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TWO CLASS ACTIVITIES OF M&M CANDIES

G. DanieL KimY anp Sunc Soox Kim?

1. Introduction

Jim Libby(2000) wrote an article of how to calculate the probability of drawing
three M&Ms of a same color without replacement out of a given M&M Milk Choco-
late Candies bag. Unlike the author assumed (also as the author suspected) in
the article, the six different colors of M&Ms (Brown, Yellow, Red, Orange, Green,
Blue) are not uniformly distributed, but are supposedly distributed according to
the following probability distribution (Source: M&M web site at http://www.m-
ms.com/cai/mms/faq.html).

Table 1. Probability Distribution of the six M&M colors

Color Brown | Yellow Red | Orange | Green Blue
(i=1) | (i=2) |(=3)| =4 |(E=5 | (=6
i .30 .20 .20 .10 .10 .10

In subsequent, each color will be indexed by 4 according to Table 1. Calculating
the probability of drawing three M&Ms of a same color according to the probability
distribution takes extra considerations than what Libby(2000) did. In this article,
the question considered by Libby(2000) is revisited, and extended to a more general
question based on Table 1. Two classroom activities along with a TI calculator
codes are introduced.

2. Notations and Developments

Despite M&M manufacturer aims at the six M& M colors distributed according
to Table 1, due to its manufacturing processes there exists substantial deviation from
their goals. In fact, significant deviation seem to exist not only in the proportions
of the six colors in Table 1, but also in the total number of M&M candies contained
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in each bag. Although it shouldn’t be too difficult to investigate the deviations in
more details, there seems to be no existing official reports on this issue yet. The
presence of those deviations leads us to define the following random variables: For
eachi=1,--,6,

M; = the number of the ith color M&Ms contained in a package, and

N = the total number of M&M candies contained.
Then, N = Z?___lMi, and E(M;|N) = p;N, i = 1,2,--- ,6, where p; is the prob-
ability distribution of the ith color. To begin with, we suppose that a M&M bag
is randomly given, and draw n candies out of it, where n is assumed to be not so
large number that satisfies n < min(Mi, Ma,- - -, Mg). For convenience, let us denote
the event of drawing n candies that results in a same color by A. We also define,
for i = 1,---,6, Y; to be the number of the ith color contained in the outcome of
drawing n M&Ms. Then, notice that if i # j, {¥; = n} and {Y; = n} are mutually
exclusive events. Therefore, the conditional probability of observing the event A
given My, Ms,--+, Mg is

P(AlNaMlaM%"'aMG) = P(Ylsn,YQ:n,---,orYszn)
= P(Yi=n)+PYa=n)+ -+ P(Ys =n)

6
= Y P(Yi=n)
(%)
1=1 (]nv)

If n = 3, it follows from the facts E(M;) = p;N and N = E?:l M; that

(1)

M

(M; - 2)
(N -2)

? 1M?‘32?:1M3+2Z?=1Mi

6 .
P(AIM, My, Mg) = 5 Afv((]fr - 11))
i=1

(S0, M;)3 —3( 0, M2+ 2550, M;

This formula holds a little hurdle because it requires prior knowledge of My, My, - - -, Ms
which are not constants, but random variables due to variation in packaging pro-
cess. If our goal is to find the exact probability of the event A without prior
counting of M, Ma,--- , Mg of a given package, it would be unfortunately a for-
midable task because we will have to deal with not only the multivariate probability
distribution of (M, Ma,--- , Mg) (remember M, Ma,--- , Mg are not independent
random variables), but also the covariance of (M, M, - - , Mg). This quickly be-
comes beyond the scope of high school or undergraduate introductory probability
or statistics course. To make the problem more tractable without prior counting of

(2)
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My, M,, - , Mg, let us attempt to estimate the formula of (2) based on the equa-
tion E(M;|N) = p;N. For this end, let M; = p;N. Then, the numerator and the
denominator of (2) can be estimated by substituting M; for M; as follows:

6 6 6
SOME -3 MP+2) M; = 046N° — 6N? +2N (3)
=1 =1 i=1
and

6 3 6 2 6
(ZM,-) —3(21\2&) +2) M; = N®*-3N*+2N (4)
=1

i=1 =1

Then, (1)-(4) yield

P(AlMlaMQa"' 7M6) z'P(14|-Z\’\4'1a](42a"' 7M6)

046N? — 6N + 2 (5)
N2 —-3N +2

= P(A|N) =

Figure 1 is the graph of (5) as a function of N. Again, if our goal is to figure out the
probability of the event A without counting of the number of candies, the formula
of (5) would not answer the question because it requires prior information of N,
the total number candies contained in the bag. Perhaps, N may be estimated by
dividing the total weight of the M&M bag by the weight of a single M&M candy. This
problem may be accommodated into a classroom activity as presented in Activity 1.

P &% 53 2 E5 L3 w

Figure 1
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3. Two Activities

3.1. Activity I - Calculations and Comparisons

Activities that involve M&M candies seems to create always a joyful excitement
in classrooms. In this activity, a simple activity is introduced to draw student’s
attention to the theories that were built so far. Before any activity begins, if possible,
it should be pointed out again that the exact formula of (2) and the approximate
formula of (5) were bridged by substituting M; for M; where M; is an unbiased
estimate of M; given N. Perhaps, students may be curious about the validity and
the reliability of the bridging (or substituting) process. The current activity consists
of three parts. In part I, a strategy to estimate the approximate probability of (5)
without any prior counting of candies is introduced. In part II and III, the exact
probability of (2) and the approximate probability of (5) with prior counting of
candies are considered, respectively. In this activity, it is assumed that students are
grouped into two, and each group is given with a plain M&M milk candy bag.

Part 1: Use of formula (5) - an approximate probability without counting

(a) Grab a few M&M candies (for instance five or so), weigh each candy on a
scale, average them out, and call this value w as an estimate of single M&M candy’s
weight. (If there was any known value of this, it may be used instead, and this step
may be skipped)

(b) Calculate an estimate Nof Nby N = % where W, the weight of the M&M
bag, is given in the back of M&M bag.

(c) Calculate the formula in (5) by substituting N for N.

Part 2: Use of formula (2)- the exact probability
(a) Open an M&M bag, and count My, Ms,--- , Ms.

Color | Brown | Yellow | Red | Orange | Green Blue Total
(i=1) | i=2) |[(t=3)] (t=4) | (i=35)]| (¢=6)

M;

(b) Calculate the exact probability of (2) based on My, Ma,--- ,Ms. (With cal-
culators, it should be done without much difficulty)

Part 3: Use of formula (5)- an approximate probability with counting
(a) Calculate N by adding up My, Ms,--- , M.
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(b) Calculate the formula in (5) with the N.

Discussion:

(a) Within your group, discuss what you have learned through the three steps of
activity.

(b) Share your thoughts with other group. (This can be lead by teacher)
3.2. Activity II - Simulations and Comparisons

Good use of advanced technologies such as calculators and computers in class-
rooms can be a great benefit to students because it allows students to experience
great deal of powerful message in mathematical science. Trend shows vast major-
ity of high school and college students in USA are equipped with programmable
graphing calculators such as TI calculators. In second part of this Activity II,
it is assumed that students can assess either programmable calculators or statis-
tical software in computer. This Activity II consists of two parts. In first part,
each group conducts a simple hands on experiment to simulate the probability
of the event A. In second part, each group will be asked to import a program
into their calculators or computer, where the program can be supplied perhaps by
their teacher somehow. A sample TI-83 program for the Part II is written and
stored at http://www.sou.edu/math/faculty /kim/Bmm.8xp. This file is in .8xp file
format(TI-83 file format), and TI-83 Graph Link software is needed to open the
file and transfer it into your own TI-83 calculator. The program should fit most
of other types of TI calculators such as TI-89, and 92+ as well with slight modifi-
cation. Appendix 2 contains a few selective TI outputs of the program. In Figure
2 the program asks two initial conditions: (a) how many objects (in this article it
would be the number of M&M candies contained in a package), and (b) total number
of classes (it would be six for the six colors of a plain M&M package). In Figure
3 (which is a short cut) the program asks the probability distribution of the six
classes. Figure 4 displays three things: (a) B = a simulated M&M bag where the
integer ¢ (= 1,2,--- ,6) stands for ith color which we reserved earlier. (b) Q = the
number of M&Ms for each color contained in the bag, and (c) S = the proportion of
each color. Figure 5 asks two questions: (a) Number of choose? (how many M&Ms
you want to draw at once), (b) Number of sampling? (how many times you want
to repeating the sampling). Finally, Figure 6 displays two quantities: (a) the exact
solution based on the formula (2}, (b) the proportion of same color drawn out of the
repeated number of sampling.
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Part 1: Hands on simulation

One student(Experimenter) in each group draws n = 3 candies out of the given
M&M bag, and another person(Recorder) in the group records the outcome of the
trial in Table 3. Repeat this trial total 20 times, switch the role of being experimenter
and recorder, and repeat this trial another 20 times. Based on Table 3, calculate
the percent of trials that result in a same color.

Trial Number | Drew three M&Ms of a same color?
Yes No
1
2
40
Total

Part 2: Programmable calculator or computer software based simulation

The following is an outline of the programmable algorithm that simulates the
probability of drawing three M&M candies.

a) Simulate a M&M candy bag of size N according to the probability distribution
of the six colors in Table 1, where N is the total number of candies of the M&M bag
each group has.

b) Simulate drawing three candies out of the simulated M&M bag in the previous
step, and repeat this trial 40 times.

c¢) Calculates the percent of trials that result in a same color.

Discussion: Discuss what they learned from Part I and Part II in this activity.
Also compare the findings from Part I and Part II to the findings from Activity I
which are algebraical solutions. Since this discussion is the last part of the M&M
activity, perhaps students can start eating as they share their thoughts and fun.

4. Summary

In this article we studied the probability of drawing n candies of a same color out of
a M&M bag. For this, an exact formula was developed, and an approximate formula
was considered for n = 3. In Activity I, how to estimate some unknown parameters
involved in those two formulas were studied, and applied to calculate both the exact
formula and the approximate formula. In Activity II, two different simulations
were introduced to enhance the quality of student’s understanding. Through the
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development of the theoretical formulas that was presented in this article and the
activity I, students will be experiencing or re visiting some fundamental probability
and statistical concepts such as conditional probability, conditional expectation,
unbiased estimate. The two simulation works in Activity II will allow students
to experience not only the power of mathematical theory, but also a great fun in
mathematics classroom. The two activities we considered in section 3 are just ideas
of how the activities can be conducted in a classroom. Teachers who wish to adopt
the idea of the Activity I and II will have to design careful activity sheets to fit their
students’ needs and classroom environments.
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Appendices

Appendix 1: TI codes for Activity II (Part 2)

:ClrHome :ClrList |P, |U, B, |T, [Q
:Disp “PROGRAM OF SIMULATING” :Disp “MULTINOMIAL DIST” :Disp “

:Disp “TOTAL NO. OF OBJECTS” :Prompt N

:Disp “TOTAL NO. OF CLASSES” :Prompt K

:For(1,1,K)

:Disp “TYPE P OF ” I :Input X :X— |P(I)

:End

If sum(|P)# 1

:‘Then :ClrHome :Disp “ERROR...”:Disp “ ” :Disp “SUM OF P”:Disp “MUST
BE 1” :Stop :End

| P(1)— [ T(1)

For(I,1,K-1) :|P(I+1)+|T(I) = [T(I+1) :End

rrand(N)— (U

:For(1,1,N) :1— J

‘While |U(I) > [T(J) :J+1 — J :End

:J — |B(I) :End

Disp |B ‘Disp “LOOK |B FOR MM BAG” :Disp “”

:For(I1,1,K) :0— [Q(I) :End

:For(I,1,N) :1— J

‘While [B(I)# J :J+1 — J :End

14+1Q(3)— 1Q(J) :End

:For(1,1,K):[Q(I)/N — [S(I) :END

Disp “LOOK |Q and |S FOR ” :Disp “SUMARY OF BAG” :Disp “”

:Disp “NO. OF CHOOSE?” :Prompt C :Disp “NO. OF SAMPLING?” :Prompt

0 - X

For(L,1,R)

:randInt(1,N,C)— [C:0— Y

:For(J,2,C)

If [B(|C(1))=|B(|C(J)) :Y+1> Y :End

dIf Y=C-1 :X+1— X :End

:Disp “P. OF SAME COLOR” :Disp X/R :Disp “”
:Disp “EXACT SOLUTION” :sum(|Q)— S

:Disp (sum(|QA3)-3sum(|QA2)+2S)/(SA3-35A2+28S)
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Appendix 2: A few selective outputs of TI codes in Appendix 1

PEOGRAM OF SIMU.! |TYPE F OF
MULTIMOMIAL OIST . BoaRaRRHA

1
7.3
TDTHL MO. OF OE..| |[TYFE P OF
H="60H 2. AiaBaBaR3
EUTHL HMO. OF CL..

(a) Figure 2 (b) Figure 3
HD OF CHOOSE? EAACT SOLUTION
73 «B29631794
HD DF SAMPLING?| |P. OF SAME COLD..
R=71@ - B38008E8HH
Done
|
(c) Figure 4 (d) Figure 5
E Q | i0
3.0000 1 17.000 | .2B333
2.0000 | 5.0000 | 15000
HOoogo | 14.000 | 23333
3.0000 | 5.0000 | 10000
E.0000 | 10,000 | (16667
3.0000 | 4.0000 | .0BE67
1110 R
2=, 283333333, ...
(e) Figure 6
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