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Abstract Warranty cost analysis for one-dimensional warranties assumes that the usage intensity (or rate) is
the same for all buyers. In redl life the usage intensity varies across the population of buyers. Also for
products sold with warranty, preventive maintenance actions by manufacturers and buyers have a significant
impact on the total costs for both parties. In this paper we deals with models to study the expected warranty
cost for products with free repairable warranty with varying usage intensity and three types of preventive
maintenance. We also review the literature which links warranty and maintenance and develops a framework to
define new topics for research in the future and examines a new model formuilation. It then develops a new

model and carties out its analysis. ]

1. Introduction

All products are unreliable in the sense that they fail.
The failure can occur early due to manufacturing
defects or late due to age and usage (effect of wear).
Most products are sold with warranty that offers
protection to buyers against early failures over the
warranty period. The warranty period has been
progressively getting longer. For exanple, in the
automobile industry, the warranty period was three
months in the early thirties, one year in the sixties
and currently they are three to five years. With
extended warranty, failures due to age and usage are
covered by the warranty. The failures due to age and
usage are due to degradation of the product. This
degradation can be controlled by proper preventive
maintenance. This implies that preventive maintenance
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needs to be taken into consideration in the study of
warranties with long warranty period.

Preventive maintenance (by manufacturer and/or buyer)
can reduce this cost. From the manufachirers
perspective, the additional cost of preventive
maintenance over the warranty period is worthwhile
only if it less than the reduction in the warranty
servicing cost with no preventive maintenance. From
the buyers perspective, investment in preventive
maintenance during the warranty period can have a
significant impact on the maintenance cost after the
warranty has expired.

One-dimensional policies are characterized by a time
interval called warranty period The cost analysis of
one-dimensional policies is based on the assumption
that buyers are homogeneous with respect to the usage:
intensity (or rate). This implies the usage rate is the
same for all buyers. In contrast, two-dimensional
warranty  policies are  characterized by a
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two-dimensional region with one axis representing time
(or age) and the other usage. The product usage
intensity across the buyer population ¢an vary and is
modeled as a random variable in the cost analysis.
Two different approaches have been proposed and the
details can be found in Blischke and Murthy (1994 and
1996).

In this paper we focus our attention on warranty cost
analysis for products sold with one-dimensional free
replacement warranty oonsidering heteyogeneous usage
intensity and different preventive maintenance actions
across the buyer population. A typical example that
reflects this is the following. The usyge intensity (in
terms of load and frequency of usage per week) of a
domestic washing machine varies depending on the
size of the family, This is also true for many other
domestic and industrial products. The product
degradation and failure depends on the usage intensity,
preventive maintenance actions and this in tum has an
impact on the expected warranty ocst, This needs to
be taken into account in determining the sale price and
reliability decisions at the design stage.

We also focus our attention on the link between
warranty, preventive maintenance and usage intensity.
We review the limited literature dealing with this topic
and then develop a framework to defing new topics for
research from both manufacturer and buyer
perspectives. We develop a new rodel and present
some preliminary results

2. Product Warranties and Preventive
Maintenance

In this section we give a brief overview of the
literature on warranties and maiatenance and discuss
some of salient issues of relevance ‘o the paper.

2.1 Product Warranty

A wamranty is a contract between buyer and
manufacturer that becomes effective on sale of a
product. The purpose of a warranty is basically to
establish liability in the event of premagure failure of a
product, where by failure is meant inability of the
item to perform its intended function, for whatever

reason. The contract specifies the product performance
promised and, if this promise is not met, the
compensation provided to the buyer. It also specifies
the buvers responsibilities with regard to maintenance
of the product as well as other provisions.

There are many different types of warrantes
depending on the type of product consumer, cormmercial
and defense acquisition. For cunsumer goods, the most
commoh warranties are variotis versions of the free
replacerment and pro-rata wananties (which involve
repair or replacement al no cost or pro-rated cost);
cash rebates on failure of the itery and a combination
free replacement/pro-rata warrinty.  Commenvial and
industrial  warranties are those offered in sales by a
manufacturer to another company. These warranties
often ate of the same hasic type as those offered on
consumkr products, but additional features may be
involvedd For example, groups or lots of items may he
warranted rather than individual items. Warranties of
this type are called cunmlative or fleet warranties.
Warrunties on  items procured by the government
include all of the above plus some special warranties,
particularly in acquisition of defense products. The best
known of these special warrarties is the reliability
improverment  warranty, which includes provisions for
product develupment and improvement. For taxonomy
of different warranty policies, see Blischke and Murthy
(19M). Many aspects of warranty have been studied
and some of these can be fourkl in Blischke and
Murthy (1996). In this section we focus our attention
on the cost analysis of warranties,

There are many issues involved in the cost analysis of
a warranty. Two of these are the perspective (buyer or
seller) and the basis on which the costs are to be
assessed. There are a number of approaches to the
costing of warranty. Costs clearly are different for
buyer and seller.

2.2 Preventive Maintenance

Maintenance can be defined as actions to (1) control
the deterioration process leading to failure of a system
and (i) restore the system to its operational state
through cormrective actions after a failure. The former is
caled preventive maintmance and the latter
corrective  maintenance.
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Carrective maintenance actions are unscheduled actions
intended to restore a system from a failed state into a
working state. This involves either rtepair or
replacement of failed components. In  contrast,
preventive maintenance actions are scheduled actions
carried out to either reduce the likelihood of a failure.
Preventive maintenance (PM) actions are divided into
the following categories:

1. Clock-based maintenance: Here PM actions are
carried out at set times. An example of this is the
Block replacement policy.

2. Age-based maintenance: Here PM actions are based
on the age of the component. An example of this is
the Age replacement policy.

3. Usage-based maintenance: Here PM actions are
based on usage of the product. This is appropriate for
items such as tires, components of an aircraft, and so
forth.

4 Condition-based maintenance: Here PM actions are
based on the condition of the component being
maintained. This involves monitoring of one or more
variables characterizing the wear process (eg, crack
growth in a mechanical component). It is often difficult
to measure the variable of interest directly and in this
case, some other varniable may be used to obtain
estimates of the variable of interest. For example, the
wear of bearings can be measured by dismantling the
crankcase of an engine. However, measuring the
vibration, noise or temperature of the bearing case
provides information about wear since there is a strong
correlation between these variables and bearing wear.

5. Opportunity-based maintenance: This is applicable
for multi~component systems, where maintenance
actions (PM or CM) for a component provide an
opportunity for carrying out PM actions on one or
more of the remaining components of the system.

6. Design-out maintenance! This involves carrying out
modifications through re-design of the component. As
a result, the new component has better reliability

In general preventive maintenance is carried out at
discrete time instants. In some cases, they are dore
very frequently so that they can be treated as
occurting  continucusly over time. Man different types
of model formulations have been proposed to study the
effect of preventive maintenance on the degradaticn
and failures of the product and to derive optimal
preventive maintenance strategies.

Several review papers on maintenance have appeared
over the last 30 years. These include McCall (1965),
Pierskalla and Voelker (1976), Monahan (1982), Jardine
and Buzzacot (1985), Sherif and Smith (1986), Thomas
(1986), Gits (1986), Valdez-Flores and Feldman (1989),
Pintelton and Gelders (1992) and Scarf (1997). Cho and
Parar (1991) and Dekker et al (1997) deal with the
maintenance of mutli-component systems. Also, there
are several books dealing with the topic- see, far
example, Gertsbakh (1977).

3. Warranty Model Formulation

3.1 Product Warranty

The manufacturer sells a repairable product with a
non-renewing free replacement warranty policy with a
warranty period W All failures in the warranty period
[0, W) are rectified (through corrective maintenance
actions) by the manufacturer at no cost to the buyer.
The product has a life L and the cost of rectifying
failures (through corrective maintenance actions) in the
interval [W,L] subsequent to the expire of the
warranty is bormme by the buyer.

3.2 ltem Failures
Let F(t;6) be the failure distribution function for the
product. € is the scale parameter and is a function of
the usage intensity as will be discussed later in the

section. The product is sold with a free replacement.
warranty period that requires the manufacturer to

— 68 —



rectify all failures over the warranty period at vo cost
to the buyer. The product is repairable. We assume
that the failures are minimally repajred (see, Barlow
and Hunter (1960)) and the time to repair is negligible
so that it can be ignored This implies that failures
over the warranty period occur according to a
non-homogeneous Poisson process  with  intensity
function given by the failure rate function #(¢6)

associated with F(#6). This failure rate function is

given by

50 = 2ED - Gy

3.3 Usage Intensity

Let U denote the usage rate. This is a random
variable and characterizes the different usages across
the buying population. The usage rate is modeled a
continuous random variable distributed over an interval
Umin and  u.., according to a distribution function
G(w) with density function g(#). These two limits
denote the mimimum and maximum usage raes. A
form of distribution that we will consider later in the
paper are’

Garmma Distribution :
ou) = —1—,(15 «*le™* with parameter @>0)

Note that in the second case #mn =() and %y, = ©
whereas in the first case %#nin20 and w4, (o,

given the usage rate U= u, 6 is given by

Nw) = 8(w) b, (2)
where 8, is design pararmetet and &(z) defines the

effect of the usage rate(or load on the itern) and is

modefled as . .
B = B[ )'“1

/.~:1

u Sulwu; i=1, 2, -k 3

with %; as the additional design parameters. The
design parameters depend on the design decisions and
are under the control of the manufacturer. Higher
values for 4,, and u; are resulted from better design.

3.4 Effect of Maintenance Effort

Preventive maintenance actions by the buyer affect
the failure rate of the item. We confine our attention
to the case where preventive muintenance is carried
out continuously over time. Let m(0<m<M) denote

the nuintenance effort level. let »(£;m) denote the
failure rate with maintenance effort level m. We
consider three options fur the buyer:

Ontjon A : The buyer camies out no preventive
maintenance over the life of the item. All failures are
rectifiad through corrective maintenance actions. In this
case, m=0 and

Ontion B : The buyer uses a maintenance level m
throughout the life of the item. In this case, we have
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rHEm) = r (D ®)

[(£;m) — »($)] is an increasing function of m
implying that the reduction in the failure rate increases
with the maintenance level. 7,(f is an increasing

function of ¢ implying that even with maxinum
maintenance effort, the failure rate is increasing with
age.

Onption C : The buyer carries out no maintenance over
the wamranty period and the maintenance effort
subsequent to the expire of the warranty is 7. As a
result, the failure rate is given by

o ro(8) for 0<KW
Kt.m)—{[ro(W)_rm(OW)]+rm(t) for WKL

©

4. Warranty Model Analysis

In this section we derive expressions for the expected
maintenance cost to the buyer over the life of an item
and the expected warranty servicing cost to the
manufacturer under the three options indicated in the
previous section.

4.1 Buyer's Perspective Expected
Life-cycle Cost

Since failures occur according to a point process the
expected number of failures over any interval is given
by the integral of the failure rate function over the
interval. This yields the following results:

Option A :
Let EINA(W,L); 6(«)] denote the number of expected

failure during (W, L) under Option A, given the usage
rate U=u

ELNACW, L ) = [ 7o 6t @

Let E[N,(W,L)] denote the number of expected

failure during (W, L) under Option A, given by
e oL
EINAW, D) = [~ [ r(t:00)dtiGla) ®)

Then the buyer's
BELC4(W, L), is given by

expect lifecycle  cost,

BELCA(W,L) = CxE[N.(W,L)]

¢5)

Option B :
Let EINg(W,L); 8(w)] denote the number of expectec!

failure during (W, L) under Option B, given the usage
rate U=u

ELNJ(W, Ly 6] = [ rat: 6
(10

Let E[{Ng(W,L)] denote the number of expected
failure during (W, L) under Option B, given by

Uams o~ L
EINSW, L)) = [ ™ [ (s 6(u)dtdXz) (11)

Then the buyer's
BELC4(W, L), is given by

expect life—cycle  cost,

BELCy(W,L) = CRE[Ns(W,L)] + Cy(m) L
(12)

Option C :
Let EINAW,L); ()] dencte the number of

expected failure during ( W, L) under Option C, given
the usage rate U=u

EINL(W,L); ()] =

170 W:000) = 7 W 0C0) + 7 6 e
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(13

Let EINAW,L)] denote the mumber of expected

failure during (W, L) under Option C, given by
E[NLAW,L)] =

[ [inmaw) - riwawn~ g
7 t; 6(2))]dtdG( 1)

Then the buyer’s expect life-cycle cost, BELCA W, L),
is given by

BELCA W, L)= 15)
CRE[Nc( W, L)] + C.u(m) (L“ W)

Optimal Decision
Property 1: For a given maintenance level m
(0<m<M), the optimal choice between the three

options is determined by a relative comparison of the
expected life-cycle costs. The one that yields the
lowest cost is the optimal strategy.

Property 2: The optimal maintenance level for Options
B and C are obtained by minimrizing the expected
life-cycle costs. The optimal mainterimee level
achieves an optimal trade-off between the preventive
and comrective maintenance costs ijncured by the
buyer.

One can derive various relationships for comparing the
options. One of them (comparing Options A and B) is
as follows.

Property 3
Define a(m) = Ca(m) [ (D~ rafbldt

This is the saving in corrective nmaintenance cost by

using preventive maintenance at level m. Option B is
better than Option A if 4(m) > C,.L for sume m.

4.2 Manufacturers Perspective Expected

Warranty Cost per Unit

The cost to the manufactunr is the warranty
servicing cost (the cost of rectifying failures under
warranty). Under Optiocns A and C, the expected
warranty cost per unit is given by

MEWC, = MEWC: = Cu(m) ["n(bat (16)
Under Option B, it is given by
MEWC; = Colm) [ "ru(Dat an

Since 74(#) < 7(?), the expected warmranty cost per

unit 1o the manufacturer under Option B is smaller
than that under Options A and C.

Optimal Decision

The optimal strategy for the manufacturer is to ensure
that the buyer chooses Option B. One way of ensuring
this is through proper pricing (assuming that the
corrective  repairs  outside the warranty  period  are
carried out by the manufactirer or his/her agent).
Another option is to offer some incentive that will
make it attractive for the buyer to choose Option B.
One such approach is a longer warranty  period.
However, this can raise several other issues  for
exarmple, the resulting moral hazand if the manufacturer
cannot monitor the maintenance effort expended by
buyers.

5. Numerical Example

The usage population can be clustered into several
groups. The general case is to cluster them into £
groups. In this exanple, the simplest case is to
custer them into 3 groups, i e, the light users,
medium users and heavy users. The usage rate is
given by a Gamma distribution with parameter a,

therefore g(x) = "ﬁ 2" te”*, x20. Also, let Fo(9)
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be a Weibull distribution with shape parameter 8 and

scale parameter H(#). We model the effect of

preventive maintenance on the failure distribution
through a change in the scale parameter. As a result,
if a constant maintenance effort m is used over the
life of the itemn, then the failure distribution is given
by a Weibull distribution with shape parameter A and

scale parameter §,,.. The relationship between 6, and

6, is assumed to be of the form

6, - 00(1—0%)7 18

with 0<m<10 and »>0. This implies that the

expected number of failures in any interval decreases
as the maintenance level increases. The expected
lifecycle cost to the buyer over the life of an item and
the expected warranty cost per unit to the
manufacturer under the three options are as follows;

5.1 Buyer's Perspective

Let W=2, L=5, =3, r=1 and 6,=0.5. This
implies that the mean time to first failure is 1.8 years.
Also let %, =0, %;=0.5, #,=2, #my=>5 and

a=2. We assume that m takes on only discrete

values and W is in years and the unit for usage rate
is 10%n/year.

1. Option_A : The number of expected failure during
(W, L) under Option A

EV, 07, 1)]=6,(1f -w*)x

(-8
ki T g2 i (i
Ll (a+ili-DAI2) G(u‘.;a i ;)ﬂ)—G(u,_];a i 21),3)]
i=lj=)\ #j-1 &)

(19)

Then the buyer's expected life-cycle cost,
BELC,(W,L) under Option A is given by

equation(9) and equation(19).

2. Option B : The number of expected failure during
(W, L) under Option B

E[N,W,D)]=6,(tF -w*)x

(-8
ki i (¢ aﬂ'(i—l)ﬂ/Z)[ . ,(,_l)ﬂ)_ - ]
z ”(—_) ) l"("-' 2 G("H” 2 )

i=lj=I\ ¥j-1

(20
Then the buyer's expected lifecycle  cost,
BELCgW,L) under Opton B is given by

equation(12) and equation(20).
3. Option C : The number of expected failure during
(W, L) under Option B

e (W,L)]=[ﬂwﬂ" (eoﬂ 8,7 X L-#)+8,P (L" _wh )}

-8
ki 1 T(aviG=DAID[ (  ii-1p ) ,(,-_|)p]
In (——-) ) lu(u,.,u 3 )-G(u,-_l 2 )

=1 =1\ -1

@D
Then the buyer's expected life-cycle cost,
BELCAW,L) under Opton C is given by

equation(15) and equation(21).

The results guess that for a low repair cost, the



optimal decision is to choose no muintenance during
the life of the item(Option A). For a medium repair
cost, the optimal decision is t0 chpose maintenance
after the warranty period expiredQption C). For a
higher repair cost, the optimal decision is to choose full
maintenance(Option B). The decisiony which Ievel of
maintenance should be taken depend on the cost of the
maintenance. But, in general, it is not possible to
derive analytical expressions for the expected warranty
costs. In this case, one needs to use some
computational schemes to obtain  cost estimztes.
Therefore, in this section, we discyss some special
cases for which it is possible to derive analytical
expressions.

5.2 Manufacturer's Perspective

Given that the failure distribution of the item is
Weibull, then equation(16) for Options A wnd C
becomes,

MEWC, (W)= MEWC(W)=Cy(m)8W* x

(j-0p
kot 1 T a+iG-1812) (,-X)ﬂ) Hi-1)
In (wA) e G u‘,a+‘——2—' (‘(u' "aFTE

1=1y=1 Y-t
(22)

and equation(17) for Option B becores;,

MEWC, (W)= Cy(m)8,W* x

(;-N8
£ [ an-gi2) ( ,(,_ng),( :(:fl)ﬁ)]
EUE](MIJ) T NAVESer i AL VAT Amer

(23)
The result guess that as the repair cpst increases, the
expected warranty cost per unit to the manufacturer
increases and as the maintenance level increascs, the

expected warranty cost per unit decteyses.

6. Conclusions

Products which are sold with warranty, preventive
maintenance actions by manufacturers and buyers have
a significant impact on the total costs for both parties.
Also the product usage intensity across the buyer
population varies and can model as a random variable
in the cost analysis.

As mentioned earlier, the optimal decision of the buyer
with regards to preventive maintenance depends on the
parameter values of the model. A non-myopic buyer
would choose between all three options whereas a
myopic buyer would only choose between Options A
ad (. For a nm-myopic buver if Option B is the
optimal strategy, then the buyer carries out preventive
maintenance effort over the life of the item This not
only yields the lowest lile cycle cost to the buyer but
also results in a saving to the manufacturer. In
contrast, a myopic buyer would choose Option C that
does not result in a reduction in the cost to the
manufucturer. In this case, the manufacturer might like
to explare some incentive schieme (for example,
monetary compensation) to induce the buyer to carry
out preventive maintenarce over the warranty period.
As Jorig as the cost of this iy less than the savings in
the mamdacturers cost, it results in a win-win
situation for both. However, the manufacturer needs to
be aware of the resulting moral hazard problem the
buyer might collect the compensation and not carry out
the preventive muinteniince actions over the warranty
pericd when there is no way for the manufacturer to
observe the actions of the buyer. With modem
technology, in some cases it is possible for the
manufacturer to observe the maintenance effort during
warranty period by huilding in proper tamper proof
data logging sensors and recorders. In this case, the
manifacturer can modify the warranty policy so that
the warranty period is extended from w to w;

should the buyer carry out preventive maintenance
during warranty period. ‘This implies that non-myopic
buyers are rewarded and mycpic buyers tempted to
carry out preventive maintenance over the warranty
period through this inducement.

In this paper we develop warranty cost models for
products sold with one-dimensional free  replacement.
warranty considering heterogeneous usage intensity and
different preventive maintenance actions across the
buyer population.
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