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Partially conformal geodesic transformation

on the Kahler manifolds*
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Abstract

Using Fermi coordinate and Jacobi operator on Kahler manifold, we characterize
partially conformal geodesic transformation in Kahler geometry.

1. Historical background and introduction

In 1972, S. Tochibana introduced the notion of a geodesic conformal transformations
around submanifolds in a Riemannian manifold. These transformations are extensions of
geodesic symmetries and local reflections with respect to submanifolds. The notion of a
reflections generalize that of reflections with respect to linear subspaces in Euclidean
space. Recently, E. Garcia-Rio, L. Vanhecke and B.Y. Chen begun a systematic study of
geodesic conformal transformation. They show that conformality is a strong condition

and motivated the study of the notion of a partially conformal geodesic transformation.

In this paper, we deal with partially conformal geodesic transformations in Kahler
geometry by using Fermi coordinates when the submanifold is a point. We derive the
necessary and sufficient condition for the existence of such transformation in terms of

the Jacobi operator and its derivative.

* This paper was supported by Wonkwang University in 2000.
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2. Kahler manifolds and Fermi coordinates

Let (M, g) be a connected smooth Riemannian manifold and Vv its Levi Civita

connection. Denote by R its associated Riemannian curvature tensor defined by
Rxy=Vixn—[Vx, Vyl
for all vector fields X, Y € x(M). We put
Rxyzw=28( Rxy Z ,W).
Let M be a n-dimensional Kahler manifold with structure (M, g, J):
JP=-1,

gUX,JY)=g(X, Y),
vx(J)Y=0

for all vector fields X, Y xM).

Then
R(X, Y)J=JR(X, V),
RUX,JY)=R(X, Y).
A plane section of the tangent space T,M at a point p€M is called a holomorphic
section if it is spanned by vectors X and JX in T,M. The sectional curvature of a

holomorphic section is called a holomorphic sectional curvature. A Kahler manifold of
constant holomorphic sectional curvature c¢ is called a complex space form and its

curvature tensor is given by

RxyZ= f{g(X, 2)Y-g(Y, 2)X+g(UX, 2)]Y—g(JY, 2)]JX +2g(JX, Y)JZ}. (¥)

Theorem 1([6]). A Kahler manifold M of dimension =4 is a complex space form if

and only if, for every vector field X on M, RxxX is colinear with JX.

Let B be a embedded submanifold of M with dimB=g¢ and exp, the exponential

map of the normal bundle v=T"B of B and meB and {E,, ..., E,} a local

orthonormal frame field of M defined along B in a neighborhood of m. We
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specialize the fields such that E,, ..., E, are tangent to B and E,;,, ..., E, normal
vector fields of B. For a system of coordinates (¥', ..., ¥*) of B in a neighborhood
of m such that (3/3y)(m)=E;(m), i=1, ..., q, the Fermi coordinates (x', ..., x)

with respect to m, (¥', ..., »%) and (E,4{, ..., E,) are defined by

x'(exp [ gfltEa))=y, i=1, .., q,
x(expu(gltE,,))=t, a=gq+1, ..., n

in an open neighborhood U, of me M.

Put s(#)=p(#»)r, where 7 is the normal distance. Then » = i‘,ﬂ(x”)z.
a=q

Let ue€TiB CT,M and H#»)=exp (ru) the normal geodesic with $0)=m,
y' (0)=wu=E,(m). Denote by {F,, ..., F,} the frame field along 7 obtained by
parallel translating {E;(m), ..., E,(m)} along 7. Consider the zn—1 Jacobi vector

fields Y, =1, ..., n—1 along 7y, determined by the initial conditions

Y0)=E(m), Y;/(0)=(v,d/ox)Ym), i=1,..,4q,
Y.(0) =0, Y, (0)=E,(m), a=q+1, ..., n—1.

Then Y{N=-25(A7), YdH=r-2:(x").
dx 0x
Put Y(N=D,(nNF, a=1, .., n—1. Then D, satisfies the Jacobi equation
D,”+R-D,=0,

where R(x)X=R,,x v (7).

Using the initidl conditions for Y,,

pO=(g 0) b= T, 0 )

where T(w) ;= g(T(wWE;, E)(m), L(4);,=g(LgE, E,)(m) and (L xN)(m)=
(Vv xN)(m).

Then  gy(»)=(D.D;(», gul®)=L(D.DYu(P,
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gab(p =‘71)_‘(tDuDu)ab(7’)y ginzg{m=oy grmzly

,7=1, ..., q, and a, b=q+1, ..., n—1.

3. Main results

We consider the local diffeomorphism
¢p: p=exp (ru) > $p(p)=exp (s(Nn)

for ueT,B, llull=1. ¢p is called the geodesic transformation with respect to B,

which is locally given by

dp: (&Y, .., x™) = (.., %% o(PDx™, L, o(Dx™).
Let 7 be the one form defined by 7(X)=g(X, JN).

If ¢pg=e*g+fp®y for some function f which is depends only on the normal

distance function 7, ¢p is said to be partially conformal.

Lemma 2. A geodesic transformation ¢p with respect to B is partially conformal if

and only if

gD =(g+1®n); (D), 02 d5(p))=(g+ 1) (D),
0’g(ba(0))=("g+ 1@ w (D), €°=(p" r+p)?=(s)%

where i, 7=1, ..., q, and a, b=q+1, ..., n—1.

Lemma 3. Let (M, g,J) be a Kahler manifold and ¢é5 a patially conformal with

respect to a point B of M. Then

S(0)21 =5 (0)2)Ruausl B) = 2(5(0)s"" " (0)8as+ 3/4 7" '(0)8obp) along 7.
proof. Since ¢p is partially conformal, 02gu(ds(D))="{(e*g+ f1Q7) ., (D).

When »=0, f(0)=0.
Since p(P2=5(0)%+5(0)s” (0)r+1/2(s"(0)/2+2/35 (0)s'""(0))#* + O (#*) and
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gar(D) =0w—1/3 P Rugus+ O (#*), expanding the both side of above equation,

S (0)28,5+ 5 (05 (0)8,7+ O ()
= 5'(0)% 8,5+ (25 (0)s” (0)8ap+ £ “(0) 80080) 7+ O ().
Hence f'(0)=0, s""(0)=0.
Comparing each #*-term in power series and using the above results,
S (0)s” (00845 — 5" (0)* Rugrs=3(5(0) 8" " (0)8,5— 1/3 " (0)*Ruus+ 1/2 £ " (0) 8 4uB ).

There required result follows.

Theorem 4. (M, g, J) is an n-dimensional Kahler manifold of complex space form
M, (c), ¢#0 if and only if for each point B&M there exists a non-conformal

partially conformal. In this case, the geodesic transformation is non-Euclidean similarity

S

t =CtanT, CZ#O, 1.

Proof. Since M= M,(c), using (*)

Hance

—{ 1/Ve sinc 0
A_( ‘ Sm ‘ 2/Ve sinVe/2 1,,_2)'

Thus .
gu(r(M=1/Ne sinWe)?,  gu(H»)=@/Wc sinnc/2)? for a, b=2, ..., n—1.
Since 7(9/3x)=1/W¢ sinW¢, by Lemma 2

(1/sVe sinsVo)2= (¥ + A(1/Ve sinWo)?,
0%(2/sVe sinsVe/2)? = e (2/Wc sinc/2).

We have
(sinsVe)2= (& + A(sinW)?,
(sinsVe/2)2 = &®(sin W c/2)% = (ds/dr)X(sin W c/2)%.

Therefore,
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tan—%/;:Ctan—d; and f=-—( sinsV /2 )z+( sinS\/_c)Z.

4 sin ¢/2 sin r\fc
Conversely, put ¢= tansi4_c— and #= tan r%. Then #= Ct. Thus s=-fi tan ~!Ct.

By power series expansion
s=Cr— ch C(Ct- 1)+ o ().

Since s(0)=C and s(0)=0, C!(1— CH)R,(B)=0 by Lemma 3.
Hence R,u is proportional to Ju. Using Theorem 1, M= M,(c).
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