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ON PAIRWISE FUZZY BASICALLY
DISCONNECTED SPACES

(G BALASUBRAMANIAN AND V. CHANDRASEKAR

ABSTRACT The concept of basic disconnectedness is introduced
the fuzzy itopological spaces. Besides giving examples and some n-
teresting properties of these spaces, we also estabhish several charac-
tenzations of these spaces

1. Introduction

The fundamental concept of fuzzy set introduced by ZADEH [23]
provided a natural foundation for building new branches. Fuzzy sets
have apphcations i many flelds such as information [18] and contro]
{20]. In 1968, CHANG [1] introduced the concept of fuzzy topolog-
ical spaces and thereafter many fuzzy topologists {2, 5, 8, 10-16, 22]
have contributed to the theory of fuzzy topological spaces In 1989,
KANDIL [7] introduced the concept of fuzzy bitopological spaces and
since then various notions in classical topology have been extended
(see for example [17]) to fuzzy bitopological spaces. Extremally dis-
connected spaces were defined and studied in [6] where it is pointed
out that the concept arose earlier in a paper of STONE {19]. The im-
portance of these spaces lies in their connection with the completeness
of C(X) as a lattice. Basically disconnected spaces introduced in [5]
also arose in this connection [9, 19]. The purpose of this paper is to
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introduce the concept of basic disconnectedness in fuzzy bitopological
spaces. Besides giving some interesting properties of these spaces and
examples, we also give several characterizations of these spaces.

2. Preliminaries

Let (X, T) be any fuzzy topological space [1] and let X be any fuzzy
set in X. Then we define Clp()A) = A{ujA < g, pis T — fuzzy closed}.
Intp(A) = V{u|e < A, p is T— fuzzy open}. The relation between the
interior and the closure operator is given by 1-Int7(A) = Clp(1 — A);
1-Clp(A) = Intp(1-X). A fuzzy set A in X is called a Gs— fuzzy
set if A = AJ2,A; where A; € T. And X is called a Fo— fuzzy set if
A=V52p; where pf = (1 - p)) € T.

By a fuzzy bitopological space [7] we mean an ordered triple (X, Ty, T2)
where T and T, are fuzzy topologies on the non-empty set X. For any
non-empty subset A of X we shall write T1/A = {A/A|A € T1} and
Ty/A = {u/Alp € T} . Clearly Ty /A and T3 /A are fuzzy topologies on
A and the fuzzy bitopological space (A, T1 /A, T3/A) is called a parrwise
fuzzy subspace of (X, Ty, Ts).

3. Pairwise fuzzy basically disconnected spaces

Based on the classical notion of basic disconnectedness 3, 5] we de-
fine the corresponding notion for fuzzy bitopological spaces as follows:

DEFINITION 3.1. A fuzzy bitopological space (X, Ty, T») is said to
be parrwse fuzzy basically disconnected if the T~ closure of each To—
fuzzy open, Ty — F, fuzzy set is Th— fuzzy open and T~ closure of
each Ty — fuzzy open, T} — F, fuzzy set is Ty~ fuzzy open.

EXAMPLE 3.2. Let X = {a,b,¢,d}, T) = {0, 1, A1, A2, A3, A4} and
Ty ={0,1, p1, pia, 3, pa} where A, : X — I,i=1,2,3,4and g;: X —
I,5=1,2,3,4 are defined as follows:

1 z=15b 1 r=a,b,
by = ’ A =
1() {0 r=a,cd 2(2) {0 z=c¢d
1 =b,d 1 =a,b,d
As(z) = N and  Ay(z) = r=a
0 r=a,c 0 r=c
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(m)_{l T=c (z) = 1 r=a,c
=10 z=a,bd =Y z=bd

(:c)—{l z=cd d (z) = 1 r=a,cd
Y70 z=ab M Tl z=b

Then clearly (X, T1) and (X, T3) are fuzzy topological spaces. Also
we can easily see that they are both fuzzy connected [4] spaces (since
both (X,T3) and (X, T3) has no proper fuzzy clopen sets).

Also in fuzzy topological space (X, T)), there is no such T — fuzzy
open, Ty — F, fuzzy set and also there is no such Ty— fuzzy open,
Ty — F, fuzzy set in (X, T3).

Therefore, the fuzzy bitopological space (X, T, T2) is pairwise fuzzy

basically disconnected even though both (X,T}) and (X, T3) are fuzzy
connected

ExamprLe 3 3. Let X = {a.b.c}. Suppose Tt = {0, 1, A1, A2, A, Ay,

As,Ag} and T = {0,1} where A, : X — I, ¢ = 1 to 6 are defined as
follows.

1 z=a,b 1 r="bc
,\ ") = b A — k]
1(z) {0 xT=2c 2(2) {0 rT=a

i r=a,c 1 T=a
A — b A — 7
(@) {0 z=20 and +() {0 x=bc

1 r=1b 1 r=c
,\5(3:)2{0 T =a,c )\G(x):{O T =a,b

Then clearly (X,T}) is a fuzzy topological space and (X, T3) is the
indiscrete fuzzy topological space. Clearly (X, Ty) is a fuzzy discon-
nected space and {X,T5) is a fuzzy connected space.

We claim the fuzzy bitopological space (X, Ty, Ts) is pairwise fuzzy
basically disconnected space.

Let A be any non-zero Ty— fuzzy open, Ty — F, fuzzy set. Then
Clr,{A) = 1 which is clearly Ty — fuzzy open. Similarly, we can see
that Clr, (¢) = 1 whenever u is a non-zero To— fuzzy open, Ty — Fi,
fuzzy set and clearly Cly, (n) is To~ fuzzy open. Therefore, the fuzzy
bitopological space (X, T4, T>) is pairwise fuzzy basically disconnected
space.
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REMARK. It is easy to see that the following are equivalent.

(1) (X,T1,T5) is pairwise fuzzy basically disconnected.

(2) Given T,— fuzzy open set u and Tj— fuzzy open set X in
(X,T1,T3) with A+ p <1 and X being T} — F,, fuzzy set or u
being a Ty — F, fuzzy set we have Clp, (A} + Clr, (p) < 1.

4. Characterizations

THEOREM 4.1. For any fuzzy bitopological space (X, Ty, Ty) the fol-
lowing are equivalent.

(1) (X, T, Ts) is parrunse fuzzy basically disconnected.

(2) Whenever A 15 a T1— fuzzy open and Ty — F, fuzzy set,
Inty, [Clr,(A)] 1s To— fuzzy closed. Simalar statement holds
when X 15 @ To— fuzzy open and Ty — F, fuzzy set.

(3) Whenever X 1s Ty~ fuzzy open and Ty — F. fuzzy set, we have

Clr,(A) < 1 — Cly (1 - Clr, (V).

Srmalar statement holds when X 15 a To— fuzzy open and To — F,
fuzzy set.

(4) Whenever X s a Ty — fuzzy open set and p 15 a Ty —fuzzy open
sel such that A+ pu < 1 and A being Ty — F, fuzzy set or p being
a Ty — F, fuzzy set, we have

Clp,(\) + Cly, (p) < L.

ProoF. (1) = (2). Let A be a T} —fuzzy open and T; — F, fuzzy
set. Now
Intfrl [Cosz ()\)] =1 Cle [l — Csz (/\)] (I)

By (1), Clr,{(A) is Ty — fuzzy open and therefore from (/) it follows that
Inty, [Clr, (M)} is To— fuzzy closed. Similar argument holds when X is
a Tp— fuzzy open and Tp, — F, fuzzy set.

(2) = (3). Let X be a Ty — fuzzy open and T} — F, fuzzy set and
suppose that Clg, () f: I — Clp,[1 — Clr,(A)]. Then there exists an



ON PAIRWISE FUZZY BASICALLY DISCONNECTED SPACES 89

z € X such that {Clp,(\)}Hz) £ {1 — Clp,[1 — Clr, (A)]}z). Now
by (2), Intp, [Clp, (X)) is To~ fuzzy closed. Also Clr,[1 ~ Clg,(A)] =
1 — Intp [Clz, (A)]. Hence it follows that

{Clr,(M}Hz) £ 1 - {1 — Intyy [Clr, (N)]}Hz)
%— {IntTJCsz(’\)]}(x)

which is not possible; For by (2), Intr, [Clr,())] is Ty~ fuzzy closed
containing A. Hence Clr, () < 1 — Clp {1 — Clg,(A)]. Similar proof
holds when A is To— fuzzy open and Ts — F, fuzzy set.

(3) = (4). Let X be a Ty — fuzzy open, T; — F, fuzzy set and u be
a To— fuzzy open such that A + p¢ < 1.

We know that ¢ < 1—Clg, (A) and A < 1— Clr, (). But by hypoth-
esis Clr,(\) < 1 — Clp,[1 — Clp,(N)] and therefore p < 1 — Clp,(A).
Since Cly (p) is the smallest Ty — fuzzy closed set containing j, we
have

OlTl (,U,) < ClTl [1 - CtT2 (’\)] (II)

Also since Clr, (A) + Clp, {1 — Clp, (M)} < 1, it follows that
Clr,(A) + Clp, (1) <1 [from (ID).

(4) = (1) Let X be any 71— fuzzy open and T, — F,; fuzzy set.
We shall show that Clg,()) is Ty — fuzzy open. Let =1 — Clr,(A).
Clearly p is To— fuzzy open and g + A < 1. Hence, by (4), we have
Clp, (M) + Clr, (1) < 1 and therefore by construction of u, we have 1 —
Cly, (1) = Clg,(X). This shows Clr,()) is Ty — fuzzy open. Similarly,
we can show for any Th— fuzzy open and Ty — F, fuzzy set A, Clp, (A)
is Ty — fuzzy open.

5. Properties

In this section we shall establish some interesting properties of pair-
wise fuzzy basically disconnected spaces.
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PROPOSITION 5.1. Let (X, Ty, T3) be a pawrwise fuzzy basically dis-
connected space and let (Y, T1/Y,T2/Y) be any pairunse fuzzy subspace
of (X,T1,T3). Then (Y, T1/Y,T2/Y) 15 pawrunse fuzzy basically discon-
nected.

ProoF. Let A; and Ap be T /Y — fuzzy open set and Tp/Y — fuzzy
open set in Y respectively and suppose that X, is T\ /Y — F, fuzzy set.
Define A\{ and A3 on X as follows:

Al: X - [0,1] where

A(z) ifz ey,
0 otherwise

A = {

and
A3 X —[0,1] where
f dalz) fxrey,

Ai(z) =
2() 10 otherwise

From [21], we know that A} and A% are T;— fuzzy open set and To—
fuzzy open set respectively and that A{ is T3 — F,, fuzzy set. Since
(X, T, Ts) is pairwise fuzzy basically disconnected, it follows that

Clr, (A}) + Clr, (33) < 1
and this in turn implies

Clr, /vy (A1) + Clp v (A2) < L.

We arrive at the same conclusion when we assume Ay is To/Y — F,
fuzzy set. Hence the proposition holds.

DEFINITION 5.2. Let {{X4,Ta, T2)|o € A} be any family of the dis-
joint fuzzy bitopological spaces. Let X = Uyea Xo. Define GaecaTs =
(A X =5 I|Nx, € Ta} and @aeaTr = {A: X — I|X/x, € T3},
Then (X, ®acaTn, PacaTl) is a fuzzy bitopological space called the
fuzzy bitopological sum of {(X o, To, T € A}.



ON PAIRWISE FUZZY BASICALLY DISCONNECTED SPACES 91

PROPOSITION 5.3. The fuzzy bitopological sum of a family of dis-

Joint parrunse fuzzy basically disconnected spaces s pairunse fuzzy ba-
sically disconnected.

PROOF. Let {(X4,Ta.T})|a € A} be a family of disjoint pairwise
fuzzy basically disconnected spaces. Let (X, ®penTea, BacaT) be the
fuzzy bitopological sum of these spaces. Let A; and Ay be @aecaTy—
fuzzy open and @aca Ty — fuzzy open sets in X respectively such that
A1+ A2 < 1. Also we shall assume that A is ©qcaTls — Fo fuzzy set.

Now, from the assumptions, it is clear that A;/x. and Ax/x, are
To— fuzzy open and T;— fuzzy open sets in X, respectively for each
@€ A. Also Ay/x, +Az/x, <land Ay/x, is Ty — Fy, fuzzy set in X,,.
Since (X, Ty, T3) is pairwise fuzzy basically disconnected, we have

Clps (A1/x,) +Clr, (Mo/x,) <1, a€A.

Cz@aGAT‘; (Al) + Cl@aEATa (A2) S 1'

This proves that the fuzzy bitopological sum is a pairwise fuzzy basi-
cally disconnected space.

DEFINITION 5.4. A function f : (X, T}, T%) — (Y, T}, T5) is called
parrunse fuzzy continuous (resp., pasruse fuzzy open) & The induced
function f : (X, Ty} — (Y, Ty} and f : (X, T3) — (Y,Ty) arc fuzzy
continuous (resp., fuzzy open).

PROPOSITION 5.5. Suppose (X, Ty, Ts) s a pairunse fuzzy basically
disconnected space and f : (X, T, Ty) — (Y, T, T3) 8 a pairunse fuzzy
continuous and pairunse fuzzy open mapping. Then (Y, Ty, Ty ) s paur-
unse fuzzy basically disconnected.

PROOF. Let A be an arbitrary Ty — fuzzy open and T3 — F,, fuzzy set
in Y. Since f is pairwise fuzzy continuous, f~!(A) is T, — fuzzy open
and Ty — F, fuzzy set in X and since X is pairwise fuzzy basically
disconnected Clp, [f~1()\)] is Ta~ fuzzy open. Again by pairwise fuzzy
continuity of f it follows that

FHClry ()] < Clgy [f7H (M)
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Hence

I Clry (W]} = Clrr (W) < F{CU [F 71N}

< Clr {fIf' N}
= Clrs (A} (by hypothesis on f)

That is f{Cly,[f~*(A)]} = Clr; (). Since f is pairwise fuzzy open and
HClr, [fH (W]} = Clry (A) it follows that Clr;(A) is T — fuzzy open.
Similarly, we can show that Clr; (A) is Ty — fuzzy open whenever X is
T} — fuzzy open and T} — F, fuzzy set.
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