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Canonical foliations of almost
f-cosymplectic structures’
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Abstract The present paper mainly treats with almost f~cosymplectic manifolds. This notion contains
almost cosymplectic and almost Kenmotsu manifolds. Almost cosymplectic manifolds introduced in [1]
have been studied by many schalors, say [2], [3], [4], and almost Kenmotsu manifolds introduced in 5]
have been studied in [6], [7]. The present paper studies some geometrical and topological properties of

the canonical foliation defined by the contact distribution of an almost f-cosymplectic manifold. The

purpose of the present paper is to extend the resuits obtained in [8], [9).

1. Introduction

Let M be a (2n+1)—dimensional manifold
endowed with an almost contact structure (¢, &, 7),
that is, ¢ is a tensor field of type (1,1), £ is a
vector field, 7 is a 1-form satisfying the conditions

F=—I+1R¢ 7(O=1.

If M admits a Riemannian metric g compatible with
(¢, &, 7), that s,

&(¢X,¢Y) = g(X, Y) — o(X)n(Y)

for any X,YeI(TM) (= the Lie agebra of all
vector fields on M), M is called an almost contact
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metric manifold. On such a manifold the fundamental
form @ is defined by

(X, V) =g(¢X,Y), X,YeI(TM).

An almost contact metric manifold (M, ¢,&,7, g)
is said to be dmost cosymplectic (resp. almost a
dp=0 and dO=0
d®=2ay/\®, a being a non-zero real constant),
where d is the exterior differential operator.

Geometrical properties and examples of almost
cosymplectic manifolds are found in [1], [2], [3], [4),
[71. The case of almost @-Kenmotsu manifolds are
found in [5], {6], [71.

Recently a new notion of an almost a-cosymplectic
manifold was introduced in [9], which is defined by

~Kenmotsu)  if (resp.

11 dp=0, dO=2a7\®
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for ae R This notion corresponds to an almost
cosymplectic or almost a@-Kenmotsu  manifold
according to @=0 or not.

In the present paper we extend this notion to that

of almost f~cosymplectic manifold
which is defined by

(12 dyp=0, d0=2/mN\0Q,

where fis a function on M satisfying

13 dfAg=0.
It is obvious that an almost f-cosymplectic manifold
with f= @& constant is just almost a@-cosymplectic.
We will see an example of an almost f~cosymplectic
manifold which £ is not constant.

The notion of an almost f~cosymplectic manifold is

closely related to the locally conformal geometry of
almost cosymplectic manifolds. It is known in [10],
[7] that an almost contact mefric manifold M is
locally conformal almost cosymplectic if and only if
there exists a 1-form @ on M such that

(L) dp=w/\7n, dO=2w/N\0, do=0(.

w is called the characteristic form of such a manifold
in the sense that if the form w satisfying (1.4) exists,
then it is unique. We easily notice that an almost f
~cosymplectic manifold is a special case of an locally
conformal almost cosymplectic manifold (take @ as

.

The present paper studies the canonical foliations of
an almost f-cosymplectic manifold. The purpose of
the present paper is to extend the results obtained in
{81, [91.

2. Aimost f~cosymplectic manifolds

To begin with, it is useful to give a characterization

of almost f-cosymplectic manifolds from the viewpoint
of locally conformal geometry of almost cosyrmplectic
manifolds. The proof is an immediate consequence of
(1.4).

Proposition 21 A loally conforral  almost
cosymplectic manifold M is almost  f-cosymplectic if
and only If the characteristic form of M is given by
0=

Let (M, $,6,7,8 be a (2n+1)-dimensional
almost f~cosymplectic manifold. By virtue
of Propositoin 2.1, [7} provides some formulas.

Define a (1,1)-tensor field 2 on M by
Q1) hX: =V xE+fO'X XeI(TM),

where V denotes the Levi-Civita connection of
(M, g).

Lemma 22 Let (M, $,£,7,8) be an dmost f
~cosymplectic manifold Then

(1) the linear operator h is symmetric and satisfies
O+ Oh=0, hE=(,

@ h==5O(L:0), where L denotes the Lie
derivative operator,

(3

(VxD)Y+ (V oxD)DY =
f2&(0X, V)6 —n(VOX}+ n( V)hDX.

Proof. (1) follows from Proposition 21 and a result
established in [7] (Lemma 3.1).

(2) The condition dp=( implies
(22) Vv £=0.
On the other hand, a general formula for V@ in an
almost contact metric manifold

([11]) yields that an almost f-cosymplectic manifold
satisfies
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Then (1), combined with (2.2) and (2.3) gives rise to

O(L: DX = 0L 0X]— 0 £ X]
=— Oh®X — hX =—2hX

for any XeI{TM).
(8) is an immediate consequence of a result
established in [7] (Lemma 3.2) with w= /3

Remark. Lemma 22 (3) induces the formula (2.1).
Furthermore, we also have

24 60=0,

where & is the codifferential operator.

3. Canonical foliations of almost
Jf~cosymplectic manifolds

Let (M, $,6,7,8 bea (2n+1)-dimensional
almost f-cosymplectic manifold Since dyp=0, the
contact distribution D= ker# defines a foliation F
on M of codimension 1.

Theorem 3.1 Let (M, ¢,£,7,8) be an almost f
~cosymplectic marufold Then

(1) F is Riemannian,

(2) F is tangentially almost Kahler,

(3) when f=90 (resp. f#0), F is totdly geodesic
(resp. totally umbilic) if and only if h= 0.

Prog. (1) follows from (2.2).

(2 We note that @£=0 and O(&,X)=0 for
each XeI{TM). Hence the restriction (gp, ¢p, Pp)
of (g,¢,d) to the contact dustribution D induces

an almost Kahler structure for F.
(3) A direct computation using (2.1) yields for any
X, Ye(D)

3.1 g(VXY,E) =_g(hX"f¢2X,Y)
=—g(hX, V)—fe(X, ),
which means that A2=0 if and only if

V xY=—fa(X, V)& Therefore, if f=0 then F
is totally geodesic. Otherwise, F is totally umbilic
with mean curvature — f£

Recall that an almost contact manifold (M, @, £, 7)
is said to be normual if

N X, V) :=[0X, 0Y]— 00X, Y]
—- o[ X, oY)+ 0’ X, Y]
+2dp(X, Y)E=(

for any X,YeI(TM). A nomal almost f
-cosymplectic manifold is called an f-cosymplectic
manifold. The class of f-cosymplectic manifolds

contains cosymplectic manifolds and  a@-Kenmotsu
manifolds.  The result provides a
characterization of f-cosymplectic manifolds in terms

following

of the canonical foliation F and the operator A.

Proposition 3.2 An almost f-cosymplectic manifold
M is f-cosymplectic if and only if the canonical
foliation F is tangentially Kéhler and h= ().

Proof. It can be easily seen from Lemma 2.2 (2) that
for each XeI(D)

(32 No(&,X)=—0[¢ 0X]—-[£ X]=2hX

On the other hand, for each X, YeI{D)

(33) N@(X, Y) = N@D(X, Y),

where @p is an almost complex structure for F

defined in Theorem 31. Therefore the proof is
completed by (32) and (3.3).

Remarks. (1) Theorem 3.1 and Proposition 3.2 extend
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results obtained in {8], [9].
2 Let (N,J,G) be an almost Kihler manifold

and R be the real line with coordinate % Define an
almost cosymplectic structure ( @, &, 7, g) on the
product manifold M: =NX R by

VX =JX XeI(TN),

- _ 0
X =0 X o
}:=e"—§;, 2 =G+ e “dt Qdt
7 =e %4,

where ¢ is a function on R.
Now consider the conformal change of the structure

(®, %, 7, g) given by

34)
=0, &=e¢ %, 7=e7,

20

g =e g

Then (@, & 7,8 is a (globally) conformal almost
cosymplectic  structure. Its characteristic form is
w= fy with f= ¢. Therefore, Proposition 2.1 says
that (@, €&, 7, g) is almost f-cosymplectic on M. If
the function ¢ is perodic, then the structure obtained
can be projected to NX S!, where S! is a circle.
Note that Ng(X,&=0 for XeI{TN), so that

k=10 by means of (3.2).

The canonical foliation F' consists of the leaves
Nx{#}. It is tangentially almost Kahler
non-Kazhler if N is non-Kahler. It follows from
Proposition 32 that N is Kahler if and only if M is
Jf-cosymplectic.

and

4. Semi-invariant submanifolds of almost
fcosymplectic manifolds

Let N be a submanifold of an almost contact metric
menifdd (M, 9, &, 3, 2). N is called a semi-invariant

submanifold if there exists a distribution Dy on N
satisfying the following conditions

41  ODNCDy®DNCTN®, EeI(TNY),,
where D,J\', is the orthogonal complementary

distribution of Dy in TN. Recall the following result
established in [9].

Lemma 4.1 Let N be a semi-invariant submonifold
o an almost contact metric manifold (M, @, £, 1, g).
The anti-invariant distribution Dy is integrable if
and only if for XeI(Dy) and U, VeI(D ),

do{U, V,X)=0.

Let N be a semi-inariant
submanifold o an dmost  f~cosymplectic manifold
(M, 0,&,7,8). Then

(1) Dy is integrable,

(2) the invariant distribution Dy is minirmal.

Proposition 4.2

Prog. (1) It is easy to see from (41) that (1.2)
implies dO(U, V,X)=0( for any

U, Vel(Dy), XeI{Dy). This proves (1) by
Lemma 4.1.

(2) We need the following formulas (cf. [9)). For
any UeI(Dy), XeI(Dy)

gvxX,0) =g(A oX,0X)
—g((v x0)X, OU),
&V ox 08X, U) =— g(A o®X, X)
—2((v ox®)0X, OU),

(42)

where A denotes the Weingarten map of NCM.
(4.2), together with Lemma 2.2 (3), yields

(43 g(VXX+V,pX(DX,U)=O.

If we take an orthonormal frame  field
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(E.E ,+i= OE}, 2p=dimDy, of

mean curvature for Dy satisfies

DN, the

X :z_lp Z(V E,-Ei+ v @EIQE,-)l =0

by means of (4.3).

From Proposition 42 we have the foliation Fy
defined by Dy. Let v =w;AAwy be the
transversal volume form for Fy on N, where {w;}
is the dual frame field of an orthonormal frame field
{E; ®E;} of Dy Then Proposition 42 says that
dv=10 (8], [12]). By a similar argument as in [g]
we have the following result. For the proof, it suffices
to notice that the restriction @y of @ to N is a
closed 2-form satisfying
@a  Py=(—D’plv
Theorem 4.3 Iet N be a compact semi-invariant
submamifold o an almost  f-cosymplectic manifold
(M, @, &, 7, 2). Then the transversal volume form v
defines a cohormology dlass
o(N): =[vle H?(N, R). Furthermore, if Dy is
minimal and Dy is integrable then for any

ke {1,-,p}

45 H*(N, R)*0.

For example, a leaf N of the canonical foliation F
discussed in section 3 is a semi-invariant submanifold
with trivial anti-invariant distribution. In this case,
Fy is the point foliation and Dxy= D is integrable.
Therefore, it holds (45) from Theorem 4.3. Indeed,
oN)

— n
—(7,1)—0;3 It shoud be noted that @p is

is explicitly represented by a 2n-form

harmonic by virtue of (2.4).

5. The transversal property for the canonical
foliation Fy

It may be interesting to consider the problem when
the canonical foliation Fy on a semi-invarant
submanifold N of an almost f~cosymplectic manifold
M is Riemannian. Related to this problem, we
compute the Godbillon-Vey class for F'x.

In case that N is a leaf of the canonical foliation
F discussed in section 3, Fy is the point foliation,
so Riemannian. Thus all the secondary characteristic
classes of Fy on a semi-invariant submanifold
NCM are zero ([13], (12D. In general, F'y may be

non-Riemannian. Yet for its the Godbillon-Vey class
we have

Theorem 5.1 Let N be a semi-invariant
submanifold o an dmost f-cosymplectic manifold
(M, ®,&,13,8). Then the Godbilln-Vey class
GV( Fy) for the canonicdl foliation Fy is given by

(51) GV Fy)=(2/) [ gy (dnx) #1=0,

where 2 =dimDy and 7y is the restriction f 7
to N

Proof. Recall the definition of the Godbillon-Vey class
for F'y given by
62 GV( Fy): =[¢A(d¢)¥],

where ¢ is 1-form on N satisfying dv= ¢/\v. Now
from (44) we get

(=1 pldv= 12— 1)’ pl pa/\v.

Therefore, we can choose ¢ = 2fpny. Therefore, (5.2)
yields (5.1).
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6. Conclusion

The main results of the present paper are as
follows. One can derive several formulas in an almost

f-cosymplectic manifold (section 2). These formudas
enable to find the geometrical properties of the
canonical foliation F defined by the contact
distribution I =kerz One can prove that F is
Riemannian and tangentially almost Kihler of
codimension 1 and that F' is tangentially Kahler if
the manifold M is normal (section 3). Moreover, one
can show that a semi-invariant submanifold N of
such a manifold M admits a canonical foliation Fy
defined by the anti-invadant distribution and a
c(N) generated by a
transversal volume form for Fy. In addition, one can
find the conditions when the even—dimensional
cohomology H*(N, R) of N ae
non-trivial. For example, when a leaf N of the

canonical cohomology class

classes

canonical foliation F is a semi-invariant submanifold

of M then oN)
—(—_;Pia);', ad H™N, R)#0 for k=1,.n

is explicitly represented by

(2n= dim D) (section 4). Finally, one can consider
the problem when Iy is Riemannian. Related to this
problemn, one can compute the Godbillon-Vey class for
Fy (section 5).

These results extend those obtained in [8], [9] for
the case of almost a-cosymplectic manifolds. Similar
results in the locally conformal Kihler case is found
in {14]. One may expect that these results will be
applied to extend the recent researches such as [2], [3]
on almost cosymplectic manifolds.
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