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MAXIMAL COMMUTATIVE SUBALGEBRAS
OF MATRIX ALGEBRA WITH i(m) = 3

YOUNGKWON SONG

ABSTRACT. Let (R, m, k) be a maximal commutative k-subalgebra
of M, (k) where the index of nilpotency i(m) of m is 3. If the
socle of R is of special case, then we can construct some isomorphic
maximal commutative subalgebras.

1. Introduction

Throughout this paper, (R, m, k) is a maximal commutative subalge-
bra of M, (k) where the index of nilpotency i(m) of m is 3. The socle
of the algebra R is denoted by soc(R). It is known that V = k" is a
faithful R-module. If we consider two subspaces V; = (0) :v m and
Va2 = (0) :y m? of V, then any element 7 of m can be assumed of the
following form:

0, 0O O
A 0, O
cC B O

where dimg(V1) =t, dimp(Va) =q+t, andp+qg+t=n.

In the Courter’s algebra [1], p =t = 2, ¢ = 10.

In this paper, we assume the socle of R consists of the following
matrices:

0, O O
(*) O 0, O
C O O
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DEFINITION 1.1. Let A € Myxp(k). Then KER(A) and NS(A) are
defined as follows:

KER(A) = {u € Mixq(k)luAd =0}, NS(A) = {v € Mpx1(k)|Av = 0}.
Then, it is well known that the next theorem holds.

THEOREM 1.2. Let (R, m, k) be a maximal commutative k-subalgebra
of M, (k) with index of nilpotency i(m) of m is 3. If dimg(m/soc(R)) = v
and the socle of the algebra R consists of the matrices in (*), then
NY_KER(A;) = (0) and NY_;NS(B;) = (0), where R = k[ry, 7o, ...,
Ty| ®soc(R) and fori=1,2, ..., v,

0o, O O
ry = Ai Oq O .
Bi Ot

PROOF. Let Z = (21, 22, ..., 2q) € N_; KER(A;) and let

VA
B= .
( O(t—l)xq )

Then, the following matrix A

0, 0 O
A=| 0 0, O

o

O B O
should belong to soc(R). But, the assumption for soc(R) implies that
Z =(0,0,---,0) and so NY_;KER(A;) = (0). Similarly, we can have
Nz NS(Bi) = (0). O

2. Main results

Let (R, m, k) be a maximal commutative k-subalgebra of M, (k) with
index of nilpotency i(m) of m is 3. Assume dimg(m/soc(R)) = v, then
any element in m which is not in soc(R) is spanned by the following

form of matrices:
O, O O
Xi=| A Oy O

O B, O
fori=1,2,...,v, where A; € Myyp(k), B; € Myxq(k). Thus, the algebra
R is k[A1, A2, ..., A] @ soc(R). For the brief notation, we will let R € T’
if R =k[A,A2,..., )] ® soc(R).
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Let X € GLy(k) and let for i =1,2,...,v,

0o, O O
s=| x4 o, o
0 BX O

If we define an algebra S by S = k[d1,02,...,0,] @ soc(R), then the
following theorem implies .S is a maximal commutative subalgebra of
M, (k) which is isomorphic to the algebra R.

THEOREM 2.1 Let R € T' be a maximal commutative subalgebra of
M, (k) and let S = k[d1,02,...,0,] ® soc(R) be an algebra defined as
above. Then, S is a maximal commutative subalgebra of M, (k).

Proor. Obviously, the algebra S is a commutative algebra. Now,
let L € M, (k) be a matrix in the centralizer of S. Then, LD = DL for
all D € S. Let L and D be defined as following block matrices:

Ly Ly Ls Op O O
L=| Ly Ly L¢ |, D=| X7'4 o, O },
L7 Lg Lg C Bz'X Ot

where Ly € Mp(k), Ls € My(k), Ly € M;.
Then, from the relation, LD = DL, the following equations hold:
) L2X_1A1‘ + L3C = Op
) L3B;X = Opxgq
) L5X_1Ai + LgC = X—lAiLl
) L¢B:; X = X—lAiLQ
) X7YA;Ls = Oyxt
) Le X YA; + LoC = CL1 + B; X L4
(7) LgB;X =CLy+ B; X Ls
(8) CL3 + B;XLg = O
From the equation (1), by letting C = Oy, we have Ly X1 4; = O,
for all i. Thus,
LoX ' en’KER(4;).
Since NY_; KER(A;) = (0), LyX~! = Opxq and hence Ly = Opxq.
Again, from the equation (1), L3C = O, and by letting C = E;;, where
E;j is the (¢, j)-th matrix unit in soc(R) for 1 <4 < ¢,1 < j < p, we
have L3 = Opx;. Thus, B; X Lg = O; for all ¢ in the equation (8) and so

XLg € N_1NS(B,).
Since N;_; NS(B;) = (0), XLg = Ogx¢ and so Lg = Ogxs.
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Now, by letting C = E;; for 1 < i <t,1 < j < p, we can have the

following:
L1 = aIp, Lg = aIt

for some a € k.

Finally, in the equation (3),

LsX'A; = X 1ALy = XY Ai(al,) = aX 1A,
This implies, for all 4,
(Ls X' —aX ™) A; = Ogxp

and hence
LsX ' —aX ' e n_,KER(4;) = (0).

Thus,

L5 = CLIq.
Therefore, the matrix L is of the form

al, O O

L={ Ly aly O
L7 Lg aIt

Note that, by letting C = Oqxp in the equation (6),
LeX'A; = B;XL,

0, O O
XLy Oq 0 € R.

which implies

O LgX_l O,
Thus,
0, 0 O 0, 0 0
Ly O, O |=| X UXLy) 0, O |es.
O Lg O 0] (LgX—l)X O,

Now, we conclude that

al, O O
L= Ly an O es
L; Lg al;

and so the algebra S is a maximal commutative subalgebra of M, (k). O

Furthermore, it can be proved that the two algebras R and S are
isomorphic algebras.

THEOREM 2.2. The algebra S is isomorphic to R in Theorem 2.1.
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PRrROOF. Define a map ¢ : R — S as follows:
d(N) =6;,1=1,2,...,v, ¢(I) = I,, ¢(r) =r,7 € soc(R).

Then, we can easily show that the map ¢ is an isomorphism. 4

For a maximal commutative subalgebra R € I' mentioned before, let

o, 0 O
O B; O

for i = 1,2,...,v, where X € GL,(k). If we define an algebra T by
T = klv1,72,- - -, 7] @ soc(R), then by a similar proof of Theorem 2.1, it
is easily proved that 7" is a maximal commutative subalgebra of M, (k)
which is isomorphic to the algebra R.

THEOREM 2.3. Let R € I" be a maximal commutative subalgebra of
M, (k) and let T = k[y1,72,.-.,%] ® soc(R) be an algebra defined as
above. Then, T is a maximal commutative subalgebra of My (k).

THEOREM 2.4. Let R € I' be a maximal commutative subalgebra of
M, (k) and let T = k[y1,72,-..,%] ® soc(R) be an algebra defined as
above. Then, T is isomorphic to R.

PRrROOF. Define amap o: R— T by

O, O O O, O O
o AZ Oq 0] = AzX Oq O
for i = 1,2,...,v and o(I,) = I,. Then, obviously o is a homomor-
phism. Let
O, O O
A, O, O € ker(o).
C B O
Then,

AzX = qupa CX = Otxp,Bi = Oth
for all ¢ =1,2,...,v. Since X is invertible,
Ai = qupa C= Otxp,Bi = Otxq
which implies the algebra homomorphism ¢ is a monomorphism. Note
that
Op O O o, O O
o A; O, O =| A4AX O, O

cx' B, O C B; O
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and so the algebra homomorphism ¢ is an isomorphism. ]

For a maximal commutative subalgebra R € I mentioned before, let

O, O O
O XB; O

for s = 1,2,...,v, where X € GL;(k). If we define an algebra T by
T = k[m,n2,---,M] ® soc(R), then by a similar proof of Theorem 2.1,
it is easily proved that T is isomorphic to the algebra R.

THEOREM 2.5. Let R € " be a maximal commutative subalgebra of
M, (k) and let T = k[m,mn2,...,m] ® soc(R) be an algebra defined as
above. Then, T is a maximal commutative subalgebra of My(k).

THEOREM 2.6. Let R € T be a maximal commutative subalgebra of
M, (k) and let T = k[n1,n2,...,m] @ soc(R) be an algebra defined as
above. Then, T is isomorphic to R.

PROOF. Define amap ¢ : R — T by

0, O O 0, O 0
C B; O XC XB;, O

for i = 1,2,...,v and ¥(I,) = I,. Then, obviously ¢ is a homomor-
phism. Let
O, O O
A; Oy O ) €ker(y).
B, O

Then,
A; = qu;n XC = Otxpa XB; = Otxq

foralli=1,2,...,v. Since X is invertible,
Az’ = qup7 C= Otxp, Bi = Otxq

which implies the algebra homomorphism ¢ is a monomorphism. Note

that
0, O O 0, 0O O
vl 4 0,0 |=| a4 o o
X1c B; O C XB, O

and so the algebra homomorphism 1) is an isomorphism. O
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With these results, we can simplify the matrices A; and B; in consid-
ering the form of the matrices in the maximal commutative subalgebra
of matrix algebra of index of nilpotency 3.
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