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Robust H_, Control of Uncertain Descriptor Systems With

Time-Varying Delays

Jong Hae Kim

Abstract: This paper is concerned with H, controller design methods for descriptor systems with and without time-varying delays in
state and control input. The sufficient condition for the existence of an Hoo controller and the controller design method are presented
by linear matrix inequality (LMI), singular value decomposition, Schur complements, and changes of variables. Since the obtained
sufficient condition can be changed to an LMI form by proper manipulations, all solutions including controller gain can be obtained
at the same time. Moreover, it is shown that robust Ho, controller design problem for parameter uncertain descriptor systems with
time-varying delays in state and control input can be solvable using the proposed method.
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L Introduction

H, control has been one of the most important notions in
the field of automatic control theory. Although H. control
theory has been perfectly developed over the last decade, most
of works have been developed based on state space equations.
State space models are very useful, but the state variables thus
introduced do not provide a physical meaning. Hence, the de-
scriptor form is a natural representation of linear dynamical sys-
tems, and makes it possible to analyze a larger class of systems
than state space equations do[1,2], because state space equa-
tions cannot represent algebraic restrictions between state vari-
ables and some physical phenomena, like irilpulse and hysterisis
which are important in circuit theory, cannot be treated properly.
The special characteristics for descriptor systems have drawn
considerable attention due to extensive applications of descrip-
tor systems in large scale systems, singular perturbation theory,
and in particular, constraint mechanical systems. Many essen-
tial notions and results in control theory based on the state space
form have been generalized for the descriptor form[3-11].

Recently, the descriptor Hoo control problem has been con-
sidered by many researchers. Especially, Masubuchi ez al.[1]
considered the H.. control problem for descriptor systems that
possibly have impulsive modes and/or jw axis zeros in order
to eliminate the assumptions. Rehm and Allgower {7] treated
the Ho control problem of high index or even non-regular lin-
ear descriptor systems with norm-bounded uncertainties in the
system matrices. Also, Takaba et al.[9] treated robust' H2 per-
formance of uncertain descriptor systems. However, there are
no papers considering robust Ho, controller design methods for
descriptor systems with time-varying delays by LMI technique.
Although some papers treated Ho, control problem of singu-
lar systems with no time delay, it was not easy to calculate the
solutions because of non-convexity of sufficient conditions.

Since the stability analysis and control of dynamic systems
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with time delay are problems of recurring interest as time de-
lay often are the causes for instability and poor performance of
control systems, the study of time delay systems has received
considerable attention over the past years[12,13, and references
therein]. This fact motivates the author to develop robust Heo
control of descriptor stems with and without time-varying de-
lays in state and control input by strict LMI sufficient condition.

The objective of this paper is to present not only the LMI suf-
ficient condition for the existence of H.. controller but also the
H o, controller design algorithm for delayed descriptor systems
using singular value decomposition, changes of variables, and
LMI approach. Therefore, all solutions can be obtained at the
same time, because the presented sufficient condition is an LMI
form regarding all variables. Moreover, it is shown that robust
H , controller design problem for norm-bounded parameter un-
certain descriptor systems with time-varying delays in state and
control input can be solvable using the proposed method. Fi-
nally, a numerical example is given to check the validity of
the proposed method. The following notations will be used in
this paper. (-)T, ()7, deg(-), det(-), and rank(-) denote the
transpose, inverse, degree, determinant, and rank of a matrix.
An identity matrix with proper dimensions is denoted as I. I,
z-(t), and R" denote an identity matrix with r X r dimension,
r X 1 dimensional vector, and r x 1 dimensional real vector, re-
spectively. * represents the elements below the main diagonal of
a symmetric matrix. In the following, we summarize some def-
initions and useful properties for the system Ez(t) = Axz(1).
If det(sE — A) is not identically zero, a pencil sE — A (ora
pair (E, A)) is regular. The property of regularity guarantees
the existence and uniqueness of solution for any specified ini-
tial condition. The singular system has no impulsive mode (or
impulse free) if and only if rank(FE) = deg det(sE — A). The
condition of impulise free ensures that singular system has no
infinite poles.

II. Main results

Let us a linear time invariant descriptor system with time-

varying delays in state and control input

EBi(t) = Az(t)+ Agz(t — di(t)) + Biu(t)
+Bau(t — da(t)) + Baw(t)

z(t) Cz(t) + Cax(t — d1(t)) + Diu(t)
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+Ddu(t - dz(t)) -+ Dzw(t)
$1(t), t € [—du(t),0] M
$2(t), t € [—da(t),0]

where z(t) € R™ is the descriptor variable, z(t) € R7 is the
controlled output variable, u(t) € R™ is the control input vari-
able, w(t) € RP is the disturbance input variable, E is singular
matrix with rank(E) = r < n, ¢:(t), (¢ = 1, 2), are continu-
ous vector valued initial functions, and all matrices have proper
dimensions. Here, time-varying delay is satisfied with

z(t) =
u(t) =

0<di(t) <oo, di(t) < m <1, (6=1,2). ()

Associated with the system (1), we propose the following con-
trol law

u(t) = Kaz(t). ?3)

When we apply the control (3) to the system (1), the resulting
closed loop system is given by

E{L‘(t) = AKZE(t) =+ AdZB(t —di (t))
+BaKz(t - d2(t)) + Baw(t) @
2(t) = Ckz(t)+ Cax(t —di(t))

+DaKz(t — da(t)) + Daw(t)

where, Ax = A+ B1K and Cx = C + D1 K. Also, we
introduce H, performance measure as follows:

J= /w{Z(t)TZ(t) — Yw(t)Tw(t))dt. (5)
0

In other words, the objective of this paper is to determine
the stabilizing Ho controller gain within the upper bound,
1.8, SUD (1) Ly [0,00)70 ﬁ% < satisfying regularity and
property of impulse free in the closed loop system (4).
Definition 1: Consider the delayed descriptor system (1). If
there exist a control law (3) such that the closed loop system
is regular, impulse free, and asymptotically stable in the closed
loop system, (3) is said to be an Ho, control law for the system
.

Lemma 1: Consider the delayed singular system (1). For a
given positive real number v, if there exist an invertible sym-
metric matrix P, positive definite matrices R;, (i = 1,2), and
a controller gain K satisfying

ETP=PE>0 ©6)
U PAgy PBy PB, C%
* —(1-m)R: 0 0 cr
* * —(1—m2)R2 0 DY |<o
* * * —*1 D¥
* * * * —I
Q)

then, (3) is an H, controller such that the closed loop system
(4) is regular, impulse free, and asymptotically stable. Also, (4)
is satisfied with v bound. Here, ¥ = AL P + PAk + R1 +
KTR:K.

Proof : Firstly, we define a Lyapunov functional candidate as

V(x(t)) = )T ETPx(t) + [}y, o (1) Raz(r)dr

8
+ f:_dz(t) z(7) ' KT Ry Kx(7)dr ®

with (6). Taking the derivative of (8) along the solution of the
closed loop system (4) yields

V(z(t)) = &) ET Pa(t) + z(t)T PE&(t)
+ x(t)Tﬁlm(t) + ()T KT Ry Kz(t)
— (1 = da(t))a(t — di(t)” Rus(t — da(t))
— (1 —d2 ()2t — do())T KT RoKz(t — da(2)),

®

which is negative definite when the following matrix is negative
definite as follows:

Va(z(t)) = 2(t)T ET Px(t) + z(t)T PEL(t)
+ z(t)TRiz(t) + z(t)T KT Ry Kx(t)
— (L~ m)a(t — di(t))" Raz(t — da(t))
— (1~ m2)x(t — dz(t))T KT R Kz(t — da(2)).

(10)

Therefore, V, (2(t)) < 0 with zero initial condition, w(t) = 0,
means asymptotic stability of the closed loop system. From (5),
(9), and (10), the matrix inequality (7) implies

V(@) < Va((2(®)))

< Z20)T2(t) + ¥Pw(t)Tw(t) < 0. (n
Therefore, we have
- :L‘(t) T
z(t — d1(t))
Kz(t — da(t))
L w(t)
I TI PAq+CkCqy PBys+CkDs PB2+CEkD:
* —R1 + Cg‘Cd Cng CdTD2
* * —Ry + D3 Dy DI D,
L * * * —721 + DI D,
z(t)
Ifﬁt ft%%) =n(t)"2Zn(t) <0
w(t)
(12)

which ensures the asymptotic stability and H, norm bound
within prescribed level y of the closed loop system (4). Here,

= ALP 4+ PAg + R + KT R K + CkCk,
R; = (1 - ni)Ri7 (’L = 172)7
n(t) = [a(t)" o(t — di(t)7 2(t — da(8)) " KT ()]

Hence, the matrix inequality Z < 0 can be transformed into (7)

using Schur complements. ]
In the following Theorem 1, the H., controller design

method for the descriptor system (1) is presented.

Theorem 1: For a given positive real number -, if there exist

positive definite matrices X1, S11, S14, S2, an invertible sym-

metric matrix X4, and matrices Sy2, M1, M; satisfying

[ >, X3 Ba Ya MlT X1 0 W
* 23 Bzz 25 MQT D X4
x * —I DI 0 0 0
* * * pI 0 0 0 <0
* * * * —Ss Q 4]
* * * * * —S11 —Si2
| * * * * * * —514 |

13)
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then, the matrix expressed by
K= MiPL MP; ] (14)
is an H, controller gain satisfying Definition 1. Here,

£ = M1 Xy + X AT + MT BT + BuMi + AaSuAG
+ AnSHAT + AnS12A%, + AS1a AL, + B4y 5:BY,
Yo = MEBEL + By Mo + Ad1§11A?;3
+ AdzggAgg + Adlgl2Ag4 + Ad2§14Ag4 + Bdlngg%
By = AsXa+ X4AT + MTBE, + BiaMs + AgzS11 4%
+ Ad4S£A53 + Ad3§12A§4 + Ad4§14A§4 + Bd2§2Bg27
v, = MIDF + x.CF + Ad15~'11051
+ AgpSLCT + Ann812C% + Ad2514C% + Ban 5, DY,
Ys = MI DY + X,CF + Ad3§110¢,{1
+ AuaSTCE + AgsS12C% + AaS1205 + Ba252DJ,
Ye = —1 + CarS11CH + Cdzngzcgl + 0:115'120({2
+ Cy2514CYh + DaS2 DY,
Sy = (1- m) 1S, (i = 1,2,4),
Sy = (1—n2)7"Ss,
P=X{Y P=Xh

Proof : Using Schur complementsf13,14] and changes of vari-
ables, X =P L, R, =8;1,(i=12),M=KP ' =KX,
(7) is equivalent to

I'n B r. M¥ Xx

« —2I DI 0 0

* * T's 0 0 <0, (15)
* * * —Ss 0

* * * * -51

where,

' = AX + XAT + MTBT

+ BiM + (1 — )"t AgS1AY + (1 — m2) "' BaS2 BY,
Iy = MTDT + XCT + (1 —m) ' AsS1CT

+ (1 —m2) ' BaS2 D,
I'3s=—-1+(1- 7]1)~10d510:{ -+ (1 - ng)“lDdSQDf.

To obtain an LMI sufficient condition in terms of finding all
variables and eliminate the equality in (6), we make use of sin-
gular value decomposition and changes of variables. Without
loss of generality, we assume that the system matrices (1) have
the following singular value decomposition form[1,3]:

I, |0 . A 0
E"[o 0}”4_ T}A—J’

Aar | Aaz B
Ag = , B1 = ,
¢ Adgs | Aaa ! Bi2
(16)
By B2
Bg = 9 By = )

c=[C|C],Ca=]Cau|Ca ],

D1 =Dy, Dy = Dy, D2 = Do.

where all decomposed matrices have appropriate dimensions.
Also, if we set

A o0
P_[O P4] a7

in order to satisfy the condition (6), and if other solutions have
the following structure

M = [ M] M2 ] )
_ X1 0
_ 1_
X =Fr"= [ 0 X4 ] (18)
_ S11 Si2
&= { S5 Su ]

and we apply (16) and (18) to (15) then (15) is equivalent to
(13). |

The proposed controller design algorithm can be directly ap-
plied to the descriptor systems without time delay by simple
manipulations in the following Theorem 2.

Theorem 2: Consider a descriptor system without time-
varying delays in (1), in other words, Ay = 0, B4 = 0,Ca =0,
and D4 = 0. For a given positive real number , if there exist a
positive definite matrix X1, an invertible symmetric matrix X3,
and matrices My, My satisfying

Ay Dy Bu  XiCOf + M{DY
x Az Bo XaC¥ 4+ MIDYT

. T pT <0 (19
* * * I

then, (14) is an Ho, controller gain satisfying Definition 1.
Here,

A = A X+ X AT+ MT BT, + B M,
Ay = M{BL+ BuM,,
As = AyXy+ X4AT + M3 BY + BiaMo.

Proof : Using the Lyapunov functional, V(z(t)) =
«(t)T ET Pxz(t) with ETP = PE > 0, the Hy, performance
measure (5), and the proof procedures of Lemma 1 and Theo-
rem 1, the result can be straightforwardly obtained. |

Remark 1: In the case of E = I, the problem can be solvable
from LMI (15) directly. In other words, the problem is reduced
to the result of [13]. Thus, the result is generalization of [13].

Remark 2: In the case of delayed singular systems with
norm-bounded parameter uncertainties, the system can be trans-
formed into delayed descriptor systems without parameter un-
certainties in the following Corollary 1. Therefore, the pre-
sented algorithm can be easily extended to the robust Ho con-
troller design method for norm-bounded parameter uncertain
descriptor systems with time-varying delays.

Lemma 2: Consider a parameter uncertain descriptor system
with time-varying delays in state and control input

Ei(t) = [A+ AA(t)]z(t) + [Aa + AAa(t)]z(t — da(t))
+ [By + AB1(1)]u(t) + [Ba + ABa(®)]u(t - da(t))
+ {B2 + AB(1)]w(t)
2(t) = [C + AC(D)]z(t) + [Ca + ACa(t))x(t — di(t))
+ [D1 + AD1(t)]u(t) + [Da + ADa(t)](t — d2(2))
+ [Dz + ADz (t)]w(t)
(20)
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with parameter uncertainties
AA(t) AAd(t) AB; (t) ABd(t) ABQ(t)
AC(t) AC4(t) AD:(t) ADg(t) AD(t)

:{g;]F(t)[El BE: Es Ei Bs ],

FOTF@) <1I
1)

where, H; (¢ = 1,2) and E; (j = 1,2,3,4,5) are known
matrices. This system (20) is stabilizable and has an H, per-
formance v > 0 by a state feedback controller if and only if
there exist a A > 0 such that delayed descriptor systems with-
out parameter uncertainties

Bi(t) = Az(t) + Aga(t — di () + Buu(t)
+ Bau(t — da(t)) + [B2 vAH) { 38 ]
[ zgg } — (G LEJe(t) + (Ca LEaelt — di(t)) (22)
+ [D1 ; Eslu(t) + [Da 5 Eslu(t — da(t))
D>  ~vAH:> w(t)
*[ 1B 0 Hw(w]

with additional disturbance input variable w(#) and additional
controlled output variable 2(¢), is stabilizable and has an H
performance y > 0 by the same state feedback controller.
Proof : Using the results of [7,15], the proof can be straightfor-
wardly derived. [ |

Therefore, the problem of robust H, control for uncertain
descriptor systems with time-varying delays in both state and
control input can be solvable using the proposed method.
Example : In order to check the validity of the proposed
method, a descriptor system is considered as follows:

1 00 -2 110
0 1o la@=| 1 1]0|z®
0 00 0 01}1
[ 0.5
+ z(t—di(t) + | 1.5 | u(t)
1
. 1
+1 03 |ut—da@)+ ] 1 |w@)
0.1 0

2t)=[1 2|0 ]z®)+[02 01]0]x(t—di(t)
+ u(t) + 0.1u(t — da2(¢)) + 0.1w(t)
di(t) =2+ 0.6sint, da(t) =5+ 0.3cost, vy=1.
(23)

All solutions can be calculated at the same time from the
LMI Toolbox[14] because the proposed optimization problem
of Theorem 1 is an LMI form in terms of finding all variables.
The solutions satisfying Theorem 1 are as follows:

1.7900  —0.1494
X { —0.1494  1.1282 ] Ko = 34999,
g _ [ 55490 —010317 . [ 02604
L= 01031 52490 |0 7P| —0.0644 |’

S14 = 6.6112, S, = 7.6150,
My =[ —2.0085 —2.7930 |, Mz =0.0285.
(24)

wit)

w(t) & z(t)

z{t)
4 1 . . ; . ;
0 5 10 15 20 25 30 35

Time(sec)

Fig. 1. The trajectories of w(t) and z(t).

x1()

0 5 10 15 20 25 30 35
Time(sec)

Fig. 2. The trajectory of x1(t).

x2(t)

0 5 10 15 20 25 30 35

Time(sec)

Fig. 3. The trajectory of z2(t).

Therefore, the Ho control law by (14) is
u(t) = [ —1.3436 —2.6537 —0.0081 | z(t). (25)

For computer simulation, if we take disturbance input like Fig.
1, then the trajectories of descriptor variables(zi(t), z2(t),
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i : . ‘ ‘ < ; _

Time(sec)

Fig. 4. The trajectory of z3(¢).

x3(t)) and the controlled output(z(¢)) are shown in Fig.1-Fig.4.
From the simulation results of Fig.2-Fig.4, the obtained con-
troller stabilizes the descriptor system with time-varying delays
in both state and control input because the values of descriptor
variables converge to zero as time goes to infinity. Also, H
norm bound can be calculated as 0.2932(y < 1) from the Lo
induced norm property between w(t) and z(t) in Fig. 1. Thus,
the obtained controller guarantees not only asymptotic stability
including regularity and the property of impulse free but also
the Hoo norm bound, (v < 1), of the closed loop system.

1. Conclusions

This paper considered the design problem of H., controller
for descriptor systems with time-varying delays in state and
control input by LMI approach. The presented H, controller
guaranteed asymptotic stability, regularity, the property of im-
pulse free, and H, norm bound in the closed loop system.
Also, the H, controller design method for descriptor systems
without time delay was discussed. Using the proposed method
and system transformation, robust H, control problem for un-
certain descriptor systems with time-varying delays could be
solvable. Finally, the validity of the controller design method
was checked by a numerical example.
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