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Abstract

It will be described the discovery of fundamental algebras such as complex numbers
and the quaternions. Cardano(1539) was the first to introduce special types of complex
numbers such as 5+V —15. Girald called the number a+V—b solutions impossible.
The term imaginary numbers was introduced by Descartes(1629) in “Discours la
meéthode, La géomeétrie.” Euler knew the geometrical representation of complex numbers
by points in a plane. Geometrical definitions of the addition and multiplication of
complex numbers conceiving as directed line segments in a plane were given by Gauss

"

in 1831. The expression ” complex numbers” seems to he Gauss.

Hamilton(1843) defined the complex numbers as pairs of real numbers subject to
conventional rules of addition and multiplication. Cauchy(1874) interpreted the complex
numbers as residue classes of polynomials in R([x] modulo X¥+1. Sophus Lie(1880)
introduced commutators [a, b] by the way expressing infinitesimal transformation as
differential operations. In this paper, it will be studied general quaternion algebras to

finding of algebraic structure in Algebras.
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o] =E& Bigo 22 ¥EASF A A(Hypercomplex number system)e] 273z w3
Fde] T FIAY GAHES AHEIL AFEMEA Y AR 0] Yeold vt E A7
Red FAHE E Aot

7} 2} = (Gerolamo Cadano): 1539Q@ 7o x|& 2ol AHA TArs Magna, ¢ 1334
v}-S- 5—%1]? A B gt} “To divide 10 in two parts, the product of which is 40.” =2

iz o] AEo] w& “It is clear that this case is impossible. Nevertheless, we will work
thus”2 A Z3tE FAZME 23S 298 4AE 2D oy duiy 5l o %

pro 54V—15 5—vV—15°]th."gE= AUt T. R. Witmer(1968)°] W2, 1= o]9)
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Al olZ A dutetict. “Putting aside the mental tortures involved, multiply 5+V—15 by
5—V—15, making 25— (—15), which is +15. Hence this product is 40. This is truly

sophisticated.” W< T3 JA FAEL Jl20nrt HLo2 BAFLE QoA 23
Aoz oA71A HAL

29 2] (Rafael Bombelli)= 15724 "1'Algebra, ol A Qwhsez] « 4°
ol “x=%2+v/-121 +3\/2—\/—121”E}—t— Zo o g4 4A HYoh a9 =
sage Wo+V-121=2+V-1, ¥V2+V-121=2-V—T1olgt= 7o]=al A= d|7}
A ok agstel P=15x+49 Fole x=N2+V-121+ V2 V-121=2+V—1)
+@2-V-1D=4zh= 97 22 U Ao},
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1= olAEY ALkl A “pit di meno uia men di meno fa meno’E (=) X (—7)=—1
T elmate Rolglth a7 vl W2+V-121=V2+1lio® ARG oy EA}
e g9 BA4ge FdEWH HAvYm AAHET

Albert Girard(1629)+= + axV —bs AufFeta gt 7143 F(imaginary number)
‘e &ole di7t2 E(Descartes, 1637)7F A& o2 AME-AW ZAolth d7l2E o) F Ry &
FAEL HAF g dsetA AHgsAl =5l

Roger Cotes®} =5F-olH 2 (de Moivre), 22l (Leonhard Euler) 52 1968\ 7l 2.9 &

o] Aoz B (cosx+isinx)”= cos nx+ isin nx <

o}
=
= mesl dos Aoz tdw 2e eade Wie Yol

A

#25 x9% y&
edele SR (7, O H2sE xtiy=

/4
PR x*u}zrfﬂel ZARE =19 2& FAYR, BaF 29 AF LB HoHY

7}$-22(Carl Friedrich Gauss, 1831 )E BEiadehs 4 “complex number’'E AlY WA
AbES At oz QlAln s Q.
=

e BozA st ¥airEe Y3 FE 22 FolsA ahE A

I=] =
£ U™ (William Rowan Hamilton, 1943)e]t}t. 18473 = Al(Augustin Cauchy)7b
1

v 1ol BE dFAS R[x]e AFEM Bas5E EASA =AU
o =EolNE duHol Hafel e AP 2EYT BE 24 U AAS
WA & S ‘o WA AR RAR =4dua I
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HHAdol A (a, b)Y EAFo EE o+ b9 FHE A9 B &Y

b, )& a+bitcieE TEAE BTl o2}t AUA 1, 4, jE X
A Aozt 12 TAe MEog Bt I olFdEr ov5di ol
AEo|Th o]EZY “law of the moduli"8t= %70 FEHE=7E Q3=

Aotk (a+ bi+ cH)x+yi+z)=a+ fi+rk7F ARGk 483 A Ao
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j=jitte ARAA Bes B BA
(a+ i+ ci)(x+t yit+z) =(ax— by— c2) + ilay+ bx) + j(az+ cx) + if( bz — )

P=j=—1& B259 FHA o|Fold Reolth 28 AXAN (iHi=1c]°jok 3%
ket 284 Hed =1 EE g=—1loltt. (a+bi+to)i=d"— b~ P+ 2ab+
Qjac+2ijbcl A=l 1, 4, jo AFES AT FL& (aF— b )P+ (2ab)*+ (2a0)°
=(a?+ b+ g ¥ éf&‘;}. F7+ M (a+bit+¢)ie Zort (&b + b+ cH)Pel dlgw
24 9iab+2jac+ 2iibc e ZAolE (a®— b°— A)?+ (2ab)’+ (2ac)?

: —C
of tlgsior gk wele Wl FAolBE Aol old FHL =02 AL @a
of WE &

2. AHASG AAd e =4

il

Huge g0

& &7t 8

ol
()

ek ¥ adlo]B(John Grave)ol Al Bl MAdolA ij=— 7} Eofok
22E A8EA HAuTh 2' v BANA k=022 Azt Bt

ol
s

(a+ bi+ cN(x+vi+ z)=(ax— by— cz) + i(ay— bx) + j(az+ cx) + k(bz— cy),
(d?+ b+ AP+ v+ 28 # (ax— by— c2)* + (ay+ bx)? + (az+ ox)?

g=—ji=10lg} Tow ol 2d A “law of the moduli"o] A HE3A Hvte Ao
RS A R e R S A =

T pud

(@ + b+ AP+ 2+ 28 — (bz— )2 = (ax— by— c2)* + (ay+ b)) * + (az+ cx)*?
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WHNM 4, j, k Atole BAES HABEI| ] o]
tk=iij=—j, ki=ij=—1, ki=j, jk=i, F=iij=—ij=—1
wel WE 1, 7, joll o]0 MEL te] BE EE AA ®H JLYH @A 4a1Y08)

mAel MAS AHEE AFEE AHGE ol

h2e] F2E Azekrld] ol2e 19 wHEe
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Q18434 109 (7] 2% ZdlomolA o Puid wAe Wge AAZ A mur
we ) 9 olvl gl AN A 4 g, J, BFE wARY e ol s

9 k
- dEge WAE BE FA o5 g L AVEE HaAs

7:2:j2= kzz [22 m2= nzz 02:_ 1’
i=jk=|m=on=—ki=— ml=—no,
j=ki=In=mo=—ik=—nl=— om,
o=m=jm=kl=—in=—wmy=—1Ik

3. F2uze) 2%

ZF 24 =(Adolf Hurwitz, 1896)= =% “Uber die Zalhlentheorie der Quaternionen” ol A]

94 A48 “RE ALE H Age Feoez TAET'E “Bachet’'s Theorem” 2] #<lo

Atk 16213 C.G. Bachet:s “RE AFE 2,3 £F 4 AFe ez TANR S &

3LodTh 1= 3257bA o] dk ARAE ok ) e EFIA EE AT =

S+ PR B2 mEAEg o&n uixE ®d #I F9He 1772d dagF
t z2

(Joseph-Loui Lagrange)7F 2tA&ich 1d & 242>

b A S AT oz FEAGE FWY ZMA S B Q7= 18283 ofmH]
(Kar Gustav Jacobi)oll ¢l8iA Rasigich dv o 52 ToHA N=s 4+ x°+ y*+

o Y
Zfo] HlE A2 gE (s, x, ¥, &9 AFE N 25U 5 25 &2 Sd o, N

o] Aol® 24So]lil Neo] EFolH 8Sehe AolAth
..|_
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AAZAYE] AT E 3ok AS AAL S g oA 24719 Dol EAste] ofmn] g
Fd 4SS 4E F AAd AF ALSE g=st it iyt hze =804 &y e 1
A7E gt

N=gqq = (s+ix+ iv+ k2)(s— ix— ty— kz) = s* + x°+ y*+ 2°

4714 No| &5ol@ s, x, y, 2% 2F7F Aelw, No| F50ld n+sol 2 4+ 9

HURI(1853) AF7t HaF7A 4% AAFE B AL 4 (biquternion)o] 2} &3t}

Wiz Ceo R { a ”)}a,beR}—& S f(a+bz)=( a b)oﬂ BERS
—b —a —b —a

hEdolth. EAALYD fCB(algebra)s E4F88 ARV o)F &= 33 A os £33 o)

4. AwEe  BAAS  a b oc dl B ANE  atbitotdiE A2

atbi —ctdi\ 5 T O oro
<C+dl a_bl).‘r_ I mE a/\l'q’.

AR5 QRS § p=a+bi+citdkel BN p=a—bi—ci— dkol T3k
M@ =q- q=a+ b+ +d#0 2% 99e ¢ '=¢/Mgelt QR)e &34
1=1+40-i+0;+0- ke 2 78o] obd folth ddo] o}y BE Af59 Ao &
Astez Q(R)E eAdstold FE9¢ 2E 718 UxAddc] Molnz Adsse
A7b Hx 2@ ARAoR At obd UxkAde EAS FAF Aotk

Aol HYrE AA AF T={a+bi+cj| a, R
d Agss AAFEAAE dT7eA @ ARAA ol 43 HolnA,

T el 2wz wEe 92 zejn I35 Wde A¥eh 4 je T, #=-1,

F=—lolng je ToA j=r+si+A AF 7 s, t7F SAHE Aate] A7t 7}
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& Aotk adul —i=0+(—1) -i+0-jol2Z ofgfe] HeolA F=—12 AdA =}

NE 5o dEte F=—1& Bt Rolh
—i=(iNj=rj+sii+ i =ri+s(r+sitt) +5°=(sr— D+ s%i+ (st+ »)j

B7FE) Al Ee AbAZta I AAdes ARAe] o] ofd € U(Q(R))=Q(R)
—{0}2 2 AAe AFeln. R2IAF H={1, —1,4, —i, 7, =/ k —k}& 57}
82 HIZtg R ETolth WA He RE PETES H UdA Ao g8 &

2~
T A

5. 8tA19] AR AA A+

E7F 27 obd Al F 99 Rl QUF)={g=st+ax+jyt+iz]s, x vy, z€
{1, 7, 7, kYol 9d3ted AR F-UEEAN Qe HY 71EAMNY g2 g
delgn

o
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F}
Zo

-
o,

te=g, =B F=y =k jk=—if, ki=—ja, ji=—k, ki=1ifB, tk=ja,
Ng) = (s+ix+y+tz)(s—ix—jy— t2) = s* — ax® — By’ — af?

o714 el &g FEE AdA Mg =00 F=v dt= Heolrh g=s+ixt+ y+zk
=(s+ )+ (y—)NA z=001"A g=s+ix+jyoltt. Mg =00 s*—ax’— =0
oty z#00l¥ AF p=qyt+i)=[(s+x)+ (y—y+ti)=s+ix" +jy'e ¥
olth, Mg)=00°l" N(p)=0°0122 s ?—ax’—pfy ?=00]th oj= Z$olE HoREL~
(Diophantine) WA 4 ¢ —ax?— By*=0& F= Aoz FAzdArh

23 =2 (Legendre)T 17983 FEl4A F=QolA o] WA 4
Ak,

192313 3tAl(Helmut Hasse)® A4E9 AE2F /EEE o %Zﬂ of &% si¥e Al

a4 7F 7edt 2] E “local-global principle”’elgt dtoh. “EE  p—adicH o A

Rl A Zhefl gt ol vledE2 YAAL fFolA srsfso”

A Feol 4 a(=0), B(=0)° A& AwAsd s Qp(a, HE WA T2 FA
FeAH o Fojg vyt A2 G d Aot

r
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6. g]_g] al

18743 o) A 1879%1¢} ¥ H 2 (Sophus Lie)e] =%2] “finite continuous group”& @ o
o2} &t} et AA(Engel)E FAvEe e 1 =f(x, -, x,), =1, -, nlA »7|
of MiAWMEF ay, o, @, & UM MER F2ME 1 =f(x, 0, %, a0 a), 1=

Lo, ne AZsHA =AY i el Ados ox;=X,(n)dtdhe B8 L ATH

av gusas Fx, - x,)0 2§ ofzmule 7E2 %elR Xl—gf—+ 4 X, gf
1 n

9 AF= X1—+“'+XngF§ EAN 7t8x (A, B)= AB— BA® okzM] 7|32

A 3ol (A, (B, O)+(B, (C, AN+(C, (A, B))=0<& oFzH] @5 4ol
FaW S st XA A=4HA,++A4,A,ES RSN A, B)=-
(B, A), (4, (B, ON+(B, (C, AN+(C, (A, B)=0& FAld wtZs= dAxt (A, B)E §o

g o, o] AEEL 7 R FA HAUG od AEE diF= P. M. Cohn(1957)¢]
=i “Lie algebra’oll #g o2 27[=

7. 5 Txe ¥R

AL E Qula, B FAL Fote AL o TR BAHSE AFde Y
ogtolt} 7 NEE [x, yl=xy—wE ZIASGT ZE [x, y]=00°1" xy=xo]=2= 7}
ol fAEt 2= [x y]1#00 Z$E AT Bags Aot U x=c¢+
ici,+jcy,+kege Qla, Bl tidto] thgo] Ay

L7, x]1=7(2ac,) + k(2cy),
[7, 1= —2bc3) + k(—1cy),
L&, x]1=1(2bcy) +7(—2ac,)

23], xe ZQpera [, x]1=[j, x1=1[k, x]=00Ith. ZBEZ ¢ =cy=c3=cy=0°] ¥
o] Z(Qp) = Qrolth o]AL AuAlA &L FAo] viekel A7t ke FAF on|gch
kel

o2 Qplae, f) el oldide A ode {0} 2 AMELE BAR

—

¢

3l HU|E
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