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Some Asymptotic Stability Theorems
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Abstract We investigate some asyrptotic stabiliies of the zero solution for the perturbed linear
differential system dx/dt= Alf)x+ e(t, x) + At x), by using Perron’s method and integral inequalities,
etc. and we also find some sufficient conditions that ensure somx: asymptotic stabilities of the zero solution

of the system. And hence we abtain several results of it

1. Introduction

The Qualitative research of wsolutions of linear
differential systems and their perturbed linear
differential systems may be very important for the role
of handling various problems on mechanical, electyonic,
control engineering, or economic, and other practical
problems. Many authors have been investigating these
problems about them and presenting wome properties.
Among these properties, the following Perron’s theorem
is one of the most interesting theorems.

Theorem 1.1 ([12D)
differential system
(A ax/dt=A(t)x+ f(t,x)
hold the following condition :

Let the perturbed linear
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{(a) A(f) is continuous and bounded on
) <t <oo,

(b) At x) is continuous on
[0, )< By, f(t,x)=0,

© ALl =olllxll) uniformly in 2

If the zero solution of the linear differential system
de/dt = A(t) is uniformly asymptotic stable, then
the zr0 soluton of (A) is  also  uniformly
asympitotically stable.

Resently, S. K Chang, H J. Lee, and Y. S. Oh([4,
5D introduced several concepts of stabilities and they
also extended the Taniguchi results under some
conditions for the differential systems

dy/ dt= h(t) "'F(t, K5 (1)) and
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dy/ di= F(t, k(1) (1)), respectively.

We will use the following modified lemmma for the
well-known integral inequalities in [9] that ensure
K t)g(t) stabilities of the zero solution of the
perturbed linear differential systems.( cf. [4] )

Lemma 1.2 ([4]) Let the following conditions (a) or
(b) hold for functions f,geC[[t),),R*] and
F(ts,u), tzs=ty, t,u=.0:

@ AD= [ Flt,s. A)ds

< g(t)—f[:F(t,s,g(s))ds for all 3 £

and F(i,s,u) is strictly increasing in % for
each fixed t = s = (),

® A [ Ft,s, fs)ds

¢ g(t)—ft:F(t,s,g(s))ds for all £>1, and

F(¢5,u) is monotone non-decreasing in

for each fixed ¢ = s = ).

It Rit) < g(ty) for any
AH < g(), foral ¢ = ¢,

to = 0, then

2. Preliminaries

Let R" and R" be the n-dimensional Euclidean
space with the convenient norm || + || and the set of
all non-negative real numbers, respectively.

(X,Y] denotes the set of all continuous
mappings from a topological space X to a topological
space Y.

Let A(% be a continuous 7 X z matrix defined for
dl te RY and let e, fe C[[0,00)xR" R"]
with e(£,0)=0 and f(£0)=0 forany ¢ = 0.

We consider a linear differential system

dx/ dt= A(t)x -1

and a perturbed linear differential system of (2-1)
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dx[di=A(t)x+e(t,x)+ At x). (22

Let U(#) be the fundamental matrix solution cf
(2-1). Then the solution x(#) of (2-2) satisfies the
integral equation

x(8) = U(OU Nty )x(ty)
+ [ UOUGXNels.x() ()

+ (s, 2(s)))ds,
t=1

Let us now introduce some stability concepts.
We consider a differential system of a general form:

dy/ dt=g(t,y) (2-4)

where g € C[[0,0)XR",R"], g(¢,0)=0 for
any { 2= 0, and we assume that there exists the
unique solution for the system (2-4) with sufficiently
small positive initial values.

Let y()=y(tty, yy) denote a solution of (2-4)
with an initial value (to,)’o).

Definition 2.1.
positive real function for all
solution of (2-4) is said to be

¢(f)-stable if for any € > 0 and any £ = Q,
there exists  8(f,€) > 0 such  that of
()l < 8(ky, €), then [Iy(8) @(#) 7| < & for
al t = t

([4) Let @(H be a continuous
t e RY. The zero

o(t)-quasi-asymptotically stable if for any € > 0)
and any 4 = 0, there exist 7T(fy, &) > 0 and
&t) > 0 such that if |[y(f)ll < 8(¢y), then
HW(8) @) 7l < eforall t = ty+ T4y, €);

o 8) ~quasi-uniformly asymptotically stable if the
&(t) and the  T(fh,e) in @t
-quasi-asymptotically stable are independent of time



tos

() -asymptotically stable if it is @(#)-stable and
is @(¢)-quasi-asymptotically stable.

From now on, some other definitions and
terminologies throughout this paper follow those of L1,
2, 3,6,7 8 10, 11, etc].

3. Some Asympiotic Stability
Theorems

In this section, we discuss g(#)-asymptotic
stability of the zero solution for the perturbed linear
differential system (2-2).

Assume that A£0)=0 for all ¢=0 throughout
this section.

Let us consider the following comparison differential
systems

dy/ dt=h(t) TIF(, K )y(E) 3D
dy/ dt=F(i, K t)3(1)) (3-2)

where k(t) and Kh(f) is a continuops positive real
functions on R”.

Theorem 3.1. Let the following conditions hold for
the differential system (2-2)

(i) The zero solution of the ddfferential equation
(2-1) is K ¢)-stable for a continuoys positive real
function A(#) on RY, that is. there exists a
continuous function 4(#£)>0 on R* sych that

HUHU NI < KO, 12520

(i) there exists a sufficiently small L » 0 such

that (At 2} < Lilxlt for any x & R™

G He(t,x)l < h(8) for ech (4x) &
[T, 0)xR"
I the zero soluion of (311 is @(#)~quasi

-asymptotically stable for a continuous Dpositive real
function @(f) on R, then the zero solution of (2-2)
is M) ¢(t)-quasi-asymptotically stable.

I A& =Kexplut) (in @) and (3-1) for a real
number # and a positive constant K and if the zero

solution of (3-1) is T{v)-quasi-asymptotically stable
for a real number v, then the zro solution of (2-2) is
T+ v)-quasi-asymptotically stable.

Proof. Let F(i,l||xl|)== Lilxl|, for any x € R",
L > 0. By the hypothesis, since the conditions (i)
and (i) hold for (2-2), we comclude that for all
t=Tz0,

I|x(z)l|s[k(t)h(:r)‘1ux(T)H

+ [ U U )HlleCs, () + £s, () lds

SKORD DN+ [ KO K™ s)ds
¥ [ IR ) LU Slds

for L > 0.
That is,
KO 2Ol < B i DIl
+ [ ds+ [ 1) T LI(s) s,

Since the condition (i) holds, for T > (), there
t
exists M > 0 such that des(M.

Acsortingy, KO 1Oll - [ () T LIIx(s)llds
< BT N DI+ M <y and
3= A D= [ W) F(s, M)A, And
hence we obtain that
KO Ul = [ [aC) T G, (s Dds
¢ 3= [ 15T (s, k() A5

Let o{)=KBy(t) for all
WO =K (L) foral t= T
S o ,

(D= &8) [ 1) s, D < ol

t=2 T Then

1
~ K1) [ is) T (s, o 5)ds.
Thus, applying lemma 12 we  get
(Ol < t) = KOWE) forall £ = T.
Also, by the hypothesis, for any 4 =2 0 and for
any &> 0, there exists dy(f,€) > 0 and

_77_



T=T(t, €) > On such that if
Uyl < 8o, &), then {I(Be(#) ™l < € for
al £t 4+ T
Accordingly, we take
oy, e) = WT)(8(k,e)—M), if |lx(D)Il
< 8(4, ), then
RCT) (T + M < 8,(ty, €} and hence there
exists v = ¥T)>0 such that

BT I T+ M < vy < 8{ty, €).
Accordingly, (D}l < M8 for all t = T
and i) e(¢) M < eforall ¢t = t+ T(tfy, ).
Thus
N () () T < KW DKE) o(2) !
= DDV < eforall t= 4+T,
which is complete.

Corollary 3.2. Suppose the conditions (i) and (ii)
hold for the differential system (2-2).

If k(¢)=Kexp(ut) for a real number g and a
positive constant K in (i) and (3-1) and if the zero
solution of (3-1) is 7T{v)-quasi-asymptotically stable
for a real number v, then the zero solution of (2-2) is
T ¢+ v)-quasi-asynptotically stable.

Theorem 3.3. Suppose that the condition (ii) holds
for the differential system (2-2).

Furthermore, suppose that the following conditions
are satisfied:

()" the zero solution of the differential system
2-1) is KA(t)-uniformly stable for a continuous
positive real function A(f) on R*, that is, there
exists function ) > 0 such that
NKOUT M < k(2), t=5 2 0.

(i)’ He(t, Il < h(t) for
(t,x) &€ [T,0)xR" and for any e D 0, there

¢
exists T=7(&) > 0 such that fﬂﬂds( €.

If the zero solwtion of (32 is @(£)
~quasi~uniformly asymptotically stable for a continuous
positive function @{¢) on R, then the zero solution

of (2-2) is A(¢) ¢(¢)-quasi-uniformly asymptotically
stable.

Proof. In the similar method of the theorem 3.1.

Corollary 3.4. Suppose the conditions (i) and (ii)’
hold for the differential system (2-2).

I k&)= Kexp(ut) for a real # and a positive
constant K in (i’ and (3-2) and if the zero solution
of (3-2) is 7T(v)-quasi-uniformly asymptotically
stable for real v, then the zero solution of (2-2) is
T(p+ v)-quasi-uniformly asymptotically stable.

Theorem 3.5. Suppose that the condition (i) holds
for the differential system (2-2).

Furthermore, suppose that the following conditions
are satisfied:

()" There exist positive real number g and
bounded continuous positive real functions A(f) as
positive constant K > 0 such that

HHU s < K k(s) rexp(—u(t—s))
foral £ = s =0.

@ii)” le(h, )l < h(t) for
(t,x) & [0,0)XR" and for any € > 0 and any
t = 0, there exists T=T(#, &) > 0 such that

t
fﬂn's)exp(w)ds C eforal ¢t =T

If the zero solution of (2-2) is ¢@(¢)-stable for a
continuous positive real funtion @(£), then the zero
soiution of (2-2) is asymptotically stable.

Proof. By the hypothesis, we obtain that
lx(B)llexp(ut) < Kr(T) ‘exp(uT)lx(T)I|
+ ;Kh(s)"lh(s)exp(us)ds

t
+ fTKh(s)'lLexp(ﬂs)Hx(s)Hds.
And also we have for some positive M, there exists
I3
T > 0, such that f Kexp(us)ds < M from the

condition (iii)" .
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Let Kh(T) 'exp(eDIIx( T+ M < y;. Then
we conclude that in the similar method as in the proof
of theorem 3],

e Dllexp(ut) — [ KL exp (e hs) ™ )l
¢ AD= [ KLIS) 'K s)dk.

Accordingly, applying Lemma 12, we get
Ha(Bllexp(ut) < o(8) forall ¢ = T

While, since L > 0, we may be that KL < p.
And also, since dy/dt= KLy,

[y I x)ds= [ KLds= kLt~ 1),

S 0
¥(t) = exp(log (expy( T)))) exp( KL(t— T))
=y T)exp(KL(t— T))=yyexp(KL(t—T))

And hence

W t)exp(~put) = yyexp(KL(¢~ T ))exp(—puf)
< ypexp(KL(t— T)) exp(—u(t-T))
= ygexp ((KL— »)(¢—T)).

Thus,
for a continuous positive real function @(£)= ¢,

Na(B) () M) < A exp(—u) p(t) ™

Cyolc « exp(KL—p)(f~T),  where

>0

Therefore, the zero solution cf (2-2) is @(#)
~asymmptotically stable.

Corollary 3.6. Suppose that the cenditions (1) , (i),
and (i)’ hold for the differential system (2-2).

Then |lx(ON — 0 as ¢ — oo. Furthermore, if the
zero solution of (2-2) is stable, then the zero solution
of (2-2) is asymptotically stable.
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