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Study on Robustness of Incomplete Cholesky Factorization using
Preconditioning for Conjugate Gradient Method
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Abstract

The preconditioned conjugate gradient method is an efficient iterative solution scheme for large size finite
element problems. As preconditioning method, we choose an incomplete Cholesky factorization which has

efficiency and easiness in implementation in this paper. The incomplete Cholesky factorization method

sometimes leads to breakdown of the computational procedure that means pivots in the matrix become minus

during factorization. So, it is inevitable that a reduction process for stabilizing and this process will guarantee

robustness of the algorithm at the cost of a little computation. Recently incomplete factorization that enhances
robustness through increasing diagonal dominancy instead of reduction process has been developed. This

method has better efficiency for the problem that has rotational degree of freedom, but is sensitive to

parameters and the breakdown can be occurred occasionally. Therefore, this paper presents new method that

guarantees robustness for this method. Numerical experiment shows that the present method guarantees

robustness without further efficiency loss.
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INITIALIZATION INITIALIZATION
= offdiag(K) X% = ™
P =diag(K) g° =Kx°-f
ITERATION d° =—g°
Forr=1,...,N-1 h°=g°
For i=r+1,...,N such as (r,i)e NZP
temp =i,/ p, ITERATION
p, =p, —temp u, gu‘hk
For j=i+1,...,N such as (r, j)e NZP Tk=m
If(i, jye FP then u, =u, —temp u,, N =xt vr,d,
kay _ _k
Fig. 1 Incomplete Cholesky factorization(IC) g =g +r,Kd,
( NZP stands for non-zero pattern and = Mgt
FP represents fil)-in pattern ) KT
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INITIALIZATION
= offdiag(K)
P =diag(K)
ITERATION
For r=1,.

i,

pr i>r

LN-1

2
If Ty >71 then w="C"1else =1
To

For i=r+1,...,N such as (r,i)e NZP

temp=u,/p,

p;=p; —tempu,

For j=i+1,...,N such as (r, j) € NZP
If(i,j)e FP then u, =u; ~temp u,,

else p,=p, —wtemp u,

p;=p;-—wltempu,

Fig.3 DRIC algorithm
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The alternative factorization
For i=1,...,n
(P)i & (K)y = 2 W) (P),

r<i

For j=i+]1,...,n
(candidate),; < (K); = 3. (U),.(U) ;(P);,

then (U); < (§),
else (U); <0

The CIC factorization
For i=1,...,n

(P)n' (“(K)ii "Z(U)Z(P);rl

For j=i+1,...,n

(&) « (K); —Z(U),.-(U),,-(P)I,1
If (), =1
then (U); «(£);

else compute r
(P)y = (P); +72[(&),]
(P); < (P, +r7(©),]

Fig. 4 The alternative IC and the CIC algorithm
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For i=1,...,n
(P), (K), = 2 (U)(P),
For j=i+l,..,n
(é)// (—(K)y —Z(U)n (U)r/(P);rl
If (v), =1
then (U), « (&),
else compute r
(P), «(P), +a|©),]
(P), «(P), + w\(g),,
Fig. 5 RBIC algorithm
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For i=1,...,n
(P < (K), = 2 (U)A(P),

= second modification (P), < (P), +(U)%(P),!
For j=i+1,...,n

(€); « (K)y = 2. U), (V) ,(P);,

If (‘//),, =1
then (U)U (&),

= first modificaition (P), « (P), +‘(§),,‘
(P),; < (P); +®),]

else compute r
(P (P +72|(&),]
Py, « (P, +r7®),]

Fig. 6 Modified CIC method
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Table 1 Example problems
s Element type
Nodes | Elements | DOF’s (Problem Type)
Annular
plate 640 600 3720 Quad (R-Type)
Coffeecup | 794 729 4404 Quad (R-Type)
Can 3150 3108 18540 Quad (R-Type)
Quad, Tria
Vessel cap | 4056 3964 23676 (R-Type)
Quad, Tria
Car door | 11806 12485 60072 (R-Type)

. Hexa, Penta
Solid tank | 2597 1710 7023 (T-Type)
Curved plate| 3751 3000 10890 Hexa (T-Type)
C"“?;;““g 4747 | 19596 | 13896 | Tetra (T-Type)

Fig.7 Annular plate FEM model

Fig.8 Coffee cup FEM model

Fig. 9 Can FEM model



282 PR

Fig. 10 Vessel cap FEM model

Fig. 11 Car door FEM model

Fig. 12 Solid tank FEM model
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Fig. 13 Curved plate FEM model

Fig. 14 Connecting rod FEM model

Table 2 Performance comparison of each method

Off-diag | Number of
. . mflops
terms iterations
DRIC-DC(1) 49,074 172 100
DRIC-DC(2 108,473 139 100
Solid tank )
CIC 155,680 164 136
RBIC(0.3) 173,627 93 100
DRIC-DC(1) 62,337 359 273
Connecﬁng DRIC-DC(2) 128,892 243 218
rod CIc 259,448 362 422
RBIC(0.3) 289,365 226 281
DRIC-DC(1) 57,988 L 420 143
Annular | DRIC-DC(2) | 92,062 393 162
plate CIC 46,884 100 33
RBIC(0.3) 49,645 91 30
DRIC-DC(1) 262,800 1428 2838
DRIC-DC(2) 493,770 1231 3023
Vessel cap
CIC 493,540 538 1323
RBIC(0.3) 556,192 302 792
mflops : AA AR Foll A Al Fo] Aty

2 gk Bel(1092 E)l?} A olt}

3.1 XIC 3 CIC 29| M vim
T-type A2} R-type o Ao ofsll 243
o] XIC #¢ DRIC-DC ¢} CIC #2] CIC, RBI

2g 8

C ¢
s zqu aa RBIC o A4 H4
gatAsE Fohsd AbgEE dabel g vy
3 204 4% A4S weAe e QFsn
& wmEe AT dAEAA kL AT 4
& gk o3 o st e shglch

Table 2 = 5-E] T-Type a4 &) 725 XIC ¥+0} CIC
Wk $E R-Type clAle]l 249 cICc #RT)

Yol Wolde o F drh



Table 3  Effect on variation of drop tolerance
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Table 5 Performance comparison with a sparse solver

Off-diag Numbgr of
operation
Number of | Ratio milops Ratio
terms (%) p (%)
Sparse solver| 12,405,930| 100.0 2278 100.0
Vessel e 493540 | 40 | 1323 | 581
cap

RBIC(0.3) | 556,192 4.5 792 34.8

Sparse solver| 31,229,484 100.0 | 4908 100.0

Car door CIC 1,157,402 | 3.7 1392 28.4

RBIC(0.3) | 1,193,423 38 1002 20.4

Sparse solver| 3,418,047 { 100.0 840 100.0

Connect CIC 259,448 7.6 421 50.1

rod | RBIC(0.3) | 289,365 | 8.5 281 335

DRIC-DC(1)| 62,337 1.8 273 325

Sparse solver| 4,890,834 | 100.0 2323 160.0

Curved | CIC 316,510 | 6.5 272 117
plate | RBIC(0.3) | 361,824 | 74 184 7.9
DRIC-DC(1)] 90,711 1.9 138 5.9

Drop Off-diag. | Number of
. . mflops
tolerance terms iterations
1.00E-03 34,797 185 55
Annular T00E 08 | 46,884 100 33
plate
1.00E-05** 59,382 163 58
1.00E-03 50,263 281 101
Coffee cup| 1.00E-04 92,407 148 69
1.00E-05** 125,533 107 60
1.00E-03 187,060 491 752
Can 1.00E-04 351,639 333 628
1.00E-05 557,749 210 502
Table 4 Effect on variation of relaxation parameter
Relaxation Off-diag. | Number of
. . mflops
param. terms iterations
2.50E-01 49,759 90 30
Annular
plate 1.25E-01 50,112 89 30
6.25E-02%* 50,297 138 46
2.50E-01 97,653 139 66
Coffee cup 1.25E-01 99,767 116 56
6.25E-02%* 100,917 99 47
2.50E-01 402,621 179 365
Can 1.25E-01** 416,341 158 328
6.25E-02%* 427,353 165 347
TAAESS ATE WAL R e AT
WO R sk Aol

23 A R-Type Aol A% polzt o] =2
RBIC o418} HAGsAGTE L= E—‘lo] 2 o]
o TType AAel 45 AolE U 4 9
7beAlol ol welal Axal Al C

[}
o] XIC #uT $5sh ¥ ¢ dn 45
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