192 International Journal of Air-Conditioning and Refrigeration Vol. 10, No. 4 (2002)/pp. 192-200

The Effect of a Wing on the Heat Loss from a
Modified Rectangular Fin
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Abstract

A modified asymmetric rectangular fin is analysed using the two-dimensional separaticn of

variables method. This modified rectangular fin is made by attaching the wing on the top

side of a rectangular fin. Heat loss from each side of this modified rectangular fin is cal-

culated. The relative increasing ratio of heat loss between a modified rectangular fin and a

rectangular fin is presented as a function of dimensionless fin volume, wing height and the

location of the wing. Especially, to show the remarkable effect of the wing on the heat loss,
the relative increasing ratios of heat loss between two different volume increasing metaods
are listed.
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Nomenclature

. dimensionless beginning point of the wing
: beginning point of the wing [m]

. dimensionless ending point of the wing
. ending point of the wing [m]

: Biot number of the zth fin surface

: dimensionless height of the wing
. the height of the wing [m]

. heat transfer coefficient of the 7th fin

surface [W/m?C]

: thermal conductivity [W/m<T]
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Q[\:[\\

: one half fin root height [m]
. dimensionless fin length (=L1"//)
: fin length [m]

: heat loss from the fin per unit width

[W/m]

: dimensionless heat loss from the ‘in,

Q/(kao)

. temperature [C]

. fin root temperature [C]

: ambient temperature [C]

. dimensionless fin volume of a fin (= V'//)
: the volume of a fin per unit width [m?]

! dimensionless coordinate along the fin

length ( =x"/1)

: coordinate along the fin length Im]

: dimensionless coordinate along the fin

height ( = y'/1)
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y @ coordinate along the fin height [m]

Greek symbols

g : dimensionless temperature
(T— T)/(Ty— Te)

0, : adjusted fin root temperature
(=T, T) [T]

A, © eigenvalues (#=1,2,3, )

Subscripts
0 : root
1 : top side of a modified rectangular fin
2 : bottom side of a modified rectangular fin
3 tip side of a modified rectangular fin
oo . surrounding

myr . modified rectangular fin
. rectangular fin

<

: wall

g

1. Introduction

Finned surfaces have been widely used to
enhance the rate of heat transfer in many ther-
mal engineering applications, for instance, for
the cooling of combustion engines, the air-con-
ditioning, and other heat transfer equipment. The
most commonly used fins in industry are long-
itudinal rectangular, triangular, trapezoidal pro-
file fins and annular fin. Lots of papers about
these shapes of fins have been published. For
example, Sen and Trinh® studied the rate of
heat transfer from a rectangular fin governed by
a power law-type temperature dependence while

@ analyzed the performance of a ther-

Kang
mally asymmetric rectangular fin using three-
dimensional analytical method. Razelos and Sat-
yaprakash(B) presented an analysis of trapezoidal
profile longitudinal fins that delineate their ther-

mal performance and Kraus et al®

were con-
cerned with longitudinal fins of rectangular,

trapezoidal and triangular profile. Also Abrate

and Newnham® modeled heat conduction in an
array of triangular fins with an attached wall
and Kang and Look® investigated dimension-
less heat loss from a geometrically symmetric,
but thermally asymmetric, triangular fin. In-
creasing the heat dissipation of annular fins at
a defined magnitude of mass is considered by
Ullmann and Kalman™ while Look® shows
heat loss ratio between fin and bare pipe for a
radial fin of uniform thickness on a pipe. Also
studies on the pin fin have been published. Su
and Hwang(g) developed the analytical transient
solutions when the heat dissipation is con-
vected from the lateral surface and fin tip to
the surroundings in a two-dimensional pin fin

while Gerencser and Razani®®

investigate the
optimal pin fin array of variable cross section
for a given fin material per unit base area.
Recently studies on the more unique shape of
fin have been reported. Kundu and Das™? pre-
sents a numerical technique for the determina-
tion of the performance of eccentric annular fins
with a variable base temperature. Bejan and
Almogbel(lz) reports the geometric optimization
of T-shaped fin assemblies, where the objec-
tive is to maximize the global thermal con-
ductance of the assembly, subject to total vol-
ume and fin-material constraints. Usually most
of the studies on the fin assume that the heat
transfer coefficients for all surfaces of the fin
are the same. But no literature seems to be
available which presents a modified rectangular
fin with unequal heat transfer coefficients.

This paper analyzes a thermally asymmetric
modified rectangular fin and shows the effect
of the wing on the heat loss using the two-
dimensional separation of variables method. A
rectangular fin is modified by attaching the
wing on the top side of the fin. In this study
the top surface Biot number Bii, the bottom
surface Biot number Biz and the fin tip Biot
number Biz are independent each other. Heat
losses from each side of this modified rectan-
gular fin are compared with the variation of
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dimensionless fin length. The relative increas—
ing ratio of heat loss between a modified rec-
tangular fin and a rectangular fin is presented
as a function of dimensionless fin volume, wing
height and the location of the wing when sur-
rounding Biot numbers are equal. Especially, to
show the remarkable effect of the wing on the
heat loss, the relative increasing ratios of heat
loss between two different volume increasing
methods are listed. For simplicity, the root tem-
perature and the thermal conductivity of the
fin’s material are assumed constant as well as
steady-state.

2. Two-dimensional analysis

For a modified asymmetric rectangular fin, il-
lustrated in Fig. 1, the dimensionless governing
differential equation is given by equation (1).

3%6
ox°

3%
7

+ =( (1

Three standard boundary conditions and one
energy balance equation serve as the required
problem formulation. They are

Oli=p =1 2)
96 — Bi, - =

S| = Biz Ol =0 3)
—aﬁ- 1, ¢ =

Ix x=L+ Bl3 alx,—:]_ 0 (4)

1 a' b

1
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A
y'=1

T. hs gy Tow
Y'=- j
h2 s Tw
x'=0 x'=L

Fig. 1 Geometry of a modified asymmetric
rectangular fin.
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By solving equation (1) with three boundary
conditions listed as equation (2) through equa-
tion (4), the dimensionless temperature can be
obtained by the separation of variables proce-
dure. The result is

(x, y) = gan < flx) - f(y) (6)

where,

f(x) = cosh(A,x)— - sinh(A,x) (7
FA(¥) =cos(2, )+ gx sin(d, ) (8)
N, 4sin(4,) (@

T 122, + sin (220} + £224,— sin (22,)}]
f» and g, are expressed by

_ An- tanh(d,,L)-f—Big
f» = 3, ¥ Bi, - tanh(A,1)

_ Biz_/l” M tan(ﬂ,,)
& = "1, + Bi, - tan(4,)

)

11

Eigenvalues A, are obtained by using an

energy balance equation {equation (5)) and is
listed as equation (12) to equation (21).

{Bi,- sin(2A,)— 21, - AA,}
- [Bi, * A, {sinh(A,L)+ BB,}
+ Bi; - Big -+ {cosh(A,L)+ CC,—~1}]
+{DD,— Biy- AA,~— A4, sin(24,)} (12)
- (Bi, A, EE,+ Bi, - Biy - FF,)
-GG, - (Bi;+ 4, BB,+ Bi, - Bi; - CC,)
+A,-HH,- II,=0
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where,

AA, = sin?(A,) — cos %(2,) (13)
BB, = sinh{A,(L~ ?)}— sinh{1,(L— a)} (14)
CC, = cosh{A,(L— b)}— cosh{A,(L—a)} (15)

DD, =2, - sin{A,(1+ H)} (16)
— Biy - cos{A,(1+H)}

EFE, = cosh{A,{L— 8)}+ cosh{A,(L—a)} 17
FF, = sinh{A,(L—8)}+ sinh{A,(L—a)} (18)

GG, = Bi, - sin{A,(1+ H)} (19)
+4, - cos{A,(1+ H)}
HH,=A,- sin(24,) (20)

+2Bi, - sin%(4,) — Bi,
II, = Bi;— Biy - cosh(A,L) 1)
— A, sinh(A,L)

The value of the heat loss per unit width
from the modified asymmetric rectangular fin
can be calculated with equation (22).

Tmr =_k£;g_§:

dy’ (22)
=0

x'=

Then, the dimensionless heat loss from the fin
can be expressed by

T - o
er_ kgo -—ZEIN” fn Sln(/{n) (23)

The dimensionless heat loss from top side of a
modified rectangular fin is written by equations
(24)~(30).

O . Nn
= nZl Bll * A, y (]]n * KK, 20)
+LL,- MM,+ NN, - 00,)
where,
M, = sinh {4, @) — sinh(4,, b) 25)

+ 5+ {cosh(A, @) — cosh (4, B)}

KK, = cos(A,)— cos(A, H) 6)
+ g, {sin(A,)—sin(A, H)}

LL,=sinh(A, L)+ 1, {cosh(A,L)—1} 27)

MM, = cos(R,)+ g, - sin(4d,) 28
NN, = cosh (4, a)+ cosh (4, 6) 29)
+ f»* {sinh (4, a) + sinh{(4, )}

00, = sin(4,,H)— sin(4,,) (30)

— g, {cos(A,H)— cos (A,)}

Also the equations for heat loss from bottom
and tip sides are shown by equations (31)~(32).

Q2=gBi2- AL: ~{cos(A,)— g, sin(4,)}

(31
CAnc sinh (1,,L) + Bis{ cosh(4,L)—1}
An - cosh(A,L)+ Bij - sinh(A,L)

03 = ’;2Bi3 (32)
. N, - sin(4,)
A, -« cosh(A,L)+ Bij * sinh(4,L)

The volume of a modified rectangular fin per
unit width is expressed as equation (33) and
the dimensionless volume is written by equa-
tion (34).

’ a’ ’ b’ ’ ’
V' = [ 20a + [ QI+ (H = DYdr’ (g9,

.
+ [ 204
V'mr

Var == =2L+(H-1) " (b=a) (D

3. Results

Figure 2(a) presents the variation of the di-
mensionless heat loss from each surface for a
thermally asymmetric modified rectangular fin
as the dimensionless fin length varies from 1
to 10 in the case of Bii=0.01, Bi;=0.009, Bis=
001, a=04L, 5=06L and H=12. The heat
loss from top and bottom sides increase while
that from tip side decreases as the dimension-
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Fig. 2 Heat loss from each surface vs. dimensionless fin length ( H=1.2, a=04L, b=06L, B'3=0.01).

less fin length increases. Until about L=15
the heat loss from tip is the greatest and that
from bottom is the smallest. The heat loss
from top is the greatest and that from tip is
the smallest for L greater than about 2.2. The
heat loss from top is always greater than that
from bottom since top Biot number is greater
than bottom Biot number and the wing is at-
tached on the top side.

Fig. 2(b) presents the variation of the di-
mensionless heat loss from each surface under
the same condition as Fig. 2(a) but Bii=0.009
and Bi;=0.01. The heat loss from tip is almost
the same as that presented in Fig. 2(a). The

0425 ¢

0420 +

: 0415

0410t 8i=Bi,=0.05
————— Bi,=0.055, Bi,=0.045

— — —-  Bi,=0.045, Bi,=0.055

0.405 |,

Fig. 3 Heat loss from an asymmetric modified
rectangular fin as a function of dimen-
sionless fin height (L =6, a=04L, b=
0.6 L, Biz=0.05).

heat loss from top is greater than that from
bottom until about L =35 but the heat loss
from bottom becomes greater than that from
top for L greater than about 3.5. This pheno-
menon explains physically that the effect of
wing on the heat loss is greater than the ef-
fect of given Biot number for short fin while
the effect of Biot number on the heat loss
becomes greater than the effect of wing as fin
length increases.

The heat loss from an asymmetric modified
rectangular fin versus dimensionless wing height
in case of Biz=0.05, =24, b=36 and L=6 is
presented by Fig. 3. For given circumstances,
the heat loss increases linearly as wing height
increases for all three different cases of top
and bottom Biot numbers. For very small height
(i.e. H=1.01), the heat loss is the largest when
top and bottom Biot numbers are samne. As
wing height increases, the heat loss becomes
the largest when wing is attached on the side
with higher value of Biot number.

Fig. 4(a) shows the relative increasirg ratio
of heat loss between a modified rectangular fin
and a rectangular fin as a function of dimen-
sionless fin volume for three values c¢f wing
height in case of ¢=1, b=2 and all Bis=0.01.
The relative increasing ratio of heat loss de-
creases somewhat rapidly as V increases from
6 to 10 and this tendency is more noticeable
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@,,-Q,)/Q, X100 (%)

(a) All Bis=0.01

Fig. 4 Relative increasing rate of heat loss versus dimensionless fin volume (a=1, b=2).

as wing height increases. Since the heat loss
from a modified fin is greater than that from a
rectangular fin for the same volume, it is more
effective to use a modified fin. This usefulness
will be shown more clearly in Table 1.

Results for the same conditions as in Fig. 4
(a) except that all Biot numbers are 0.1 are
depicted in Fig. 4(b). The relative increasing
ratio of heat loss for all Bis=0.1 are equal to
or a little less than those for all Bis=0.01 when
dimensionless volume is 6. But these curves for
all Bis=0.1 decrease slowly comparing to those
for all Bis=0.01 as the volume increases. For
one example, in case of H=1.2, the ratio for
Bi=0.1 decreases from 2.45% to 1.83% while
that for Bi=0.01 decreases from 251% to 1.22%
as the dimensionless volume increases from 6
to 20. This phenomenon means physically that
the modified fin is more useful for small Biot
numbers when fin volume is small while it is
more useful for large Biot numbers when fin

38 {
3.4
30}

26

221

@Q,,-Q,)/Q,X100 (%)

(b) All Bis=0.1

volume is large.

The relative increasing ratios of heat loss
with two different volume increasing methods
are listed in Table 1. Fin volume can be in-
creased by extending the fin length for a rec—
tangular fin or by attaching the wing on the
side for a modified rectangular fin. This table
shows that heat loss is increased more remark-
ably if fin volume is increased by attaching
the wing on the fin. For one example, when
dimensionless fin length is 10 and all Biot
numbers are 0.1, the heat loss is almost the
same as that for L=10 even though dimen-
sionless fin volume is increased 02 by ex-
tending the fin length while the heat loss in-
creases 2.16% relative to that for L=10 if di-
mensionless fin volume is increased 0.2 by
attaching the wing on the fin.

Fig. 5 presents the relative increasing ratio of
heat loss as a function of dimensionless wing
height for three different cases of surrounding

Table 1 The increasing rate of heat loss with volume increasing

4Q/Q (at L) %

4V=0.2 by extending fin length

A4V=02 by attaching the wing

(a=05, b=15)
L All Bi=0.01 All Bi=0.1 All Bi=0.01 All Bi=0.1
2 3.12 1.83 6.46 5.09
5 1.32 0.28 3.18 273
10 0.45 0.01 1.74 2.16
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Fig. 5 Relative increasing rate of heat loss
versus dimensionless wing height (a=
1, =2, V=12, Biz=0.05).

Biot numbers. For all three cases, this ratio
increases linearly as wing height increases. It
can be known that the modified fin is more
useful if the wing is attached on the side with
higher value of Biot numbers and this useful-
ness becomes remarkable as wing height in-
creases.

The relative increasing ratio of heat loss ver—
sus the location of the wing in case of b—a=
0.8, V=12, and all Bis=0.01 is shown in Fig.
6(a). It can be known that this increasing ratio
decreases slowly as the beginning point of wing
moves from fin root direction to fin tip direc-
tion. It means physically that the modified rec—
tangular fin becomes more useful when the

3.0

H=13
27

Q,,-Q,)/Q,X100 (%)
/

(a) All Bis=0.01

wing is attached to the fin root as close as
possible if the given variables are fixed.

Results for the same conditions as in Fig. 6
(a) except that all Biot numbers are 0.1 are
presented in Fig. 6(b). The relative increasing
ratio of heat loss for all Bis=0.1 are much
larger than those for all Bis=0.01 when the
wing is attached to the fin root directicn very
closely. But the values for all Bis=C.1 de-
creases very rapidly comparing to those for all
Bis=0.01 as the wing location moves to fin tip
direction. For one example, in case of H=1.2,
the rate for Bi=0.1 decreases from 2.81% to
0.73% while that for all Bis=0.01 decreases
from 1.96% to 1.48% as the beginning point of
the wing moves from 0.1 to 5. This pheno-
menon means physically that the mecdified fin
is more useful for small Biot numbers if the
wing is located near the fin tip while that is
more useful for large Biot numbers if the wing
is located near the fin root.

Fig. 7 presents the ratios of heat loss from
top surface to that from bottom surface as a
function of top Biot number for three va.ues of
wing height. These ratios increase linezrly as
top Biot number increases. For given tcp Biot
number, the ratio increases as wing height in-
creases. It also can be noted that if top Biot
number is z times of bottom Biot number,

where # varies from 0.5 to 2.5, then the ratio

@Q,,-Q,)/Q, X100 (%)

(b) All Bis=0.1

Fig. 6 Relative increasing rate of heat loss versus the location of wing ( 5—a=0.8, V=12).
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Fig. 7 Ratio of heat loss from top surface to
that from bottom surface versus top
Biot number ( L=10, a=4, b=6, Biz=
Bis=0.01).

is larger than = for all three wing heights.
This fact shows apparently the effect of the
wing of a modified rectangular fin on the heat
loss.

4. Conclusion

From the two-dimensional analysis of an
asymmetric modified rectangular fin presented
here, the following conclusions can be drawn:

(1) A modified rectangular fin is more useful
if the wing is attached on the side with higher
value of Biot number when fin’s surrounding
condition is asymmetric and an average value
of surrounding Biot numbers is equal.

(2) For the same fin volume, heat loss from
a modified rectangular fin is greater than that
from a rectangular fin. If an array of modified
rectangular fins is made by one-low along the
z-direction, the effect an array of these modi-
fied rectangular fins seems to be more remark-
able.

(3) Relative increasing rate of heat loss be-
tween a modified rectangular fin and a rec-
tangular fin decreases somewhat rapidly first
and then decreases slowly as a wing moves
from fin base direction to tip direction.

(4) The ratio of heat loss from top surface

to that from bottom surface increases linearly
as top Biot number increases with fixed bot-
tom and tip Biot numbers.
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