Bull. Korean Math. Soc. 39 (2002), No. 1, pp. 123-131

ON A CLASS OF ANALYTIC FUNCTIONS
INVOLVING RUSCHEWEYH DERIVATIVES

YANG DINGGONG AND Liv JINLIN

ABsTRACT. Let A(p, k) (p,k € N) be the class of functions f(z) =
27 4 a,rx2P* 4+ -+ analytic in the unit disk. We introduce a
subclass H{p, k, A, 8, A, B) of A(p, k) by using the Ruscheweyh de-
rivative. The object of the present paper is to show some properties
of functions in the class H(p, %k, A, §, 4. B).

1. Introduction

Throughout this paper we assume that p,k € N = {1,2,3,---},
0>0,-1<B<A<lando >l
Let A(p, k) denote the class of functions of the form

oo
f(z) =2+ Z ap+mzp+m

m=Fk
which are analytic in the unit disk £ = {z : (2 < 1}. The Hadamard
product or convolution (f1 * f2)(2) of two functions

>
B =+ g™ € Alp, k) (G=1,2)

m=pk

o
is given by (f1 * f2)(2) = 2P + 3. 0pim 10p4m22P ™
—

=k
For A > —p and f(z) € A(p, k), we define
P

—————— R
(1 — 2P

The symbol D*¥7~1 when p = 1 was introduced by Ruscheweyh [5] and
was named the Ruscheweyh derivative.

(1) DMPle() = f2).
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A function f(z) € A(p,k) is said to be in H(p, k, A, 0,4, B) if it
satisfies

DMPLf(2)

@) (1—5) N 5D’\+pf(z) 1+ Az
P

ZP = 1+ Bz’
where A > —p and * <” stands for subordination.

For the class H(p, k, A, 0, A, B), in this paper, we derive two sharp in-
equalities which extend and improve the corresponding results in [1], [2],
and [3]. Further, we discuss the partial sums of certain functions in the
class and establish a convolution theorem for the class H(p, k, A, 6, 4, B).

In the sequel, we shall write

A+p—1 Atp
TG f,2) = (1— 52 S | (D)
zP zP
and
_b4p [ pepse-1 (L= Au B
8(p. b0, 4.8) = L [ (5=52)du (6> )

2. Two inequalities

We shall need the following lemma due to Miller and Mocanu [4].

LEMMA. Let h(z) be analytic and convex univalent in FE,h(0) = 1,
and let g(z) = 1 + byz" + b1 281 4+ ... be analytic in E. If

9(2) + zg'(2)/c < h(2),
then forc #0 and Re ¢ > 0

-4
o(z) < St /0 /511y (8) .
Applying the above lemma, we derive

THEOREM 1. Let f(z) € H(p,k,\,6,A, B)(\ > —p). Then for z € E

1, /o
(3) Re{(D—A%p—IM) }> (B(p,k, )\, 6, A, B))°.

The result is sharp.
Proof. From (1) we easily have
(4) 2DPf(2)) = (A +p)DMPf(2) = ADMPTf(2).
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Let
(5) g9(z) = DP7Lf(2) /2P

for f(z) € H(p,k,)\ 0,A, B). Then the function g(z) = 1 + by2z* +
bpy12°Tt ... is analytic in E. Using (4) and (5) we obtain

DMPf(z) _ zg/(z)
P 9=+ 3, A+p
and so
T®,0,8,£,2) = 9() + 570/ (2).
Thus (2) gives
) , 1+ Az
9(z) + X"Jr—ng (2) < 1+ B2

Now an application of the lemma leads to
oo < 2P ATP )/ (k) / * L(kp)/(k6) -1 (1 +At> dt
0

ké 14 Bt
or
(©) DMPlf(z) _A+p [ yOHp)/ -1 (1 Auw()
2P ké Jo 1+ Buw(z) ’

where w(z) is analytic in F with w(0) =0 and |w(z)| <1 (2 € E).
In view of —1 < B < A <1 and X > —p, it follows from (6) that

D1 5(s)

(7) Re—— > B(p,k, A\, 6,A,B) >0 (2 € E).

Therefore, with the aid of the elementary inequality Re(w'/?) > (Rew)Y/?
for
Rew > 0 and o>1,

the inequality (3) follows directly from (7).
To show the sharpness of (3), we take f(z) € A(p, k) defined by

D)\+p—1f(z) _ )\—l—p/ u()\_l_p)/(ké')_l <1 +A’LLZ )
0

zp kS 1+ Buz*
For this function we find that
14+ AzF
J(p,)\,5,f,2) - 1 +sz
and
DA-}-p—lf(z)

P — ﬁ(p,k,A,(S,A’B) as oz — e’iﬂ'/k‘-

Hence the proof of the theorem is complete. O
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REMARK 1. Fork=d=1, A=n+1,ne NU{0}, A=1-2q,
B = —1 and o = 2, our result sharpens the main theorem of [1].

REMARK 2. Taking A\ = n to be any integer greater than —p, k =4 =
=1, A=1-2a, B= -1, and replacing f(z) by zf'(z)/p, Theorem
1 improves Theorem 1 of [3].

THEOREM 2. Let f(z) € A(p, k) and let

(8) F(z) = 252 /0 “Efdt (> —p).

If
DMPTIR(Z)  DMPTIf(z) 14+ Az
9 (A-8—— +6—— <175

then for z € E
A+p—1 e
Re { (2‘_“2) } > (8(p, kyc,6, A, B)V°.

The result is sharp.

Proof. It follows from (8) that
(10)  (c+p)DMPTf(2) = cDMPTIF(2) + (DT (2))
Let

(A>-p),

(11) G(z) = DMP7IF(2) /2.
Then from (10), (11), and (9), we have
DA+p—1F(z) D)\+p—1f(z)
(1-19) e +6 7
=G !
(2) + =G (@)

14+ Az

1+ Bz
The remaining part of the proof is similar to that of Theorem 1 and
hence we omit it. O

REMARK 3. Puttingp=k=6d=0=1,A=n+1,n¢e NU{0},
A =1-2a and B = —1 in Theorem 2, we refine Theorem 3 (with
¢> —1) of [2].



On a class of analytic functions

127

REMARK 4. Taking A = n to be any integer greater than —p,k = =
=1, A=1-2«a, B= -1, and replacing f(z) by zf'(z)/p, Theorem

2 improves Theorem 2 of [3].

3. Partial sums

o0
THEOREM 3. Let f(2) = 2% + > apim?®t™ € A(p,k),81(2) =
=k
k+n--2 ™
and sp(2) =+ Y. Gpim2PT™(n > 2). Suppose that
m=k
(=8}
(12) > cmlaptm| <1,
m=k
where
(13) 1-B (1_5)(>‘+p)m+5(}‘+p+1)m

m=A"B’ W
and (b)m = b(b+1) - (b+m — 1).
(i) If \ > —p and -1 £ B <0, then f(z) € H(p,k, \, 6, A, B).

(iiy If x> 1—p, thenforz € F

LG R
(14) R ) > 1 P
and
(15) ReSn(2) o _ Ckin-1

f(z) 1+ Chpn—1

The estimates are sharp forn € N.

Proof. For A > —p, we have (1 — 8)(A + p)m + (N +p+ 1)
(A+P)m >0 (m > k) and

A+D)m+dA+p+ 1)y

2P

>

(16) J(p, A6, f,2) =1+ (1=9) - s

m=Fk
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(i) For -1 < B < 0 and z € F, it follows from (16), (13) and (12)
that

J(pa)‘adafyz) -1

A—Bj(p,)\,d,_ﬂz)

—~ 1—8) A+ oA +p+1 v
L?:z):k( )( p)znl)m ( P )map+mzn
- 1= 8) A+ p)m+0(A+p+1
A_ B—*BZ?___I‘: ( )( p)ﬂi - ( P )map_i_mzm
Zcmlap+m’
< m=k
1-B+B Z Cm|Gptm]
m=k
<1,

which implies that J(p, A, 4, f,2) < (1 + Az)/(1 + Bz). Hence f(z) €
H(p,k, 2, 6,A,B).

(i) For A > 1 —p and m > k, it is easy to verify that ¢n+q1 > ¢m > 1.
Thus

k+n-=2 o0 o0
A7) D laprml toino1 D 1opem] < D Cmlapem| < 1.

m=k m=k+n-—1 m=k

Let
z 1
o {22 (1= L)}

Sn(z) Ch4n—1

Then
0
Chn—1 2, Optm2"™
pi(z) =1+ m=ktn-l

+ o Gy 2

and it follows from (17) that

pi(z) —1 }

pi(z) +1

< Ck4+n—1 Zfr?:k-{-n—l |aptml
C2-2 Zf;:r:nk—Q |ap+m| = Chtn—1 szzk—f—n—l |Gp-m|
<1 (z€E).

From this we obtain the inequality (14).
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If we take
p+Ek+n—1
(18) fla)=2F = —,
Chi4n—1
then N
+n—1 1
f(z)zl—z —1— as z— 1.
Sn(z) Ck+n—1 Ch4n—1

This shows that the bound in (14) is best possible for each n.
Similarly, if we put

5n(2) Chtn—1
pae) = (4 ewencn) (53 - 1322 ),
then we deduce that
pa(2) — 1‘
pa(z) +1

< (1 + ctn—1) Zfrfzkjun—]. lap-i—ml
= k+n—2
2-2 Zm-:zk Iap+m| + (1 - ck—i—n—l) Z?r?=k+n_1 lap+m|

<1 (z€FE),
which yields (15). The estimate (15) is sharp for each n, with the ex-
tremal function f(z) given by (18). The proof is now complete. O

4. Convolution property

Let P(a,k) (0 < a < 1) denote the class of functions p(z) = 1 +
bpz® + by 2Pt + ... which are analytic in E and satisfy Rep(z) > o
(z € E). It is well known that if p(z) € P (o, k), then for z ¢ E

21 — )

0 >2a—-1 .
(19) Rep(z) =2 2a -1+ L+

THEOREM 4. Let A > —p, —1 < B; < A; <1, and f;(z) € H (p, k,
A, 6, Aj, B;) (j =1,2). Then

(20) D)\_H)_l(fl * f2)(z) € H(pa ka )\7671 - 20[0, _1)

where

Od0=1—

A4~ B)(Ar —Bo) [ A+p ' u(’\+p)/(k5)'ldu
(1= B)(l=By) W )y 1ta ‘

The result is sharp when B; = By = —1.
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Proof. Since f;(z) € H(p, k, \,8, A;, B;), it follows that
pi(2) =J(p, A4, fj,2) € Play, k), a5 = (1 — A;)/(1 — By),
and

)\ ) z
(21) DMPlfi(z) = —:;—pzp-““fpw /O tOHP=1y (tdt (G =1,2).
Let fo(z) = DMP~L(f1 % f2)(z). Then, using (21), a computation shows
that

)\ z
(22) DMPlp) = %zp—(/\ﬂ))/c?/ tAFP)/ =10 (1) dt,

0
where
__/\+p —(A+p)/8 : (A +p) /61
(23) po(z) = —5== i t (p1 * po) (t)dt.
In view of p1(z) € P(a, k) and
sy =@-a 1ol
pa(2) = 51 —ay) T3 € P(5,k),

we can deduce that (p; #p3)(z) € P(aq, k) by using the Herglotz formula.
Thus

(24) (p1#p2)(2) € Plog, k), as=1-2(1—a1)(1 — a3).
Now, it follows from (22), (23), (24), and (19) that
ReJ(p, A4, f07 2)

= Repo(2)
Atp [ (6)— ;

At 0 uHP/ED=LRe [ (p s o) (%2 Y
,\+p/1 Otp)/(k6)~ 201 ~ o)
_A+p P61 (90, 14 2" 4
=k b T A

Adp [T ) k0= A=)
SUA S T A

=1_

(1—B1)(1- By) k6 1+ u
= Qg (Z = E)

This proves (20).

4(A, — B1)(Az — By) (1 Aty /1 uW+p)/(k8)=1 du)
0
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When By = By = —1 we consider f;(z) € H(p, k, A, 9, A;, —1) given
by

Ap—1 £, = 4k
pDAte fj(z) . /\+pzu(,\+p)/5/ $(A+p)/6-1 (ﬂ) dt (5=1,2).

# 0 0 1 — ¢k
Note that
14 Ai2* 1+ Ap2F (1+ A7) (1 + Ap)
( 1 - 2k * Tk =1~-(1+A41)(1+A2)+ " _
Then it follows that
1
J(p, A6, fo, 2) = 2P / L)/ (k6)-1
5 Jo
1+A4A))(1+ A
oy S0,

where fo(z) = DMP7L(f; % f2)(2). Therefore

)\ _|_ p 1 u()‘+p)/(k6)—1
J(p,A,c?,fn,z)—>1—(1+A1)(1+A2){1— ké /o T

as z — €™k The proof is complete. 0
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