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An Observer Design for MIMO Nonlinear Systems

Sungryul Lee, Yanghee Yee, and Mignon Park

Abstract: This paper presents a state observer design for a class of MIMO nonlinear systems that has a block triangular structure.
For this, the extension of the existing design for SISO triangular systems to MIMO cases is provided. Since the gain of the proposed
observer depends on a nonlinear part as well as a linear one of a system, it improves the transient performance of the high gain ob-
server. Also, by using a generalized similarity transformation for the error dynamics, it is shown that under some boundedness condi-
tion, the proposed observer guarantees the global exponential convergence of the estimation error. Finally, we will give a simulation

example to show the validity of our design methodology.
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I. Introduction

During the last decade, the observer design problem for
MIMO nonlinear systems has received much attention in the
literature. In general, the recent contributions to solve this
problem can be classified into two main approaches. The first
one is the error linearization based approach which allows us
to construct a nonlinear observer with linear error dynamics. It
originated from the efforts to extend Krener’'s work[1] for
SISO systems to MIMO cases. In [2], the necessary and suffi-
cient conditions under which a MIMO nonlinear time-variable
system can be transformed into an observer canonical form
have been obtained. The paper [3] has identified the class of
nonlinear systerns that can be changed into a linear observable
form. While the previous studies have considered the nonlin-
ear systems that can be changed into only the dual Brunovsky
form, the result of [3] can be applied to a larger class of sys-
tems. On the other hand, most research along this direction
requires a solution of some partial differential equation that is
not easy to obtain. Moreover, since the conditions of error
linearizability are quite restrictive, it is difficult to satisfy them
in most cases. Due to these obstacles, the paper [4] has pro-
posed the observer based on the approximate error lineariza-
tion which minimizes the part of system that cannot be can-
celed by input output injection. Although the work of [4] re-
laxes very strong conditions of error linearizability, it guaran-
tees only local stability of error dynamics.

The other is the high gain observer which is available for
triangular nonlinear systems. In SISO nonlinear systems, it is
well known that this structure leads to the design of the high
gain observer with an exponential convergence.[5] Motivated
by this fact, the block triangular structure has been character-
ized for an extension of the high gain observer to MIMO sys-
tems. In [6], the state observer of high gain type was proposed
for block triangular multi output nonlinear systems. The result
of [6] has an advantage in that an interconnection between
blocks is allowed. But, in general, the high gain observer may
show a large oscillation in a transient response and is sensitive
to measurement noise. To overcome these drawbacks, the
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recent paper [7] has proposed the improved observer which
exhibits less transient oscillation than the high gain observer.

In this paper, we extend the work of [7] to MIMO nonlinear
systems. To the end, we consider a class of nonlinear systems
which is composed of the linear observable part and the
nonlinear part with a block triangular structure. It is first
shown that the similarity transformation developed in [7] can
easily be extended to MIMO cases. From this, we propose the
state observer that can be seen as an interconnection of the
observer of [7]. Also, by using similarity transformation on the
error dynamics, it is shown that under the boundedness condi-
tions, the proposed observer ensures the global exponential
convergence of the estimation error. Finally, an illustrative
example is given to verify the effectiveness of our design
methodology. The remainder of this paper is organized as
follows. In section II, we introduce the class of systems to be
considered. Section Il presents an nonlinear observer design.
A simulation example is given in section IV and we conclude
this paper in section V..

I1. System descriptions
In this paper, we consider a multi input multi output nonlin-
ear system of the form

x= f(x,u)
y=h(x)

where xe R" is the state, we R™is the control input,
y€ R¥is the output, f, g and h are smooth vector fields.
The control input u:R — R™ is assumed to be analytic time
function. In particular, we will restrict our interest to the class
of systems in the following form.

¢y

X = Ax + g (X X Vigas Y ,)
it H Plgi<p ()
yi =Cx,
where

x=[x1x2---xp]T€ R"
x; =[x xiz"'xin,-]T € R™
y=[)’1 yp]TE R?
K- = [xl‘”xi-x]T

Yiitt,p1 = (Vi - yp]T
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[0 1 - 0
A= ", c=ho 0]
0 0 --- 1
00 - 0
8t (X X315 Vi 1)
gi2(‘x[l,i—l];xil’xiZ;u;y[Hl,p])
g = :
| 8in, (o X[, im]> W5 y[i+1,p])

Without the loss of generality, it is assumed that all »n,’s
are equal for the system (2). The sufficient and necessary con-
ditions to transform the system (1) into (2) have been charac-
terized in terms of the differential geometric method in [6]. As
stated in several works, the above block triangular structure
make it possible to extend the high gain observer design for
SISO systems to MIMO cases. For the observer design, we
assume the following condition on the system (2).

Assumption 1: The partial derivatives of g;with respect
to x and their respective time derivatives are bounded for all
x and u.

Remark 1: In a practical viewpoint, the Assumption I may
be somewhat a restrictive condition. However, if the state
trajectory of the system (2) is bounded in a compact region, it
can be relaxed outside a region of interest as in [6].

Remark 2: As mentioned in [7], the high gain observer of
[6] for the system (2) can be rewritten as

X = Ax‘ji +gi(xl’”;’xi’u’yiﬂ"”’yp) 1<i<p ()
+4, K. (y, —Cx,)

where 4, = diag(1/6, ,1/ 491.2,---,1/ €") and the gain ma-
trices K; are chosen such that all the eigenvalues of matri-
ces A; — K, C; have negative real parts. The design parameters
0, must be large enough to compensate for the effect of the
system nonlinearity. However, as the value of #; grows, the
observer (3) may cause larger transient oscillation. In section
IV, we will show that the proposed observer improves the
transient performance of the observer (3).

I11. Nonlinear observer design
This section presents a nonlinear observer for the system (2)
whose estimation error converges to zero exponentially. For
this end, we first extend a similarity transformation developed
in [7] to MIMO cases. It can be easily constructed through the
following five steps as in [7].
Step 1: Define 1\7,. (x,u,y),1<i< p,as follows.

Ci
_ C.F(x,u,
M, (x,u,y)= ' l(: »)
C.F" ™ (x,u, )

where F,(x,u,y) = 4, + G, (x,u, y) with G; = g, [0x , .
From the construction, it is very easy to show that the matri-
ces M ,(x,u,y) are lower triangular and nonsingular for all

xand u.
Step 2: Let Q.(x,u, y) be as follows.

0, (x,u,y) = M, (x,u, )F, (x,u, )M (x,u, y) — 4,

By definition, we can also show that the first(n, —1) rows
of the matrices Q,(x,u,y)have zero elements and so they
are represented by

Q,(x,u,y) = 0 0 0

qil(x’u’y) qiz(x,u’J/) q,-,,i (X,u,y)

Step 3:Let N, (x,u,y) = RO (x,u, »)R,
where R, =[B, A,B,---A""'B,], B,=[0 - 0 1]".
Therefore, the matrices N, (x,u, y) are given by

P C AN ) L UNR

. X, U, 0 - 0
NG py=| Do ) 0

ga(xu,y) 0 - 0

Furthermore, the matrix N,(x,u,y) can be decomposed
into N, (x,u,y) = L, (x,u, y)C,where L, € R"".
Step 4: Let us define W, (x,u, y)as

C,

i

CiZi(‘x’u’y)

W.(xu,y)= 4

C. A" (x,u,y)

where A,(x,u,y) = A, + N,(x,u, y) .Similarly, the matrices
W, (x,u)are lower triangular and nonsingular for all x and
u.

Step 5: Let M, (x,u,y)= Wi_l (x,u,y)]l—l_,. (x,u,y).
As a result, the matrices M, (x,u, y) play a role as similarity
transformations for the error dynamics. From the above proce-
dure, we can easily obtain the following lemma.

Lemma 1: For all matrices defined above, the following
conditions always hold for 1<i< p.

Mi(xauay)F:‘(xausy)Mi—l(xsuﬁy) = A[ +Li(x5u7y)ci

5
C.M[ (x,u,y)=C, ®

_Proof: By a construction, it follows that both (F,,C,)and
(4;,C,) are observable pairs and similar matrices.[10] Thus,
there exist similarity transformations T} such that

4, =TFT", C =CI ©)
Substituting (6) into (4), we have
oF y
Wi n=| T

CT TR
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which implies T, = Wi_lﬁ ;- This completes the proof of
Lemma 1. n

Now, we construct a nonlinear observer for the system (2)
as follows.

X, = A + 8 (X XU Y5y Y ,)

Q)
+ M7 (Ru, ML (Ru, ) + 4Ky, - C %)

where 4, and K, are chosen in the same way as Remark 2. In
order to prove the main result of this paper, the following
lemma is needed.

Lemma 2: Under the Assumption 1, there exist constants
Cy > 0 and p, > Oindependent of 8 ; such that for any
0, satisfying 1<6,and 8' <0,, 1<i< p,

D[4, M, G, )G G, )M By, )85 “ <c,
for j2kand 1L jk<p

i) (45,8, G, y)M [ G A < p,
for 1€i<p

Proof: i) Let H ,, = M (%, u, )G (R,u, )M (Ru, y).
Then, from a simple computation, we have
.
9; "

(AejijA;: )l,m = (ij )I,m

where (-),, denotes the (/,m) th element of a matrix (-).
Considering the Assumption 1, all entries of a matrix H x are
bounded for all x and u Moreover, taking
1<6,and 8;%' <8, into account, it is easy to prove the re-
sult of Lemma 1. ii) This case can be easily proved in the
same way as that used in the case i) |

Theorem1: Suppose that the system (2) satisfies the As-
sumption 1. Then there exist 8,,, | < i< psuch that for all
0, >0, satisfying [<8,and 8" <@,, the system (7) is a
global exponential observer for the system (2).

Proof: Consider the first subsystem of the proposed ob-
server (7). Let e, =.x — X . Then we have

e = Ae + g,(x,u, ytz.p])“‘gl()?n”’ Yizp1)

A - - 8)
- M G, y)(Iy (R,u, y) + 45K, )Coe,

By the mean value theorem[11], there always exists a vector
1,, such that

gl(xpu’)’n,p])_81(521»"")’[2,,;])

= G11(’711’”’Y[2,p1)e1

= Gu(&”"’ y[Z,p])el + Gy, (1, ,u, y[2,p])el )]
_Gu(;‘,“» )’[z,p])e1

=G, (X u, Yoo+ Ry e

where Ryy = Gy (151, yz,5) = G (X1, ¥y ) . Hereafter,
for notational simplicity, we shall drop the arguments of all the
matrices. Using the property (9), the error dynamics (8) be-
comes

é, =[F, —Ml‘l(L1 + Ag_llKl)Cl]eH +R, e

Considering the similarity transformation &, = M, (X, u, y)e, ,
the error dynamics above leads to
_eLl =Mé + M 161

=M FM e - (L + A;Kl)clMgla

+ MR Mg, + MMz,

= (A4 + LC)e —(L + Ae-llKl)Clgl

+M R M2, + MMz,

= (A - 4,'K,C)e, + M R M 'z, + MM ',
where the third equality follows from (5). Again, consider a

scaling transformation ¢, = Aﬂl e, . Using the following prop-
erties

Ae,zlde—‘l = 91111
C 4, =86,C,

we obtain
21 = 91(X1 -K,Ce + AolMlRuMl_lAe_lla
+ 4, MM 4,1

Since Zl — K, C, is Hurwilz, there exists a symmetric posi-
tive definite matrix £, such that

(Zl _K1C1)TP1 + Pi(zl -KC)=-1

nyxny

where [, is a ( mXn ) identity matrix. Define
V,(¢,) = ¢, P, as the Lyapunov candidate function for the
first subsystem of the observer (7). Then, its time derivative is

Vi(2)=¢"PRé +¢ Pe
=-0,|&,|" + 267 P4, M R M 4,15,
+ 287 By M M 41,
<-0[& | + 2JRa M. R 257
+ 2Bz ||, M1, 45
Selecting 8, > 1 and considering Lemma 2, it follows that
o, R 27 150 | < 4
o 1.0 45 < e,

where €, and ¢, are positive constants independent of 8, .
Thus, it results that

Vi@ <0, + e

where u,, =2(c,, +¢;,)A, (P,) and A,,(P,) denotes the
largest eigenvalue of P, . Next, consider the 2nd subsystem of
the proposed observer (7). Let e, = x, — 122 . Then we have

€, = Ae, + gz('xl’xz,u’ Vi) = gz()?wfz”"’ y[3,p])

_ _ (10)
~M7 (L, + 45K,)Cye,

By the mean value theorem, there exist vectors #,, and
4, such that
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gz(xl,xz,u’)’u,m)—gz(in-’;z:“’y[;‘p])

= Gy (M1, 22545 Vi3 1)1 + Gz (2151225t Vi3, 51082

=Gy ()A‘;”A‘z’“’}’p,p])ez + Gy, (1 ”722a”a)’[3,p])ez

-Gy (£I’£Z’u7y[3,p])62 + Gu(’?zw’hzs”a)’[s,p])el

=Gy (R, X2, Vi3 p)€2 + Ryzey + Gy (21,1251 Vi3 1 )€1

)

where Ry, = Gy (15151554, V3 1) — Gy (X, X,,u, Vo) -
Using (11), the error dynamics (10) is
é, = Fye, + Ryye, + Gye, — M, (L, + 4, K,)Che,

- - (12)
={F,-M;"(L, + Aslez)Cz le, + Rpe, +Gye

Through a transformation €, =4, M,e, , (12) is trans-
formed into
E2 =6, (Zz - chz )22 + AazMszzMz_lds;;Ez
+ 45, M Gy M A451E + 4, M, M5 4,'e,

]

Since A4, — K,C, is Hurwitz, there exists a symmetric posi-
tive definite matrix P, such that

(Zz _chz)TPZ +P2(Zz _chz) =-I

nyXxny

where [, isa (n,x n, ) identity matrix. Again, consider the
Lyapunov candidate function V,(€,)= ¢, P,&, . Then, its
time derivative becomes
Vy(@,) =& PE, + & B,
= 6,6, +28] P4, M,R,M;' 4,7,
+28] P, a4, M,M;' 451,
+2¢, P4, M,G, M 4,1,
~ 112 ~ 1 =1~
<Gl +2r |4, M. R M3 43 |
+2|pe, ||“A92M My 4, “‘52 I
+ 2P, |5, M,6.0M7 4 el

Selecting 1<0," <@,, by the Lemma 2, it is easy to show
that

40, M2 R, M5 45| < 2
o, 41,05 43| < c,

where ¢,,,¢,,and ¢, are positive constants independent of
6, and @, . Consequently, it follows that

I)2 (e,) <0, ”% "2 + /‘21"52"2 + Uy "52”2 + :ulzugl "2
where

Uy = 2Cyy +C3) Ay (Py)
Hyy =ty =y (B)Cy,

In the same way, for the i th subsystem of the observer (7),
we obtain

i@ <0l Bl Swlel ov

where 44, are positive constants independent of
6,,1<k <i. For the overall observer system, consider the
Lyapunov candidate function

LOEDNACHE

where & =[€,,---,€,]" . From (13), its time derivative be-
comes

V@) <6+ S Nl + 0+ S N
bt (0, + S, N

As a result, it is possible to choose §;,1<i < p such that for
any given constant 2 > 0

V@) < -l

which completes the proof of Theorem 1. [ ]

Remark 3: In Theorem 1, the extension of the work of [7]
to MIMO nonlinear systems has been achieved. The proposed
observer design can also be applied to more general nonlinear
systems of the form

x{ :_f;(x]’.“’xi’u,yi+19'."yp)

, 1<i<p
¥ =Cux,

where

S Qs X5 %0 X3 8 Vi ¥ )

S X 5 X X, Xy Y5 V)

f;_ =
j;"i (xp“‘,x,éu;ym,"‘,yp)

The generalization of our observer to the above systems can
be made via the procedure similar to the foregoing arguments.
But, it should be noted that an observer for the above systems
is a local one.

Remark 4: In fact, an observer design for the class of systems
considered in this paper was already dealt with in [6]. As will be
shown in the next section, however, the proposed observer can be
viewed as the improved one of the high gain observer given in [6].
By incorporating the additional term A i’lLi into the gain of the
observer, the proposed design scheme minimizes the system
nonlinearity to be suppressed by the design parameter &, , which
leads to less transient oscillation.

IV. llustrative example
To show the effectiveness of the proposed design scheme,

we provide a simulation example borrowed from [6]. Consider
a multi output nonlinear system in the form of (2).

X =%, +0.0Llxu

%, =—x, +(1—x])x, + x;u

X, = x, +0.01x,x, exp(u)

"3 4 2 23 (14)
X, ==x,+(1—=x3)x, +u
=X
Y2 T X
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As stated in [6], it can be shown that all the trajectories of the
system (14) under u = 2sin 3¢ are bounded. Thus, in order to
satisfy the Assumption 1, the nonlinear functions of system
(14) can be replaced by their smooth bounded extensions out-
side a region of interest as in [6] First, through the five steps
presented in Section I, the matrices M, and L, ,
1 <i <2, can be easily computed as follows.

s 2[ 0.01u +1— 5?2 }
bl —1-2%%, —0.01u +0.012% |
B 0.01%, exp(u) +1 - x3
2 [— 1-2%,%, - 0.01%, exp(u) + 0.01%, %2 exp(u):l

ol b0 [ oo
S T S O S i |

As a result, the proposed observer (7) is given by the follow-
ing equation.

5| %, +0.01%,u

}2 =X, +(1=X)%, + y,u
0.0lu+1-%+0,k .

I: ! o }(yl_xl)

+ ~2 a4 A2 2
=2x; + 8k, + X -0k X —2xx, +6k,
%, _[% +0.012, 3, exp(u)
X4 —X +(1=xD)%, +u
0.01%, exp(u) +1— %2 + 6,k .
{ 2 exp(u) 3 2531 j|(y2_x3)
(15)

The simulation was carried out with # = 2sin3¢ and the
following settings.

ki =2k, =Lk, =2k, =1,6,=3,0,=9
%,(0) =2,x,(0) = 1,x,(0) = 3,x,(0) = 3.5
£(0) =0.5,%,(0) = 0,%,(0) = 0.5,%,(0) = 0.5

~ 2%} + 0k, + %7 ~ O,k 37 = 2x,x, +02k,,

The gain matrices K, and K, were chosen such that all the
eigenvalues of 4, — K,C, are located at 1. Fig. 1-4 shows the
simulation results for the proposed observer (15). It illustrates
that the estimation error of our observer converges to zero ex-
ponentially. Moreover, the performance of the proposed ob-
server was compared with the observer (3) . With the same set-
tings as above, our observer exhibits less transient oscillation
than the observer (3) without increasing a settling time.

V. Conclusions

In this paper, an observer design problem for multi input
multi output nonlinear systems has been tackled. To be precise,
the extension of the work of [7] to MIMO nonlinear systems
has been achieved. To guarantee the stability of the high gain
observer, its gain must be large enough to compensate for the
effect of the system nonlinearity. But, this may cause large
transient oscillation. Since the proposed design scheme mini-
mizes the nonlinearity of a system to be suppressed by the
design parameters 6, , it improves the transient performance
of the high gain observer. Furthermore, using the similarity

transformation on the error, it was shown that in spite of the
interconnection between subsystems, the proposed observer
guarantees the global exponential convergence to zero of the
estimation error. Finally, the simulation results demonstrate
that the proposed observer improves the result of the high gain
observer.
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