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LIPSCHITZ TYPE INEQUALITY
IN WEIGHTED BLOCH SPACE B,

Ki Seong CHOI

ABSTRACT. Let B be the open unit ball with center 0 in the com-
plex space C™. For each g > 0, By consists of holomorphic functions
f:+ B — C which satisfy

sup(1— || 2 |12 | 7F(2) | < oo .
z€EB

In this paper, we will show that functions in weighted Bloch spaces
B, (0 < g < 1) satifies the following Lipschitz type result for
Bergman metric 3:

1f(2) — f(w)| < CB(zw)

for some constant C.

1. Introduction

Throughout this paper, C™ will be the Cartesian product of n copies
of complex plane C. For z = (21,22,-.- ,2,) and w = (w1, wa, ... ,Wy)
in C”, the inner product is defined by (z,w) = 37, z;W; and the norm
by || z || = (2 2).

Let B be the open unit ball with center 0 in the complex space C",
The boundary of B is the unit sphere S = {# € C™ : || z |= 1}. For
z € B,£eCr set

n+1 2 2 2
m[(l 120D + Kz 817
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If v : [0,1] — B is a C'—curve, the Bergman length of 7 is defined
by

wm=46awmwwma

For z,w € B, define

Bz, w) = inf{}y|z : 7(0) = 2,7(1) = w},

where the infimum is taken over all C'—curves from z to w. 3 is called
the Bergman metric on B.

For ain B and r > 0, let E(a,r) = {z € B : 3(a,z) < r} be the open
ball in the Bergman metric with center o and radius 7. Let v be the
Lebesgue measure in C™ normalized by v(B) = 1. Let |E(a,r)| be the
dv-volume measure of E(a,r). Given a function f in L*(B,dv), let

1 .
H) = T g 0

be the mean of f over E(z,r). The mean oscillation of f in the Bergman
metric is the function MO, f(z) defined on B by

1 f 2 viw %
MO, f(z) = [m E(z,r)|f(w)-fr(z)| dv(w)

We define BMO,.(B) to be the space of all f such that MO, f is bounded
on B. We equip BMO,.(B) with the semi-norm

| f |l-=sup{MO,f(z): 2z € B}.

It was proved in (3] that BMO,(B) is independent of r and all the
semi-norm ||||, are mutually equivalent. Thus we simply write BMO for
BMO.(B).

BMO in the Bergman metric was first exhibited in [2, 3] where BMO
was used to characterize the boundedness of Hankel operators on the

Bergman spaces. Suppose f is in L' (B,dv). The Berezin transform of
f is defined by

Fe) = g [ G wPrwdv()
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where K'(z,w) is the Bergman reproducing kernel. It was proved in [3]
that for f in L? (B,dv), we have f € BMO if and only if the function

|712(2) — | F(2)|? is bounded in B. Moreover

W=

| £ laso= sup{[IfP() - 1f(2)]" : 2 € B}

is a complete and invariant semi-norm on BMO.

Let H(B) be the space of all holomorphic functions on B. In Section
2, we will show that if f € L'(B,dv) N H(B), then f(z) = cf(z) for
some constant c.

If f € H(B), then the quantity Qf is defined by

[V f(2) - €]
2)=sup IS e eecm,
Qf(z) lel=1 bg(%,§)
where Vf(z) = (%,--- ,%) is the holomorphic gradient of f. The

quantity Qf is invariant under the group Aut(B) of holomorphic auto-
morphisms of B. Namely, Q(f o ¢) = (Qf) o ¢ for all p € Aut(B). A
holomorphic function f : B — C is called a Bloch function if

sup Qf(z) < co.
zeB

Bloch functions on bounded homogeneous domains were first studied
in [5]. In [12], Timoney showed that the linear space of all holomorphic
functions f : B — C which satisfy

sup(1— || z [I”) || v£(2) || < oo
zeB

is equivalent to the space B of Bloch functions on B.

It was shown in [3] that BMO N H(B) = B(B). Moreover the above
seminorm for the Bloch functions is equivalent to the BM O-norm
|| f llBaro for holomorphic functions.

For each q > 0, the weighted Bloch space of B, denoted by B,, consists
of holomorphic functions f : B — C which satisfy

sup(1— || 2 [1)7 || Vf(2) || < oo.
zEB
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For each ¢ > 0, we let B, o denote the subspace of B, consisting of
functions f with

lim (1= 2 [ | vf(2) || = .

fl=]—1~

The family of weighted Bloch spaces B, is an increasing family with
respect to ¢ in the sense that By, C B,, for g1 < ¢2. In particular,
By = B and By g = By. Let us define a norm on B, as follows:

1 f Ul = 1£O)] +sup{(L — | w I*)? || v/ (w) [: w € B}.

It was proved in [7] that the space B, is a Banach space with respect
to the above norm for each ¢ > 0, and that the little Bloch space By o
associated with B, is a separable subspace of B, which is the closure of
the polynomials for each ¢ > 1.

Let D be the open unit disk in the complex plane C. It was proved
in [15] that an analytic function f defined on D belongs to the Bloch
space if and only if |f(2) — f(w)| € Cd(z,w) for some constant C and
all z,w in D where § is the Bergman distance on D. The purpose of
this paper is to extend the above Lipschitz type inequality to the case
of n-dimensional complex space.

In particular, in Section 3, we will show that if f € By, 0 < q < 1,
then

|£(2) = fw)| < CB(z,w)
for some constant C' where 3 is the Bergman metric on B.
2. Berezin transform of f in L'(B,dv) N H(B)

Let a € B and let P, be the orthogonal pfojection of C™ onto the
subspace generated by a, which is given by Py = 0, and

_{=a :
Paz—<a’a>a it a#£0.

Let Q, = I — P,. Define ¢, on B by

a— P,z —4/1— |a|2Qaz

#alz) = 1—{z,a)
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It is easily shown that the mapping ¢, belongs to Aut(B) where
Aut(B) is the group of all biholomorphic mappings of B onto itself, and
satisfles ¢, (0) = a, pq(a) = 0 and ¢.(p,(2)) = 2. Furthermore, for all
z,w € B, we have

_ (A=1a]’) = (zw)
1-— <(pa(2)a‘10a(w)> - (1 _ (z, a))(l — (CL, ’lU>) )

In particular, for a € B, z € B,

L= fal)a—1]=]*
11— (za)’

1~ wa(2) II* =

(See [9, Theorem 2.2.2]).

THEOREM 1. Let v be a biholomorphic mapping of B onto itself and
a = ¥~ 1(0). The determinant Jgri of the real Jacobian matrix of 1
satisfies the following identity:

n+1 n+1
ROV I B Sl 2 R N 6 et KGN
Jr(z) = [J9(2)] (Il — <z,a)|2) ( - |z “2 )

Proof. See [9, Theorem 2.2.6]. O
The measure p, is the weighted Lebesgue measure:
dpg =cq(1—| 2 Hz)qd’/(z):

where ¢ > —1 is fixed, and ¢, is a normalization constant such that
fiq(B) = 1.

THEOREM 2. If f € LY(B, p,) N H(B),q > —1, then

— || w [|*)e
f(z)=1¢, /B (19 <z7”w>)l7|1_3q+1 flw)dv(w).
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Proof. Since f € H(B), by the mean value theorem,

- /Sf(rg)da(g), 0<r<l

By integrating both sides of above equality with respect to the measure
2n(1 — r2)2 r2°=1dr over [0, 1], we have

QnAILf(TC)(l — )21 (O)dr = f(O)cq_l

Namely,
0) = ¢, /B F)(A | w %)%y (w).

Replace f by f o, and apply Theorem 1. Then

2.\ 7+l
1@ = [ 1) ealw) 1P (&M) dv(w)

11— (w,2)|

. —lz - wib)’
_q/f ( 11— (w, z)|? )

n+1
=\
8 (ll—-(w z>]2> dv(w)

==l e [ s w”;"quﬂ)dy(w)
ol = | 2B+
(1~ wl|*)
/f (1— (w, z)) ’L+‘1+“1(1[><z w))”“‘“q"'ldy(w)'

Replacing f(w) again by f(w)(1 — (w,2))" 79", we get
FRA =]z |Hrratt
ot =112 1P [ fu 1‘ [N L,

Z ’LU> ) n+g-+1

. ol vl
f&)=a [ (1_<zyw>),,,+q+1f( Vo). .
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THEOREM 3. If f € LY(B,dv) N H(B), then c,.1f(z) = f(z). Here
Cn+1 Is a normalization constant such that p,.1(B) = 1, where dun41
= cpp1(l~ || 2 |*)9du(2).

Proof. It is well known that

1

Kew) = =y

in the case of open unit ball B in C™.

F6) = g [ 0P fwdvo)

= (]_ - |z)2)n+l A (1 — <z730>)2(n+1) f(w)dv('w)

— (1 — |52} (A | w ) flw) 5
= (1-12%) /B [ = (5, w)) il (1—[|w|l2)n+1d (w).

Since f € LY(B,dv) N H(B),

(1— ||f ,L(Uw,fz)n.ﬂ € L'(B, pn+1) N H(B).

By Theorem 2,

)
=

o[ Gt )

=6 [, 0 e T w )

‘We can see that

fz) 1

(A= 2 [IP)"* enta

fz)= Q- =z 15"
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3. Lipschitz type result in B,,0 < ¢ <1

THEOREM 4. For z € B, c is real, t > —1, define

o a-ley
L(z) = /B T ), 2B

Then,
(i) I.:(2) is bounded in B if ¢ < 0;
(1) Tox(z) ~ ~log(1 — | = ) as || = | 17
(iil) Los(2) ~ (L — || z|*)Cas| z||— 1" if ¢>0.

Proof. See [9, Proposition 1.4.10]. O

Let 0 < p < co and s € R. The holomorphic Besov p-spaces B, (B)
with weight s is defined by the space of all holomorphic functions f on
the unit ball B such that

1l = { [@ir@a-1: H%Sd/\(z)}p <o

Here d\(z) = (1— || 2 ||?)~""'dv(2) is an invariant volume measure with
respect to the Bergman metric on B.

For a fixed p € (0,00), B,(B) is an increasing family of function
spaces in s; that is, if —0co < s <t < +oo, then B5(B) C Bj(B).
Similarly, for a fixed s € R, the family B,(B) is increasing with respect
to p € (0,n — s). The holomorphic Besov p-space B,(B) with weight
s include many well known spaces as special case. B;(B) is the usual
Hardy p-space H?(B) for s = n, the Bergman space LZ(B) for s =n+1
(See [1]). In particular, the diagonal Besov space B)(B) are shown to
be Mébius invariant subsets of the Bloch space.

THEOREM 5. Let 0 < p < 0o and s € R. Then

B, C BS,

where ¢ < 1+ s_p”.
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Proof. From the fact that Qf(z) and (1— || z ||?) || V#(z) || behave

the same within constants as || z ||— 1 (See [12]), we may replace Qf(z)

y (1= 1|l z ||?) || vf(2) || with a different constant C' in the definition of
I'f llp,s- Namely,

L f i, = /B QP — | 2 P)dA(z)
<C / (A= 1 2 1) 1 V£() N7 (L= 1| 2 [P)°drz)

A2 P LTSN L oyance
<o [ [SEEIE an s o

<C| fIP /B (1 [ 2 []P)PoHPs—n=1dy (z),

By Theorem 4, if ¢ < 1+ %, then

I llps < Cl I,
which yields the desired result. O

THEOREM 6. Let p € (1,00) and —p < s < 0. Then there exists a
positive constant C such that

50 = Sl <

sy @,z&DB

for all M-harmonic functions f on B. In particular, f € B, satisfies the
Lipschitz condition of order —s/p.

Proof. See [6, Theorem 1.4]. a

COROLLARY 7. Let q € (0,1). If the function f in B,, then there
exist constants C > 0 and t > 0 such that for all z,w € B,

[f(z) = f) < Cllz=w Il £l -

Proof. If we choose p € (1,0) and s (—p < ¢ < 0) such that
= then

[f(z) = fw) <Cllz=wl|™%] g

follows from Theorem 5 and Theorem 6. l

q
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THEOREM 8. For any smooth curve v : I — B and any f in BMO,
we have

S0 <22 () 1 F Iavrouay -

Proof. See [3]. O

COROLLARY 9. For f in BMO,
f(a) = FO) < 2v2 || § l|Bmo Bla,b).

Proof. Choose v in Theorem 8 to be a geodesic joining a to b of length
B(a,b). O

THEOREM 10. For f in By, 0 < g < 1,
|f(a) = F(O)| < cny18(ab).
Proof. If f € By, 0 < g <1, then

[F@I < 1FOI+C N2 17] f llg

for some constant C > 0 and £ > 0 by Corollary 7. Since

FEI<FON+C | S g
for all z € B, f € L'(B,dv) N H(B). By Theorem 3,

|f(a) = F(O) = [ens1f(a) = cnya F(B)]
< CTH—lﬂ(a‘vb)' a
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