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0c-COHERENT FRAMES

SEUNG ON LEE

ABSTRACT. We introduce a new class of o-coherent frames and show
that HA is a o-coherent frame if A is a o-frame. Based on this, it
is shown that a frame is o-coherent iff it is isomorphic to the frame
of o-ideals of a o-frame. Finally we show that cCohFrm and cFrm
are equivalent.

0. Introduction.

It is well known that for any topological space X, its topology 2(X)
is a frame. Many efforts have been made to generalize continuous
lattices, and to extend corresponding properties to them as appeared
in studies of Banaschewski [1, 2], Hoffmann [3, 4], and Madden and
Vermeer [7].

Using the way below relation, it is shown that the category Co-
hFrm of coherent frames and coherent homomorphisms is coreflective
in the category Frm of frames and frame homomorphisms, Finally
CohFrm and DLatt, where DLatt is the category of distributive
lattices and lattice homomorphisms, are equivalent. The purpose of
this paper is to introduce a new class of o-coherent frames as a gener-
alization of coherent frames, and examine its properties. To do so, we
introduce o-frames and countably approximating frames. Through-
out this paper, a lattice means a bounded lattice, i.e., a lattice with
the top element e and the bottom element 0. For terminology not

introduced here, we refer to [5].

Received by the editors on April 23, 2001.
2000 Mathematics Subject Classifications: 06A99, 54A99, 54D99.
Key words and phrases: o-frames, é-frames, frames, o-coherent frames.

61



62 SEUNG ON LEE

1. o-frames.

Recall that a subset D of a poset A is called directed (countably
directed, resp.) if every finite (countable, resp.) subset of D has an
upper bound in D. D is called a down setif D = | D where | D =

{y € Aly < z for some ¢ € D}, and D an ideal (0-ideal, resp.) of A if
it is a directed (countably directed, resp.) down set. Let P(X) denote
the power set lattice of a set X endowed with the inclusion relation
C. Then Fin(X) denotes the ideal of finite subsets of X in P(X)
and Count(X) the o-ideal of countable subsets of X in P(X). For a
distributive lattice A, the set of all ideals (o-ideals, resp.) is denoted
by JA (HA, resp.), and JA (HA, resp.) is closed under directed
(countably directed, resp.) unions and arbitrary intersections; hence
JA and HA are complete lattices. If A is a distributive lattice (o-
frame, resp.) then JA and HA are frames([6]). |

DEFINITION 1.1. 1) For z,y in a complete lattice A, z is said to be
way below (countably way below, resp.) y, in symbols z € y (z KL, y,
resp. ), if for any directed (countably directed, resp.) subset D of A
with y <\/ D, thereis d € D with z < d.

If z € ¢ (z <, , resp.), then z is said to be a compact (Lindeldf,
resp.) element of A.

2) A complete lattice A is said to be a compact (Lindeldf, resp.)
lattice if the top element e of A is a compact (Lindeldf, resp.) element
of A.

The set of all compact elements of A will be denoted by K(A), and
the set of all Lindelof elements by L(A).

3) A complete lattice A is said to be a frame if for any ¢ € A and
SCA,

zA(\/S)=\/{zAsls €S}

4) For frames X and Y, amap f: X — Y is said to be a frame
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homomorphism if f preserves arbitrary joins and finite meets.

The class of all frames and frame homomorphisms between them

form a category which will be denoted by Frm.

Remark 1.2 ([6]). Let A be a complete lattice and z,y € A. Then
the following are equivalent:
)z <cy.
2)Ify <\ X(X C A), then thereis K € Count(X) withz < \/ K.
3) If y <V I(I €HA), then z € I.

Remark 1.8 ([6]). Let A be a frame, then the following are equivalent:
)z <L, y.
2)Ify =V X(X C A), then thereis K € Count(X) withz </ K.
3)If y=\VI(I €HA), then z € I.

PROPOSITION 1.4 ([6]). In a complete Lattice A, one has the fol-
lowing:

1)Ifz <.y, thenz <y. (z,y € A)

2)Ifu<z<KL.y<v, thenu L v. (z,y,u,v € A)

3) For any sequence (z,) in A such that z, <. y (n € N),
V{znln € N} <. y.

4)0<L.z. (z€A)

5)Ifz €y, thenz L. y. (z,y € A)

COROLLARY 1.5 ([6]). Let A be a complete lattice, then one has:
1) 0 is a Lindel6f element.
2) If (zy) is a sequence of Lindeldf elements, then \/ z, is again a

Lindel6f element.

Remark 1.6. 1) For a complete lattice A, |,z ={y € Aly <.z} is a
o-ideal of A, which is contained in | z.

2) For a lattice A, | a is a Lindeldf element of HA for any a € A,
because for any countably directed subset £ of HA, L a C /& iff
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a€JEiffa € S for some S e iff [aC S for some S € € ; hence
1 a is a Lindeldf element of HA. Thus {{ ala € A} C L(HA).

DEFINITION 1.7. 1) A lattice A is said to be distributive if
zA(yVz)=(zAy)V(zAz)

for any z,y,z € A.

2) A lattice with countable joins A is said to be a o-frame if

zA(\/ K)=\/{z rk|k € K}

for any z € A and K € Count(A).

EXAMPLE 1.8. 1) Every o-frame is a distributive lattice, but a dis-
tributive lattice need not be a o-frame. Let I'(R) be the set of all
closed subsets of R, where R is the real line endowed with the usual
topology. Then I'(R) is a distributive lattice, but not a o-frame. For
z = {0} and K = {zn, = [£,3— %]ln € N},z A (V K) = {0} but
V{z Aznlzn € K} = ¢.

2) A frame is a o-frame, but the converse need not be true in
general. Let I'(R.) be the set of all closed subsets of R, where R, is
the real line endowed with the cocountable topology. Then I'(R.) is
a o-frame but not a frame. For S = {{s}|s € R — {1}} and z = {1},
zA(V/S)==zbut \V{z Atlte S} =¢.

DEFINITION 1.9. For o-frames X and Y, amap f: X — Y is said to

be a o-frame homomorphism if f preserves countable joins and finite

meets.

The class of all o-frames and o-frame homomorphisms between

them forms a category which will be denoted by cFrm.
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PROPOSITION 1.10. Let A be a o-frame, then Lindelof elements

of HA are precisely principal ideals.

Proof. Take any Lindelof element I of HA, then I = \/{| z|z € I}.
Since I <. I, there is K € Count(I) such that I < \/{| z|z € K}
in HA. Let a = \/ K, then \/{] z|]z € K} = | a ; hence I = | a.
Conversely, | a is a Lindelof element of HA by 2) of Remark 1.6.

2. é-frames.

In this section, we introduce a concept of é-frames and study the
relations between Lindelof regular §-frames and countably approxi-

mating frames.

DEFINITION 2.1. A lattice with countable meets is said to be a §-

frame if
zV(N\K)=N\{zVEklke K}
for any z € A and K € Count(A).

EXAMPLE 2.2. Every §-frame is a distributive lattice, but a distribu-
tive lattice need not be a d-frame. Let Q(R) be the open set frame
of the real line endowed with the usual topology, then Q(R) is a dis-
tributive lattice but not a d-frame. So, a frame need not be a d-frame.
Clearly a é-frame need not be a frame. The o-frame I'(R.) in 2) of

Example 1.8 is a §-frame but not a frame.
DEFINITION 2.3. 1) A complete lattice A is said to be a countably
approzimating lattice if

x:\/{u € Alu <. =}

for all z € A, equivalently z =/ |. .
2) A frame A is said to be regular if a = \/{t € At < a} for all
a € A, wheret < aiff t Az = 0 and aV z = e for some z € A,
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or equivalently, a V t* = e for the pseudocomplement t* = \/{s €
Alt ANs =0} of t € A.

In aframe Aandz, € A(n € N), z, < a does not imply \/ z, < a.
In fact, in the open set frame Q(R) of the real line endowed with
the usual topology, z» = (1,3 — 1) < (0,3) for any n € N but
Vzn =(0,3) 4 (0,3). In a compact regular frame, z < y iff z < y.
But in a Lindelof regular frame, r <. y does not imply z < y in
general. In the Lindelof regular frame Q(R), (0,3) <. (0,3) but
(0,3) £(0,3). If A is a é-frame, z, < a implies \/ z, < a; hence
{t € A|t < a} is a o-ideal of A. So we have the following:

Remark 2.4. Let A be a Lindelof frame, then we have:
1)Ifz <y, then 2 <. y (z,y € A).
2) If A is a regular §-frame, then 2 < y iff z K. y (z,y € A).

Proof. 1) Suppose z < y and y < \/S for any S C A. Then
z*Vy = e implies * V (\/ §) = e. Since A is a Lindeldf frame, there
is K € Count(S) with z* V (\/K) = e. Hence z < \/ K for some
K € Count(S). So z <. y.

2) Let z <.y and y = \/{t € A|t < y}. Then z € {t € At < y},
because {t € A|t < y} is a o-ideal of A. So z < y. O

Remark 2.5. Every Lindelof regular frame is countably approximat-
ing, because for any a € A, a = \/[{z € Alz <a} <V lca <V
a < a implies a = \/ |, a. But the converse need not be true. The
open set frame 2(R.) of the real line with the cocountable topology

is countably approximating, but not regular.

3. o-coherent frames.

In this section, we introduce a concept of o-coherent frames and

study the relations between o-coherent frames and o-frames.
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DEFINITION 3.1. 1) A frame A is said to be coherent if K(A) = {a €

Ala is a compact element} is a sublattice of A and K(A) generates A.
2) A frame A is said to be o-coherent if L(A) = {a € Ala is a

Lindelof element} is a subo-frame of A and L(A) generates A.

In a frame A, L(A) is closed under countable joins. Thus we have:
L(A) is a subo-frame of A iff e € L(A) and for z,y € L(A), z Ay €
L(A).

Remark 3.2. 1) The open set frame Q(R.) in Remark 2.5 is a o-
coherent frame. In case, L(A) = A.

2) A o-coherent frame need not be a coherent frame. For example,
the complete chain [0, 1] with the usual order < is a o-coherent frame
but not a coherent frame.

3) Every o-coherent frame A is a countably approximating frame,
because for any a € A, a = \/({ aNL(A)) <V |c a < a implies
a=YVlca

4)Let T = [0,Q)U{21, 22}, where Q is the first uncountable ordinal,
z < 71,22 for all z € [0,Q) and [0,€2) is a chain with the ordinal order
<. Then DT = {U C T|U = | U} is a countably approximating
frame and L(DT) = {T,| 21,4 22} U{} z|z € [0,Q)}. Consider | z;
and | z are Lindelof elements of DT, but | 21 N | z2 = [0,9) is not
a Lindelof element of DT, because [0,2) = | J{} z|z € [0,)} has no
countable subcover. So DT is not a o-coherent frame, because L(DT)
is not a subo-frame of DT. But L(DT) generates DT.

Consider | z1 and | 2z, are Lindelof elements of DT', but | 21N | 22
is not a Lindelof elements of DT'. So in a frame A, the relation < is
not closed under finite meets. That is, * <. a and ¢ <. b need not
imply ¢ <. a A b for some z,a,b € A, where A is a frame.

Let A be a frame, \/ : HA — A is the map defined by \/(I) =V I,
and |: A — HA the map defined by d(z) = | . Then the frame
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homomorphism \/ : HA — A is a left adjoint of the map | : A — HA.

In case, \/ preserves arbitrary joins and | preserves arbitrary meets.

PROPOSITION 3.3. Let A be a complete lattice, then the followings
are equivalent:

1) A is a countably approximating lattice.

2) For each € A, the set |. z is the smallest o-ideal I with
z<\VI

3) For each & € A, there is a smallest o-ideal I with z <\/I.

4) The map \/ : HA — A has a left adjoint.

5) The map \/ : HA — A preserves arbitrary meets and joins.

A is a countably approximating lattice iff for each = € A, the set
lc z is the smallest o-ideal T with # < \/I. So |.: A — HA is a left
adjoint of the map \/ : HA — A where A is a countably approximating
lattice. So the map |.: A — HA preserves arbitrary joins if A is a

countably approximating lattice.

PROPOSITION 3.4. In Frm, let A be a regular é-frame. Then A
is a Lindelof frame iff the frame homomorphism \/ : HA — A has a

right inverse.

Proof. (<) Let h : A — HA be a right inverse of \/ : HA — A.
Then \/oh = 14 and h is an 1-1 frame homomorphism. So A is
isomorphic to h(A) and h(A) is a subframe of HA. Since HA is a
Lindelof frame, A is also a Lindelof frame.

(=) Define h : A — HA as h(a) = {t € A|t < a} for all a €
A, then h(a) is a o-ideal in A, because A is a é-frame; hence h is
a map. By Remark 2.5, h(a) = |, a and \/oh = 14. Since the
relation < is closed under finite meets, the map A is closed under
finite meets. Furthermore, |.: A — HA is a left adjoint of the map
\V : HA — A, so the map h preserves arbitrary joins. In all, h is a
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frame homomorphism. O

DEFINITION 3.5. For o-coherent frames X and Y, a frame homomor-
phism h: X — Y is said to be o-coherent if h(L(X)) C L(Y).

The class of all o-coherent frames and o-coherent homomorphisms

between them forms a category which will be denoted by cCohFrm.

PROPOSITION 3.6. Let A be a o-frame, then we have:
1) HA is a o-coherent frame.

2) L(HA) is a o-frame.

3) The down map |: A — L(HA) is an isomorphism.

Proof. 1) L(HA) = {] ala € A} by Proposition 1.10. Consider
lanlb=](aAb) € L(HA) and HA is a Lindel6f frame. For any
Ie HA, I =\/{| z|z € I}. Thus HA is o-coherent.

2) It follows from 1) together with the fact that L(HA) is a subset
of a frame HA

3) By Proposition 1.10, the down map | is an 1 —1 onto map which
is closed under arbitrary meets. Moreover | (\/ K) = \/{| k|k € K}
for any K € Count(A), so | is a o-frame homomorphism. Hence | is

an isomorphism. O

Remark 3.7. Let A be a o-coherent frame, then we have:
Dl anL(A) =lcaforallac A
2)}(lanL(A)) =] aforall a e L(A).

Proof. 1) Take any = €] (} an L(A)), then there is y €l a N L(A)
with x < y; hence z < y <, y < a. Thus z <. a; hence = €|, a.
Conversely, take any z €. a, then z <. a, and a = \/({ a N L(A4))
since A is o-coherent. Thus a = \/(} ({ aNL(A4))) and | ({ aNL(A4))
is a o-ideal of A; hence z €| (} anN L(A)).

2) It follows from 1) together with the fact that for a € L(A), . a
= | a. , O
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PROPOSITION 3.8. A frame is o-coherent if and only if it is iso-

morphic to the frame of o-ideals of a o-frame.

Proof. (=) Let A be a o-coherent frame, then L(A) is a o-frame
and HL(A) is a o-coherent frame. Since the inclusion map ¢ : L(4) —
A is a o-frame homomorphisms, there is a unique frame homomor-
phism f : HL(A) - A with fo | = ¢ for the down map | : A —
HL(A). In case, f(I) = \/I. Define g : A — HL(A) by g(a) =
lanL(A). Then 0 € g(a) and g(a) is a down set. Furthermore, for
Tz, € g(a) (n € N), V{zn|ln € N} € g(a); hence g is well-defined.
Take any I € HL(A), then g(f(I)) =1 and f(g(a)) = a for all a € A.
So f is an isomorphism.

(<) It is immediate from 1) of Proposition 3.6. O
THEOREM 3.9. oFrm and cCohFrm are equivalent.

Proof. For a o-frame homomorphism h : A — B, there is a unique
frame homomorphism Hh : HA — HB (Hh(I) = | h(I)). Hh is
o-coherent, because for any | a (a € A), Hh(] a) = | h(a) € L(HB).
Thus H : oFrm — cCohFrm (A — HA) is a functor. For any o-
coherent homomorphism f : C — D, L(f) : L(C) — L(D)(L(f)(z) =
f(z)) is a o-frame homomorphism. Thus £ : cCohFrm — ocFrm
(C — L(C)) is a functor. For each o-frame A, the correspondence
A — HA is functorial and we have a functor H : cFrm — cCohFrm.
For each o-coherent frame M, the correspondence M — L(M) is also
functorial and we have a functor £ : cCohFrm — oFrm. The
functor H takes each o-frame A to HA with a map n4 : A — L(HA)
(na(a) = | a). Moreover, ny4 is an isomorphism for all A. For any
o-frame homomorphism h : A — B, L(Hh) : L(HA) — L(HB)
(L(Hh)({ a) = | h(a)) is a o-coherent homomorphism and np o h =
L(Hh) ona. Thus (na)a : 1 — Lo H is a natural isomorphism for
all A € oFrm. The functor £ takes each o-coherent frame M to
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L(M) with a map ey : HL(M) — M (em(I) = VI). erm is an
isomorphism for all M. For any o-coherent homomorphism g : M —
P, HL(g) : HL(M) — HL(P) (HL(g9)(I) = | ¢g(I)) is a o-frame
homomorphism and go ey = ep o HL(g). Thus (ep)m : Ho L — 1
is a natural isomorphism for all M € ocCohFrm. In all H is an

equivalence between cFrm and cCohFrm. O
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