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E s tim ation of th e param eter in an E x pon ential

D i s tribution u s in g a LIN EX Lo s s

Jun g s oo W oo 1) , H w ajun g Lee , K ab s ook Eun2 )

A b s tra ct

A Bay es estim ator of th e scale param eter in an ex pon ential distr ibut ion
w ill be con sidered by a LINEX error , then the risk of the Bay es estim ator
u sin g a LINEX loss w ill be compared w ith th at of a Bay es est imator
u sin g a squ are error .

K ey w ords : LINEX error , Squ are error , P rior pdf, Bay es risk .

1. A LIN EX lo s s an d a s t andard ex ponential prior

F or cert ain types of loss fun ction s , ex pres sion s for the Bay es est im ator can be
det ermin ed. A s u su al, symm etric los s fun ct ion of squ are error los s an d, ab solut e
error los s are u sed in Bay es an aly sis , so th eir r isk s can be compared each oth er .

But LINEX asymm etric loss fuction h as been u seful w hen a giv en positiv e
est im ation error is reg arded as m ore seriou s than a n egat iv e error . So w e can
choose asymmetric LINEX los s functon that has b een u su ally applied to
econ om etrics . LINEX los s fun ction w as ex ten siv ely discu ssed by Zelln er (1986).

M any author s h av e cosidered asymm etric lin ear loss fun ct ion s , specially
Zellner (1986) stu died a v ery u seful asymmetric LINEX los s function . it r ises
approxim atedly ex ponentially on on e side of zero and approx imately lin early on the
other side.
So far , w e don ' t hav e comparison betw een tw o Bay es risk s of param eter in an
expon ential distribution by LINEX loss and square loss , so w e n eed to compare
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their Bay es risk s .

W e shall con sider the follow ing expon ential pdf (Rohatgi(1976)):

f (x ; ) = e - x , x > 0, w h ere > 0. (1.1)

T h e Bay es est imator of th e param eter w ill be con sidered by a LINEX error
los s an d a st an dard ex ponential prior :

( ) = e - , > 0. (1.2)

W e sh all compare the Bay es risk of a Bay es est im ator of th e param eter in an
expon ential distr ibut ion u sin g a LINEX error loss and a st andard ex pon ential prior
w ith that of a Bay es est im ator of the param eter in an expon ential distr ibution
u sing a squ are error loss an d a st andard expon ential prior w hich w e h av e w ell
know n .

1 - 1 . LIN E X error lo s s
In this section a st andard expon ential prior den sity w ill be u sed a s (1.2),

an d a LINEX error loss w ill be u sed a s follow :

L (d , ( ) ) = e d - ( ) - ( d - ( ) ) - 1(see Sadooghi- Alv andi (1990))

A ssum e X 1 ,X 2 , . . . , X n be a simple random sample from the den sity (1.1).

T hen the joint pdf of X 1 , X 2 , . . . , X n is f (x 1 , x 2 , . . . , x n ) = n e
-

n

i = 1
x i

.

F or the st an dard ex pon ential prior , the joint pdf of X 1 , X 2 , . . . , X n an d is

f (x 1,x 2 , . . . , x n , ) = n e
- ( 1 +

n

i = 1
x i)

,

and hen ce from the formula 3.381(4) of Gradsht eyn & Ry zhik (1965),
the m argin al joint pdf of X 1 , X 2 , . . . , X n is

f (x 1 , x 2 , . . . , x n ) = n !

( 1 +
n

i = 1
x i)

n + 1
.

T herefore, the post erior pdf of can b e obtained :

h ( x 1 , . . . , x n ) = ( 1 +
n

i = 1
x i)

n + 1 n e
- ( 1 +

n

i = 1
x i)

/ ( n + 1) . (1.3)

w hich follow s a g amm a distr ibut ion w ith param eter s n +1 and 1

1 +
n

i = 1
x i

.

By th e post erior pdf (1.3) an d th e result in Sadooghi- Alv andi(1990), un der the
LINEX error loss , w e can obtain a Bay es estim ator of :
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*
l - ln E (e - X 1 , . . . , X n )

= ( n + 1) ln
2 +

n

i = 1
X i

1 +
n

i = 1
X i

. (1.4)

T he Bay es risk of *
l un der a LINEX error loss can be obtain ed as follow ing s :

R l( , *
l ) E [ E (e

*
l -

- ( *
l - ) - 1) ]

= E ( - 1) + E [ e - E ( (
2 +

n

i = 1
X i

1 +
n

i = 1
X i

) n + 1 ) ] - ( n + 1) E [ E ( ln
2 +

n

i = 1
X i

1 +
n

i = 1
X i

) ] (1.5)

By th e st andard expon ential prior , th e Ist t erm in 2n d equ ality (1.5) is zero,
by th e formulas 3.381(4) and 3.914(4) of Gradsht eyn & Ry zhik (1965), th e
expect ation of th e 2nd term in 2nd equality (1.5) is 1,
by formula 3.381(4) of Gradsht eyn & Ry zhik (1965), the ex pectat ion of th e 3rd
t erm in 2n d equ ality (1.5) can be obtain ed a s :

n
0

y n - 1

( 1 + y ) n + 1 ln 2 + y
1 + y dy .

T herefore, the Bay es risk is 1- n (n +1)
0

y n - 1

( 1 + y ) n + 1 ln 2 + y
1 + y dy . (1.6)

w hich th e integral in (1.6) conv erg es by the adv an ced calculation .

T he int egral in (1.6) =
0

y n - 1

( 1 + y ) n + 1 ln (2 + y ) dy -
0

y n - 1

( 1 + y ) n + 1 ln (1 + y ) dy

=
0

y n - 1

( 1 + y ) n + 1 ln (2 + y ) dy - B ( n , 1) ( ( n + 1) - ( 1) )

by 4.293 (14) of Gradshteyn & Ry zhik (1965),

=
1

0
( 1 - x ) n - 1 ln ( x + 1

x ) dx - B ( n , 1) ( ( n + 1) - (1) )

by x = 1
y + 1 an d B (x ,y ) is a Beta fun ct ion ,

=
n - 1

k = 0

n - 1
k( )( - 1) k [

1

0
x k ln (1 + x ) dx -

1

0
x k ln x dx ]

- n - 1 ( ( n + 1) - ( 1) )
by the Binomial ex pan sion an d L 'H ospital rule,

=
n - 1

k = 0

n - 1
k( )( - 1) k [ 1

k + 1 ln 2 +
1

0

1
k + 1 x kdx
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- 1
k + 1

1

0

x k + 1

1 + x dx ] - n - 1 ( ( n + 1) - ( 1) ) ,

by the part ial int egrat ion .

=
n - 1

k = 0

n - 1
k( )( - 1) k [ 1

k + 1 ln 2 + 1
( k + 1) 2 ,

- 1
k + 1

2

1

(y - 1) k + 1

y dy ] - n - 1( ( n + 1) - ( 1) ) , (1.7)

by a tran sform ation 1+x =y ,

w here B ( a , b) = ( a) ( b)
( a + b) and ( x ) is the p si- funct ion .

T he int egral in th e last equ ality (1.7),
2

1

(y - 1) k + 1

y dy =
k + 1

j = 0

k + 1
j( )( - 1) k + 1 - j

2

1
y j - 1dy

= ( - 1) k + 1 ln 2 +
k + 1

j = 1

k + 1
j( )( - 1) k + 1 - j (2 j - 1)

j (1.8)

F rom th e result s (1.6), (1.7) and (1.8),

the By es risk of *
l un der a LINEX error loss can be obtain ed :

R l( , *
l ) =1- n (n +1){

n - 1

k = 0

n - 1
k( )( - 1) k [ 1

k + 1 ln 2 + 1
( k + 1) 2

- 1
k + 1 ( - 1) k + 1 ln 2 - 1

k + 1

k + 1

j = 1

k + 1
j( )( - 1) k + 1 - j (2 j - 1)

j ]

- n - 1 [ ( n + 1) - ( 1) ] } (1.9)

1 - 2 . S qu are error lo s s
On the oth er h and, by u sing a squ are error loss an d a st andard expon ential

prior , a Bay es est imator of th e param eter in an ex pon ential distr ibut ion w ith th e
pdf (1.1) and it s Bay es risk are w ell know n as

the Bay es estim ator of and it s Bay es risk are

*
s = n + 1

1 +
n

i = 1
X i

. (1.10)

and R s( , *
s ) = 2

n + 2 , respectiv ely . (1.11)

F urtherm ore, from the post erior pdf (1.3), w e can obtain the g eneralized
MLE (m ode) of λ:
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*
m

n

1 +
n

i = 1
X i

(1.12)

Based on th e m ode (1.12) and th e formula s 3.381(4) an d 3.914 (3) of Gradshteyn &

Ry zhik (1965), th en the Bay es risk of th e m ode *
m un der a squ are error loss is :

R s ( , *
m ) = 2

n + 1 (1.13)

F rom the Bay es risk s (1.11) an d (1.13), it ' s n o w onder that the Bay es est im ator
h as les s Bay es risk th an th e m ode un der th e squ are error loss . An d from the
result s (1.10) and (1.12), th e m ode locat es at the left side of the Bay es est im ator
under the post erior den sity curv e.

On the other h and, by th e posterior pdf (1.3),

2 ( 1 +
n

i = 1
X i) (x 1 , . . . , x n ) follow s a chi- squ are distr ibution w ith a df 2(n +1),

and hen ce, w e can obtain a Bay es confidence int erv al :

(
2
2 ( n + 1) , / 2

2 ( 1 +
n

i = 1
X i)

,
2
2 ( n + 1) , 1 - / 2

2 ( 1 +
n

i = 1
X i)

) is a (1- ) 100% Bay es confiden ce int erv al of .

2 . A LIN EX los s and a g am m a prior

T h e Bay es est imator of th e param eter w ill be con sidered by a LINEX error
los s an d a g amma prior :

( ) = ( )
- 1e - , >0 (2.1)

W e sh all compare the Bay es risk of a Bay es est im ator of th e param eter in an
expon ential distr ibut ion u sin g a LINEX error loss and a gamm a prior w ith that of
a Bay es estim ator of th e param eter in an ex ponential distr ibution u sin g a squ are
error los s an d a g ammal prior w hich w e hav e w ell know n .

2 - 1 . LIN E X error lo s s
T h e Bay es estim ator of the param eter w ill be con sidered by a LINEX error
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los s :

L (d , ( ) ) = e d - ( ) - ( d - ( ) ) - 1(see Sadooghi- Alv an di (1990))
and a gamma prior density (2.1).

.
A ssum e X 1,X 2 , . . . ,X n be a simple ran dom sample from th e den sity (1.1). T hen

the joint pdf of X 1 , X 2 , . . . , X n is f (x 1 , x 2 , . . . , x n ) = n e
-

n

i = 1
x i

.

F or th e gamm a prior , th e joint pdf of X 1 , X 2 , . . . , X n an d is

f (x 1,x 2 , . . . , x n , ) = ( )
n + - 1e

- (
n

i = 1
x i + )

,

an d the m argin al joint pdf of X 1 , X 2 , . . . , X n is

f ( x 1 , x 2 , . . . , x n ) = ( n + )

( )(
n

i = 1
x i + ) n +

.

T h erefore, th e posterior pdf of can be obtain ed :

h ( x 1 , . . . , x n ) =
(

n

i = 1
x i + ) n +

( n + )
n + - 1e

- (
n

i = 1
x i + )

. (2.2)

w hich follow s a g amma distribution w ith param eter s n + an d 1
n

i = 1
x i +

.

By th e post erior pdf (2.2) and the result in Sadooghi- Alv andi (1990), under the
LINEX error loss w e can obtain a Bay es est im ator of :

*
l - ln E (e - X 1 , . . . , X n )

= - ( n + ) ln

n

i = 1
X i +

n

i = 1
X i + + 1

(2.3)

from th e formula 3.381(4) of Gradsht eyn & Ry zhik (1965).

T h e Bay es risk of *
l under a LINEX error los s can be obtained as follow in g s :

R l( , *
l ) E [ E (e

*
l -

- ( *
l - ) - 1) ]
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E stim ation of the param eter in an Ex ponential Distr ibut ion u sing a LINEX Loss

= ( n + )
( n ) ( ) 0

y n - 1

(y + ) n + dy - ( n + )( n + )
( n ) ( )

0

y n - 1

( y + ) n + ln y + + 1
y + dy + - 1

from the formula 3.381(4) of Gradsht eyn & Ry zhik (1965).

= - n +
B ( n , )

1

0
( 1 - t) n - 1 t - 1 ln (1 + t )d t,

by int egrat ion (1.4) an d y + t,

= - n +
B ( n , )

n - 1

k = 0

n - 1
k( )( - 1) k 1

k + [ ln (1 + 1 ) - 1
( k + + 1)

F ( 1; k + + 1; k + + 2; - 1 ) ] , (2.4)

from the formula 3.381(4) of Gradshteyn & Ry zhik (1965),
w h ere B (x ,y ) an d F (a ;b ;c ;x ) are the bet a funct ion an d th e hyperg eom etric fun ction ,
respect iv ely , in Gradsht eyn & Ry zhik (1965),

H ere, alth ou gh a standard ex pon ential prior is a special ca se of a g amm a prior ,
it is n ot easy for u s to sh ow th at th e Bay es risk (2.4) can represent by the risk
(1.9) w h en α=1 and β=1 in the gamm a prior . T herefore, w e h av e con sidered tw o
separat ed sect ion s .

1 - 2 . S qu are error lo s s
On the other h and, by u sing a square error los s an d a g amma prior , a Bay es
est im ator of th e param eter in an ex ponential distr ibution w ith th e pdf (1.1) and it s
Bay es risk are w ell kn ow n a s

the Bay es estim ator of is

*
s = n +

n

i = 1
X i +

. (2.5)

T o find it s Bay es risk ,

Let I ( n ; n + + 2 )
0

y n - 1

(y + ) n + + 2 dy = 1
+ 2 B ( + 2 , n ) , (2.6)

from integrat ion by sub st itution , t y + , w here B (x ,y ) is a bet a funct ion .

F rom th e integrat ion (2.6) an d th e formula 3.381(4) of Gradshteyn &

Ry zhik (1965), w e can obtain the Bay es risk of the Bay es est im ator *
s un der a

square error loss :
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R s( , *
s ) = ( ) 0

+ 1e - d - 2 ( n + )
( n ) ( ) 0

y n - 1

y +

0

n + - 1e - ( y + ) d dy + ( n + ) 2

( n ) ( ) 0

y n - 1

(y + ) 2

0

n + - 1e - ( y + ) dy d

= ( + 1)
2 - ( n + ) 2 ( n + )

( n ) ( ) I ( n ; n + + 2) ,

by integral (1.5),

= ( + 1)
2 ( n + + 1)

. (2.7)

F rom the posterior pdf (2.2), th e g eneralized MLE of is n + - 1
n

i = 1
X i +

, w hich

locates at a left of the Bay es estim ate of under th e posterior pdf (2.2) .

F or a giv en 0<γ< 1,
a

0

1
( ) x - 1e - x dx = ,

define a * ( ; ) .

F rom the posterior pdf (2.2), 2 (
n

1
X i + ) follow s a gamm a distribution w ith

a shape param eter n +α and a scale param eter 2, from definit ion of * and th e

posterior pdf (2.2) of , (

* ( ; 2 )

2 (
n

i = 1
X i + )

,

* ( ; 1 - 2 )

2 (
n

i = 1
X i + )

) can be obtain ed a s an

(1-γ)100% Bay es confiden ce int erv al for . (2.8)

By the Bay es risk s (1.9) and (1.11) an d T ables of the p si- fun ct ion in
A bram ow itz & Stegun (1970), and th e Bay es risk s (2.4) and (2.7) and the recur sion
formula of hypergeom etric funct ion in Abram ow it z & Stegun (1970), T able 1 show s
Bay es risk s of tw o Bay es estim ator s un der tw o different error losses .

T able 1. Bay es risk s of tw o Bay es est im ator s *
s and *

l based on a g amm a

prior an d a standard prior
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n
= 1

2 , = 1 = 1, = 1 = 2 , = 1

*
s

*
l

*
s

*
l

*
s

*
l

5 0.11538 0.047776 0.28571 0.11574 0.75000 0.29321

10 0.06522 0.028943 0.16667 0.07270 0.46154 0.19533

15 0.04545 0.020824 0.11765 0.05315 0.33333 0.14686

20 0.03488 0.016276 0.09091 0.04193 0.26087 0.11778

25 0.02830 0.013364 0.07407 0.03463 0.21429 0.09836

30 0.02381 0.011338 0.06250 0.02951 0.18182 0.08445

(to continue)

n
= 1

2 , = 2 = 2 , = 2 = 1
2 , = 1

2 = 2 , = 1
2

*
s

*
l

*
s

*
l

*
s

*
l

*
s

*
l

5 0.028846 0.013029 0.18750 0.082007 0.46154 0.16528 3.00000 0.97633

10 0.016304 0.007656 0.11538 0.052796 0.26087 0.10488 1.84615 0.68354

15 0.011364 0.005429 0.08333 0.038989 0.18182 0.07724 1.33333 0.52843

20 0.008721 0.004208 0.06522 0.030922 0.13953 0.06124 1.04348 0.43151

25 0.007075 0.003435 0.05357 0.025626 0.11321 0.05077 0.85714 0.36494

30 0.005952 0.002903 0.04545 0.021881 0.09524 0.04337 0.72727 0.31632

T hrou gh out num erical ev alu at ion s in T able 1, for a gamm a prior and a st an dard

prior , the Bay es risk s of a Bay es est im ator *
l of th e scale param eter in an

expon ential distr ibut ion under the LINEX error los s are less than those of a Bay es

est im ator *
s of th e scale param eter in an ex ponential distr ibut ion un der the

square error loss w hen = 1
2 , = 1, = 2 and = 1

2 , 1, 2 , and n =5 (5)30.
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