M (x) as follows
(2.5) M (x)

(N Wiaagoo - S5 7 ) dr + 11 N0 - Jo 7 (7) dr
if f'€Luslab]l, 7,4 € L la,b],

< U My - A7) d)7 411 Mg (J257 () )
If p> 1’ %4—%:1, fleLp[a’b]5 ’y,’yELq[a,b],
L Miazgn - sup ¥ (7)) + 1 Migpyn - sap ¥ (7)dr
\ T€la,z) T€lz,b]
( T1(2) [1f'lgp,00if [ € Looa,b], 7,7 € Loo [a, 8],
< Tp (@) - 1 f o,

ifp>1, L+2=1, f'e Ly[a,b], 7,7 € Lgla,b],

\ Loo ((L') ' Hl.f,m[a,b],l if ’77;? € Loo [a,b] .
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Proof. Taking the modulus in (2.1), we may write that

’<f($)a(B)/abg(t)dt>-—/ab<f(t),g(t)>dt’
[z [[seas)|er
+/b <f'(T),(B)/bg(s)ds> dr

(by Schwartz’s inequality in H, (-, "))

L@@ [ a6
+ [ ole [

and the inequality (2.4) is proved.
Now, observe that

LU @@ < Moo [ ar

IA

IA

s|| dr

and

b b
L1 @@ ar < 1wy [ 5ar

giving the first part of the first inequality in (2.5).
Using Holder’s integral inequality, we may write for p > 1, z% + % =1

that
([1r@ra) ([ re)

/az 1 (D) v (r) dr
1y ([0 107)’

L1 orses <l ([ #0w)’

giving the second part of the first inequality in (2.5).
The last part is obvious.

IA

1l

and
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For the second inequality in (2.5) we observe that
T b
[y AETO LR T4 Y RO
T b
{1 sy 17 g} { [ 7 [ 5010}

= |”fl”|[a,b],oo'rl(m)*

2 1 / b 1
1Mo ([ 7 @) 07y (700

1

IA

< (e + T )"
. ([( [roa)] s {( [ W)T)"
= [/l Ta (@),
and

Pz swe v (@) + [ gg - sup ¥(7)
17 i+ P 7 i1 e,

< ma,x{ sup (1), sup ¥(7) dT} I:H’f/”|[a,x],1+Hlf,“l[zab]al}

T€[a,z] TE[z,b]
= Ml p1-Too (=),
and the last part of the inequality (2.5) is thus proved. |
REMARK 4. If g € L [a,b], then, for any 7 € [a, b]

(1) < (T =) llglllg 00 and T (7) < (6= 7) 9lllir,p),00

if g € Ly a,b) (q>1,%+§=1),then

1 . 1
V(1) < (7= 0% gl and 5 () < 67 gl
and finally, if g € L; [a, b], then

v(T) <|llglllia,nn and (1) < lliglllr ey -
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Consequently, we may bound M (z) (defined in Theorem 4) in an
other manner than those in Theorem 4, as follows:
(2.6) M (x)
( T
[ U@ =) ol oo
a
b
+ [ 1 1 0= gl
x
lf g € LOO [a’?b]v
© 1
[ 17 @l = 0% gl 7
a

b 1
4 +/ £ = 7)7 (gl gy, 47
if p>1, 2+¢=1, g€ Lyla,b],

IA

JACII

b
+ / 17 () gl 1
“if g€ Lifa,b],

(Nolliee [ 15Ol 7= ayar

b
+ﬂwmmmm/|UWﬂ”@‘Tﬁh =: My (z)
if g€ L |a,b],

< q Mollaz,q /”” I (O (- @) dr

b 1
Hlalla [ 17 @IG-7dr = My (2)
x
if p>1, s+2=1,9€Ly[a,b],

9l aeyr 11 Wgaeyz + Mgl A Mg =2 Ma ()
if g€ Ly[a,b].
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2.7) / 17 () (- — a) dr

( T
va@%w/’w—awT

a

5 (@ = @) 1 llgs)0c i F' € Loo[ab]
1 1

) T (.’L’ — a)1+g ’”f/“’[a,z],a

(B+1)7

L (@ = a) 1 Mjg,211

and, similarly,

b
(2.8) /Hf' (T)|| (b—-T1)dr

N =

1 1+ li
—— (0= 2) Tz p).a
_<_ < (/6_*_1)5 [7b]7

L (0= 2) 1w g1

if f'eLylab], a>1,

if f'€Lyfab], a>1, 1+

O =2 1 b0 i S € Loola,d]

Rl

1
8

Wl

z 3
{ |”f/|||[ayz]’a</ (T—a)d'r> ,a>1,é+%:1
| (2= ) 17 W
(1

=1

219
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then we get the following bound for M, (z) (defined in (2.6))

(2.9) My (z)

IA

(1
5 L@ = ) l91la2)00 17 g 00

+ (b= 2" gl y.00 117 500 ]
if g€ Lola,b] and f' € Ly [a,b];

1
(6+1)

(@ = @)™ 5 gl g0 11 g 2

1
+ (=) B gl 5,00 11 Mg
if g€ Ly |a,b]
and f' € Lyla,b], a>1, é+é—=1;

Wl

(@ = a) ll190lfa,21,00 115 Mo 3,0 + (&= 2) gl 2 7,00 1 Wi 3,1

if g€ Lola,b] and f' € L|[a,b]

\

We also have

(2.10) /||f’ ()] ¢ — a)? dr

4 x 1
mfmm@m/'v—awdr

a

W=

< & 8
—‘lwmm@ﬂ(/ v—awdg as1 il
a

1
[ (@~ a)7 |1 flllfg,29,1

(1 W Mo i S € Lot

1
p_\? 141 _
4<p+ﬁ>(x‘@“”mfwmmalffELAmm

1,1
a>laa+%—1

| (@~ )% |1/ jgapa
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and, similarly,

(2.11) /|[f’ () (b — )}

p—i—la)—m) S Mapee i F € Leolart]

Tl

: J <I%) (b—z) Jr5|”f/|||[$b],a, if f’eL[ b]

C¥>1,E =1

1
0= 2)7 1z 0,1

221

and thus we may point out the following bounds for the M, (z) (defined

in (2.6))

(2.12) M, ()
( D

1
et (@~ 7 ol 171

la,x],00

+(b—x)r ™! 11901z, 11711

z,b],00

1
p_\? 141
| (525)" [ - " ol 11 M
1,1

+ (0= 2) gl 117 g

[=.0] .o
if g€ Lglab], p>1, 1+— 1,
f'€Lylab), a>1, L +ﬁ—1

IA

(z—a)r™ l91l1a,z3 117 W o011

+(b—z)» = g lliz,61.q 1L N iz60,0
{ if g€ Lyla,bl, p>1%+

= 1.

W (=

if geLglab], p>1, Z—l)+% 1, f'€ Lw|a,b];

In the following section we will show by an example how the above
inequalities can be used in approximating the integral f (f(t),g(¢))de

where f, g are as in Lemma 1.
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3. A guadrature formula

In this section we will show, by example, how the integral / ; (f (t),
g(t))dt, where f : [a,b] — H is an absolutely continuous function with
values in the Hilbert space H and g : [a,b] — H is a Bochner integrable
function on [a,b], may be approximated with order one accuracy in
terms of simpler quantities as described below.

For this purpose, by the use of inequalities (2.4), (2.6) and (2.11), we
may consider the inequality

/ab<f(t),g(t)>dt—<f(x),(B)/abg(t)dt>l

x b
L@@+ [l o5 0)ar
(@ = 0 Mol 117 o

3
4= gl 1l ]

1 x_g_—%—_b ’ 2 ’
< [+ (522) |0 0 llan 7o

provided g € Lo ([a,b]; H) and f' € Lo ([a, 5] ; H) .
For the sake of simplicity, we will use only the last inequality in (3.1)
and, in particular, the “mid-point” inequality

[vosma-{r(*5).® [ soa)

1
< 7= Mgl 00 1171 0 00

Suppose that the interval [a,b] is partitioned by the division I, : a =
g <ty <: - <tp—1 <ty =binto n smaller intervals with the step size

(3.1)

IA

IA

(3.2)

hi:=zi41—x;,i=0,...,n—1. Denote v (I,) ;= max h;.
0<i<n—1
We may consider a sequence of intermediate points &= (bo,.--,&n-1)

with the property that & € [@s,z41] (i =0,...,n — 1) and the sum

63 oulfiolnt) =3 (1.8 [ o ar).

=0 i

We may state the following result.
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THEOREM 5. With the assumptions in Lemma 1 and if g € Lo ([a, b];
H), f' € Lo ([a,b]; H), I, and & are as above, then we have

b
(3.4) / ()9 (0 dt = 0 (f1g, T €) + R (19, InsE)

where o, (f, 9, In,€) is given by (3.3) and the remainder R, (f,g,In,§)
satisfies the bound

|Rn (f7ga1na§)|

n—1 1 T; + Tigt 2
(35) < |||fl|H[a7b]’oo |||9Hl[a,b],ooz th2+ <§i_ . 9 = ) ]
=0
ln—l
< Hlf,m[a,b],oo |||9Hi[a,b],oo 5 Z h?
=0

AN

1 :
5 (b—a) 17,00 Ml g,p1.00 ¥ (T -

Proof. It is obvious from the inequality (3.1) applied in the interval
(i, zi+1] and at the point &;, that

[ g a- <f<5i> B [ e d>‘
1 i+ 2 /
Th+ (gi - %) ] Illla,t100 115l 05,00

for each 7 € {0,...,n —1}.
Summing in (3.6) over ¢ from 0 to n — 1 and using the generalized
triangle inequality we get (3.5). O

(3.6)

The best quadrature in the class is obviously the mid-point one. This
may be stated in the following corollary.

COROLLARY 3. With the assumptions in Theorem 5, we have

b
(3.7) / F(8),9 (8 dt = T (f,9. L) + Ro (£, 9, In)

where

(38)  Tu(f.g,1n §< (I ks ’“”“) .(B) / + g(7) dT>.
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The remainder R, (f,g,I,) satisfies the estimate

1n—1
(39) 1Ba(£,9, 1)l < £ Wippoo 1191100 3 D 22
=0

1
1 O =) 11711l a.03,00 191l 1,00 ¥ (In)

IA
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