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Convergence Characteristics of the Crank-Nicolson-Galerkin
Scheme for Linear Parabolic Systems

Jin-Rae Cho*, Dae-Yul Ha, Tae-Jong Kim
Research Institute of Mechanical Technology, Pusan National University,
Jangjeon-Dong, Kumjung-Ku, Pusan 609-735, Korea

This paper is concerned with the investigation on the stability and convergence characteristics
of the Crank-Nicolson-Galerkin scheme that is widely being employed for the numerical
approximation of parabolic-type partial differential equations. Here, we present the theoretical

analysis on its consistency and convergence, and we carry out the numerical experiments to
examine the effect of the time-step size 4f on the s- and p-convergence rates for various mesh
sizes s and approximation orders p. We observed that the optimal convergence rates are
achieved only when A#, % and p are chosen such that the total error is not affected by the
oscillation behavior. In such case, Af is in linear relation with DOF, and furthermore its size

depends on the singularity intensity of problems.
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1. Introduction

For the numerical approximation of the par-
abolic-type partial differential equations, the
Crank-Nicolson-Galerkin scheme has been wi-
dely employed thanks to its higher time discre-
tization accuracy compared to other first-order
schemes (Bieniasz et al., 1997 ; Cho et al., 2000
Tsukerman 1995). Even though this scheme is
unconditionally convergent, it may suffer the in-
herent oscillation phenomenon unless the time-
step size is insufficiently small to satisfy a specific
time-space partitioning criterion depending on
numerical data of the problem at hand.

The basic stability analysis of the Crank-Ni-
colson-Galerkin scheme has been laid down, and
the theoretical argument on the critical time-step
size securing non-oscillation results may refer
to Johnson (1987) and Burnett (1988). However,
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the derived criterion for the critical time-step size
does not secure s- and p-convergence rates, in
most cases, because it is simply turned to prevent
the oscillation by the largest eigenmode. Regard-
ing to the temporal-spatial error estimate, John-
son (1987) established the fundamental mathe-
matical framework for first-order schemes in his
book. Nevertheless, the stability and convergence
analysis of the Crank-Nicolson-Galerkin scheme
is still focused by many researchers in a variety of
engineering fields (Comini and Manzan 1994 ;
Morjaria and Mukherjee 1981 ; Suresh et al,
1994), The reason is because the suitable time-
step size is problem-dependent and the conver-
gence-level parametric characteristics have not
been sufficiently investigated.

We in this paper intend to investigate the
stability and convergence characteristics of the
Crank-Nicolson-Galerkin scheme with respect to
the time-step size and the mesh parameters. For
this goal, we first derive a priori temporal-spatial
error estimate for convection-type problems, and
then we carry out the parametric numerical ex-
periments to the combination of three parameters
At, h and p. From the numerical results. we
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examine the influence of the parameters on the
J- and p-convergence rates of the scheme.

2. Convection-Type Problems

Figure 1 depicts a general convection-type heat
transfer problem. The time-dependent tempera-
ture field 7' (x;f) is governed by heat-diffusion
equation based on Fourier’s law, and the initial
and boundary conditions :

(kVT) =g—?, in 2, t<(0, t*]
T(x)=T, at t=0 (1)
T(X) =f(x;t), on FD

— VT -n=h[T°(x;t) — T], on Iy

0T _
PC5¢

Here, ¢, # and k. indicate respectively the speci-
fic heat, the thermal conductivity and the heat
convection coefficient, while g&L*(£) and t*
denote the internal heat source and the time in-
terval under consideration. Furthermore, 7°° and
T denote the surface temperature on Ip and the
constant surrounding temperature, respectively.
A varying temperature f{(x;t) €L*(Ip) is ap-
plied to the essential boundary [p, and the heat
convection between the natural boundary Iy and
the surrounding is allowed.

2.1 Temporal discretization and spatial for-
mulation

Let us partition time period [0, #*] into uni-
form N sub-periods, then we have uniform time
intervals Af=¢*/N and (N+1) time stages
te=nAt, (n=0, 1, ---, N). According to the
Crank-Nicolson scheme, we have a sequence of
semi-discrete converted boundary value problems
for N time stages fn, (=0, 1, 2, -, N—1):

St n-vla( {5, e

Tor1n=furi, on [
(=T W) waip=he{ Tiin — T), on Iy

(2)

The converted boundary value problem (2) suc-
cessively characterizes the temperature distribu-
tion 7 (x;lx+1) at time stage £y, with the previ-
ously obtained solution 7T (x;#,) and the boun-
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Fig. 1 A general two-dimensional heat convection
problem

dary data specified on Ip and Iy.

Now, we establish a weighted residual varia-
tional formulation for the solution 7 (x;tx+1). We
first define the space V(&) of admissible test
temperature fields such that every function £ in
V' (£) has finite thermal strains and its trace on
I, vanishes :

V(Q)={E(x):E(x) eH(Q), 7sE=0} (3)

with yp defined as a trace operator, yp:H"'(2) —
HY(I,). On the other hand, the trial function
space Vn41(R) for time stage fy.1 is defined as a
linear manifold of V ()

Vn+1 (-Q) = V(Q) +{ w* }n+1 (4)

where w* are extended H' () function satisfying
w*|r,=Fn+12. We note that the trial function
space is time-stage dependent owing to time-
dependent trace data on Ip, while the test func-
tion space is time-stage invariant.

As usual, multiplying the converted partial
differential equation by a test function € and
integrating by parts over the domain 2, we arrive
at a sequence of N abstract variational pro-
blems: Given T,V (Q), find Trn€V(Q)
such that

Here, a(+,*):V(Q) X V(2) - R is a bilinear
functional and /(+):V(2) — R a linear func-
tiona defined by
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o(Toun 8)= [peTunBdQ+ 5L [£(VTorVE) d0
+8L [ T Sar |
18)=[ perzio-EL [svTv2)d0 ()
A1 [ GuinZdQ
2L [ h(1s-21.) Sar

where §n41/2 denotes the time derivative of gni1/2.

The variational problem (5) has a unique so-
lution T4y which depends continuously on the
data as follows (ci, ¢z and ¢; are positive con-
stants) (Oden and Demkowicz 1996):

| Tonrlho<arll Grnz ot (T8 =2 T iz
+acs "{ w* }n+1 [Il,!)

where ||+|1.¢ is a first-order Sobolev norm defined
by

(7)

12 he={ [(1EP+HIVEFIaR}"  ®

2.2 Finite element approximation
For finite element approximation of the varia-
tional problem (5), we make partition 2 into a
finite collection of R(®) finite elements 2% with
boundaries 02« such that
R®)

HQ=KQJQK, QNP =0 if K+L (9)

and the finite element approximation space V*
(£2) and { w* }s+1 defined by
RE)

VHQ=V(@ NI (@)

e (10)
{w* Yin={w* }n+1nILIICO(~QK)
Then, we get the following set of full-discrete
finite element approximations for each time stage
ther: Given Th€ Vi (2) +H{ w* )5, find Ty €
{ Vita () +{ w* }211 } such that

a(Tan, EM)=1(E"), VE"€V*(Q),

1
n=0,1,2, -, N—1 (1)

To express the above finite element approxima-
tion (11} in a usual matrix form, let us span the
finite element approximation space V*(£2) by the
finite element basis functions { ¢:(x) }L,,
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n

N _ _
Tt =§1T2n+l¢i(x), Eh=25?¢i(x) (12)

=1

Substituting Eq. (12) into Eq. (I1), we have
the next successive matrix system of simultaneous
linear equations, the well-known Crank-Nico-
Ison-Galerkin scheme :

At = At =
[C+T } 2+1=[C—-—2—K} nt Frii (13)
Here, time-stage invariant (assuming tempera-
ture-independent material constants) matrices C,
K and time-stage dependent vector Fj.j. are

respectively expressed by
(€] ij=£00¢i(X) ¢i(x)dQ
(Klo=[sVéd Vo) d0t [y | (1)

(Fusshbt [ 0= 5L [ e T2

3. Stability and Convergence

Let T (x;f) be an exact solution of the in-
itial-boundary value problem (1), and denote
corresponding of the semi-discrete
problem (2) and the full-discrete problem (11)
by T7(x;t) and T*(x;t). In addition, we define
the energy norm ||z by

Ile®™ =a(-,-) " (15)

Then, the total approximation error Er{(x;f*) =
T (x;t*) — T"(x;t*) is composed of the tem-
poral discretization error E. (x;t*) =T (x:t*) —
T*(x;t*) and the spatial approximation error
En(x;t*)=T7 (x;t*) — T"{x;t*) such that
Er=T(x;t*) = T*(x;t*)
=T (") =TT (") +T7 (") = T*(x;t*)  (16)
=EnE

solutions

with the inequality :

| Er leoy=I Ec4Ex lzc2

17
<N Eeleot Enlswy 7

Now, let us denote the operator V- (—xV) by
A, and define the subspace D(A) of L?(2) such
as

D(A)={ TEH*(2):T=0 on FD} (18)

AL} (2)DD(A) — L* ()
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then, the operator A becomes self-adjoint. From
the spectral decomposition theorem, we have (see
Oden and Demkowicz (1996) for details on the
both)

AT (xit) = [ 2dI() T (x:t),
V T (x;t) ED(A)

(19)

where A is an eigenvalue distribution and 7(A)
defined as the spectral family of the operator A.
Moreover, a unique weak solution is expressed by

T (x;t) = 4O Ty (x)

= [oma @m0
with the conserved energy :
| TenlP= [ | rdUD T T, )

=| Th(x) |’ V=0

In which, (+,+) denotes the inner product.

From the operator A, the spectral decom-
position and the Trace theorem, we can define the
energy norm as follows (VW TE€D(A)):

I 7 (et) o

2 [{I TP+5L VTP }do+ [ 1

n20c

|TFE ()

<Glhe/) [ R (1-dt 200} d 1A T T

Theorem 3.1 The  Crank-Nicolson-Galerkin
scheme (13) exhibits the following stable conver-
gent error bound

| Erlea<Clh/ k) t*

2 W (23)
[180%1 2110/ (00 TNewo o~ Tl |
where o= (At/h) and p=min(s-1, p), while
denoting s and p as the regularity of T5(x) and
the order of approximation polynomials (see Ap-
pendix for the proof).

Even though the Crank-Nicolson-Galerkin
scheme is unconditionally convergent, it may lead
to oscillatory results unless the time-step size is
elaborately chosen. This oscillation tendency is
proportional to the intensity of sudden change in
the temperature time-history response by im-
pulsive thermal load or/and abrupt change in the

T¢ (Pe,%h) q T® Teo
L . §
D L o TN

Fig. 2 An one-dimensional heat convection pro-
blem

boundary condition. One crucial situation in heat
transfer problems becomes a thermal shock prob-
lem.

Since the time-history singularity is closely re-
lated to the dominant eigenmode of the free sys-
tem response, it is general to examine finite-ele-
ment eigenvalues. Eigenvalues of the free temper-
ature response of the two-dimensional problem
(1) are given by

Amn= 7,/ pc) [ (m/L)*+ (n/Ly)%,

m, n=1, 2, - @9

where Ly and L, are characteristic lengths of the
problem domain QERY (N=2). Letting Smin be
a shortest relative distance between two adjacent
finite-element nodes, the largest eigenvalue (i.e.
corresponding to the shortest wavelength)
becomes Amax XN [7/8mnl?(k/0C).

In order to prevent the oscillation due to the
fundamental eigenmode, it has been suggested
that one should select the critical time-step size
satisfying (C. of 2~3 (Burnett 1988))

(At) crit z2Cc//1max (25)
4. Numerical Experiments

Figure 2 depicts an one-dimensional heat
convection model, where the left end is kept to
initial temperature 7T, while the right end is
exposed to the surrounding with constant tem-
perature 7. The numerical data taken for our
experiments are contained in Table 1.

In order to examine the oscillation behavior in
the time-history response of temperature, we first
carried out the preliminary simulation for three
different uniform time steps, 3, 1 and 0.1 sec with
a uniform finite element mesh constructed with
eight quadratic elements. We observed that the
case with time step of 0.1 sec does not produce
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Table I Geometry and material data for numerical experiments

Material parameters

Simulation parameters

Density, p(kg/m®) 5 Length, L (m) 1
Specific heat, ¢(J/kg-K) 2 Time interval, ¢*(sec) 15
Thermal conductivity, x(W/m-K) | Initial temperature, To(K) 300
Convection coefficient, sc(W/m?-K) 5 Surrounding temperature, T (K) 300
Heat generation, ¢ (W/m®) 10*
1000 et : . 1000 I
{4t =0.1sec) (4t =0.01sec)

=1
2+
3 -0
100}
= slope=1.0
=::’
= 10¢
[
0.89
g

0.1 atagad - saal sk
0.001 0.01 0.1 1
mesh size, h
(a) At of 0.1sec

=l =
100} 2+
3o~

10}

Error, 1Erkyny

100 10 1
0.1 {
SR N
0.01} SF -
_
0.001 L il R
0.001 0.01 0.1 1
mesh size, h

(b) At of 0.01 sec

Fig. 3 The h-convergence rates at t of 1.0 sec

any remarkable oscillation phenomenon, from
the time-history response plot. Calculating the
criti-cal time step (A#)crs according to the
above-mentioned theoretical formula {25), we
have 0.016 sec (with C. of 2). Even though a
considerably larger time step compared to (A
#)crie seems to lead to the acceptable numerical
results, we will see that such a choice can not
secure optimal 4~ and p-convergence rates in the
region where the oscillation error dominates in
the total error.

Next four Figs. 3(a)-4(b) represent numerical
results of the parametric dependence of the time-
step size on the A-convergence rate for different
mesh parameters % of 1, 1/2, 1/4, 1/16, 1/32, 1/
64 and 1/128 and of 1, 2 and 3. We note here that

the mesh size refers to the relative finite-element
length to the total length L, and which implies
Smn="Hh/p. The errors are calculated at time t of
1.0 sec, according to the energy-norm defined in
Eq. (22). As a reference temperature field, we
approximate the exact solution using the time step
of sec and the fine finite-element mesh cons-
tructed with two hundreds uniform 9th order
elements.

According to Theorem 3.1, the optimal s-con-
vergence rate is proportional to y=min(s-1, p)
when the regular partitioning parameter ¢ is not
enforced. On the other hand, from Eq. (25), the
critical time-step size is in inverse proportion to
the shortest relative distance Smn. From Fig. 3(a),
we see the remarkable deterioration in the /-
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1000 T T 1000 p—rrrervrrey v
(4t =0.001sec) (4t =0.0001sec)

L p=1— p=l—
100 g 100 o
3o slpoe=1.0 3o
10¢ 10+
1} 1}

Error, 1Erksa
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0.01 | 1.98
3.0',.-
0.001} ‘ }z' 1 0.001} __a":
-"" .".‘.
0.0001} 4 ; 0.0001} s
1.78 ;
,/d 2.98
1E-Q5 oot N 2l domooneb bbbk 1E-05 S dat N - 1 N
0.001 0.01 0.1 i 0.001 0.01 0.1 1
mesh size, h mesh size, h
(a) At of 0.001 sec (b) Atfof 1X107*sec
Fig. 4 The /-convergence rates at t of 1.0 sec
1000 - 1000
{4t =0.1sec) h=1/2 4= (4t =0.01sec) h=1/2 -+
174 - 1/4 +—
1/8 -2 0 1/8 -9~ ]
1716 % 10 1716 +
10}
g
—
| €]
4]
0.1
0.01}
0.1 . . g 0.001 N b e
1 5 10 1 5 10
approximation order, p approximation order, p
(a) At of 0.1 sec (b)Y At of 0.01 sec

Fig. 5 The p-convergence rates at t of 1.0 sec

convergence rate owing to the insufficiently small  elements, respectively. However, as shown in the
time step for fine meshes beyond % of 1/64 other three figures, the relative distances showing
for linear, 1/8 for quadratic and 1/4 for cubic optimal /-convergence rates becomes shorter as
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1000 —r
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100 1/8 -8
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10}
g l¢ 1
=
33
= o1 1
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0.001}
0.0001}
1E-5 s SGREEe——
1 5 10

approximation order, p
(a) At of 0.001 sec

the time step decreases. From the plots in Figs. 3
(bY-4(b), linear, quadratic and cubic elements
show optimal h-convergence rates up to % of
1/128 when the time step is less that 0.01, 0.001
and 1X107* sec, respectively.

Numerical results associated with the parame-
tric investigation on the p-convergence rate to the
time-step size for four different mesh sizes are
represented in Figs. 5(a)-6(b). We first see, from
Fig. 5(a), that the considerable deterioration
in the p-convergence rates suffering from the
insufficiently small time step. The prevalence of
such a deterioration increases in proportion to the
inverse of the mesh size, and which is consistent
with the above-mentioned analytical results.

However, we see the improvement in the p-
convergence rate for each mesh size according
to the time-step decrease, from Figs. 5(b)-6(b).
The case of A=1/2 recovers the optimal p-
convergence rate up to p of 6 when the time
step is less than 0.01 sec while the cases of z=1/4
and 1/8 for the time steps less than 0.001 and
1 X 107* sec, respectively. But, the finest case does
not show the optimal p-convergence rate even
when the time step is reduced to 1X107*sec, as
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1000 -
(4r=0,0001sec)  b=1/2 -
1/4 -+
1/8 &

1/16 - |

100

10}

0.1

0.01

Emor, [Erlge

0.001

0.0001%

1E-05}

1E-06

10

approximation order, p
(b) Afof 1X10™*sec

Fig. 6 The p~convergence rates at t of 1.0 sec

presented in Fig. 6(b).

Figure 7(a) shows the variations of the to-
tal error measured at time f=1.0sec along the
time-step size for different mesh sizes. Recalling
that the total error is contributed by the time
discretization and the finite element approxima-
tion, we obviously observe each contribution
from the plots. For each mesh size, the error level
corresponding to the saturated horizontal line
indicates the error portion by the finite element
approximation, while the difference in error levels
between the saturated and the inclined locations
corresponds to the error portion by the insuffi-
ciently small time step. We further see that the
time step securing the optimal 4-convergence rate
becomes continuously smaller as the finite-ele-
ment mesh is getting refined.

The relation between the time-step size secu-
ring optimal %~ and p-convergence rate and the
degree of freedom is presented in Fig. 7(b). The
linear dependence of the time-step on the degree
of freedom implies to the enforcement of the
regular time-space partition introduced in Eq.
(A6). It is worth to mention that the %-conver-
gence rate is reduced by one order when the time
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(a) Influence of Afand % on || Er |z (p=2) (b) Relation between Af and DOF
Fig. 7 Parametric conditions for securing optimal /- and p-convergence rates

100 1 T 100 ' 2
p=l-+— (At =0.1sec) =l (4t =0.01s¢c)
24— p R
30 30
10}
g £
s o
fé_i 10 ‘:; 1}
o o]
& &
0.1}
1 : NPT | 0.01 " A " s N
0.001 0.01 0.1 i 0.001 0.01 0.1 1
mesh size, h mesh size, h
(b) At of 0.01 sec

(a) At of 0.1 sec
Fig. 8 The /-convergence rates at £ of 0.1 sec

b-convergence rates owing to the difference in
temperature time-history response singularity, we
next measure the total error at t of 0.1 sec and

step is regularly reduced together with the mesh

refinement, as declared in Theorem 3.1.
In order to examine the difference in the %z- and
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Fig. 9 The Z-convergence rates at { of 0.1 sec
100 v 100 v v
(41 =0.1sec) h=1/2 < (4t =0.01sec) h=1/2 +~
1/4 +— 1/4 -+~
1/8 o~ 1/8 o—
1/16 4 1716 %
g g
o 1
& See
£ 5
1 " 0.01 .
1 5 10 1 5 10
approximation order, p

approximation order, p

(a) At of0.1sec

(b) At of 0.01 sec

Fig. 10 The p-convergence rates at { of 0.1 sec

10(a)-11(b), respectively. By comparing Figs. 8

compute the corresponding A~ and p-conver-
gence rates. The estimated /- and p-convergence
rates are presented in Figs. 8(a)-9(b) and Figs.

(a) and 10(a) to Figs. 3(a) and 5(a) showing the
k- and p-convergence rates for Af of 0.1 sec, we
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100 v

(4t =0.001sec) h=1/2 +—
1/4 -
1/8 €
1/16 %~
g
=
&
S 01
e
8
&
001}
0.001}
0.0001 .
1 10

approximation order, p
(a) At of 0.001 sec
Fig. 11

see the more serious deterioration in the op-
timal convergence when f is 0.1 sec. However,
by comparing both of the remaining figures for
At =0.01 sec, we observe that this tendency owing
to the singularity increase in the transient region
becomes smaller as the time-step size becomes
smaller. This is because, for a given finite-element
mesh, an insufficiently small time-step size for the
case of £=0.1 sec requiring smaller time-step size
compared to the case of #=1.0 sec leads to more
critical situation.

5. Conclusions

In this paper, we first presented the derivation
of a priori error estimate, for the Crank-Nico-
Ison-Galerkin scheme for convection-type heat
transfer problems, which reflects the time-dis-
cretization and the finite-element approxima-
tion errors. According to the derived error esti-
mate, the s and p-convergence rates lose their
optimal convergence rates by one when the regu-
lar time-space partition is enforced. From the
numerical results obtained from the one-di-
mensional model problem, we observed that the
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100

(4t = 0.0001sec) p=]/2 4
114 =,
1/8 -4~

1716+

10§

0.1}

0.01}

0.001}

Error, [Erlya)

0.0001}

1E-06

1E-07 + -
i 5 10

approximation order, p
(b) Afof 1 X107 sec

The p-convergence rates at f of 0.1 sec

time-step size securing optimal %- and p-conver-
gence is in linear relation to the DOF.

In addition, we carried out the parametric nu-
merical simulation to investigate the effect of the
time-step size on the /- and p-convergence rates
when the regular time-space partitioning condi-
tion is not enforced. We observed that the op-
timal /-~ and p-convergence rates are strongly
influenced by % and p so that the optimal con-
vergence rates are secured only when the total
error is not affected by the oscillation behavior.
On the other hand, we compared the numerical
errors measured at two different time stages, f
of 0.1 and 1.0 sec, in order to examine the effect
of the time-history singularity. For the same
time-step size, we observed more serious deteri-
oration in optimal convergence rates at f of 0.1
sec, and which is owing to singularity increase in
the temperature time-history response.
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Appendix

We first derive a priori temporal error estima-
tion. For any time stage, the transient (or am-
plitude) operator R is represented by a rational
function of the operator A

T (x) =RTy (x)

'——2})7 (AAt/ o) ee: } (A1)
=;(AAt/pc) 77 (x)
and furthermore
T (x) =R T7 (x) (A2)

From the weak solution of initial-boundary value
problem (1), it is obvious that T41(x) =g %9
Tw{x). Then, the temporal discretization error
for a single time-step At is bounded by

ll E; "Em)=“ Tn+1(x) —Tin (X‘) “5(9)
=@ T, (x) —r (AAt/ pc) Tu(x)50)

<Cilke/¥) / :l ¢” 4~y (AAt/oc)
(1= 28t/200)d (110 T, T2
<ol ) (00 [ 12 FU1-28t/200)

d(I(N) T/ (pc)®, Tw/ (00)?)
=Cylhe/x) (A1)*| A To/ (0¢) o1y

(A3)

Then, the entire temporal discretization error of
the semi-discrete problem (2) starting form 7o
(x) is

” £ Hmnzﬂ Tﬁ(.l‘) -Ti (x)#m
=] e @I T () — ¥ (AAH p¢) To %) ecay
<N | e To(x) = (AAt/ pc) Tolx) e
<Gylhe/ k) (A1) (NAD | A To(x) /()M
=Calhe/ 6) 1*(A1)* | A*[ To(x) /(o) ]l

(A4)

[

Next, for a derivation of a priori spatial error
estimation, let us define the orthogonal projection
operator [[» and a positive constant ¢ such that

eV - v, [I.T=T"
o=At/h
where o enforces a regular partitioning of time-

space domain. Then, the spatial error in the
energy norm is derived according to
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7 (x) ||E(m

-RILT

| Exlee=] T (x) =

=| R"Ty(x) x) [z0)

N-1
< §) | RT:(x) - x) o) (A7)
£N|| R-R, ”E(.O)" 75(.\?) —th(x) "E(D)
SN{| R |zt Br s M| To(x) —T1n 75 () oy

Here, the error bound | 7 (x) —I1.T (x) |z
for quasi-uniform finite element space follows
from the well-known standard error bound (see
Ciarlet (1987) for more details)

| To(x) —I1aTo(x) 5oy
< Tohiel‘llﬁ 9)( I To(x) = TH{x) feca))
(A8)
£CS(hc/K>IE?3({ . 2pc//c }h" I To(x) |0
=Cilhe/ ) 1| Tolx) |usio

where g=min(s-1, p) with s, p denoted as the
regularity of 75(x) and the order of approxima-
tion polynomials, respectively. We now consider
the error bounds of the two transient operators
R and R" in Eq. (A7). First, from the fact that
r (AAt/pc) is a contraction in the energy norm,
we have

1275
| RT |20
R su
IR o 5 [ T o (A9)
_ | »(AAt/ o) e | T lso
= sup <1
T(T*0) | T lza)
Next, from the stability analysis, we have
R.T

| Ralleoy= _——” +T" oo <1 (A10)

i) I 7% o

Substituting Eqs. (A8)-(A10) into Eq. (A7), we
arrive at a priori spatial error estimation :

| En ey <2Cs(he/ €) NI | To(x) s
=Q2Cs(he/¥) t*/0) " | To(x

Combining the temporal and spatial error esti-
mations Egs. (A4) and (A11), we finally obtain
a priori total error estimate, for the Crank-Nico-
Ison-Galerkin scheme with regular partitioning

All)
s

of time-space domain :

| Erlao=1 E: lsaH] B oo

<Clho/ 0t (A0 AT/ (A12)

{oc) ]||tm)+ ||To | P

Then, from the Lax equivalence theorem (Oden
and Demkowicz 1996), the proof is completed.



