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Stress Intensity Factor for the Cracked Plate Reinforce with a Plate by
Seam Welding

O. W.Kim, S. D. Park and Y. H. Lee

Abstract

The stress intensity factor has been calculated theoretically for the cracked plate subjected to remote normal stress
and reinforced with a plate by symmetric seam welding. The singular integral equation was derived based on
displacement compatibility condition between the cracked plate and the reinforcement plate, and solved by means of
Erdogan and Gupta's method. The results from the derived equation for stress intensity factor were compared with FEM
solutions and seems to be reasonable. The reinforcement effect gets better as welding line is closer to the crack and the
stiffness ratio of the cracked plate and the reinforcement plate becomes larger.
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1. Introduction

As the damage tolerance design is introduced in many
kinds of industries, especially aircraft structures, many
researches on crack behavior in reinforced plate have
been made' .

Grief and Sanders” solved the stresses of the
reinforced cracked plate with stringer by integral
equation method and Liu and Ekvall® investigated the
variables to affect a residual strength with fracture
mechanics experiment for the reinforced cracked plate
with various reinforcement materials. Kan and Ratwani®
solved the stress intensity factor for the cracked infinite
plate bonding infinite composite plate with adhesive
showing non-linear behavior by integral equation method
of complex function and many other cracked reinforced
plates were examined with numerical analysis’.

In case that the thin plate of jet plain have a flaw, it is
reinforced by attaching reinforcement plate'®. In the case
of reinforcing a cracked plate, it is necessary to estimate
residual life and theoretical evaluation of stress intensity
factor is needed for it. The methods to attach thin
reinforced plate to the cracked plate are spot welding and
seam welding.
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The author solved stress intensity factor for the
cracked plate reinforced with a plate by spot welding
theoretically'""'?. In this study, the stress intensity factor
is calculated theoretically for the cracked plate subjected
to remote normal stress and reinforced with a thin plate
by symmetric seam welding.

2. Theory

2.1 Stress intensity factor of the reinforced
cracked plate

It is considered that the cracked plate is reinforced
with a plate by seam welding symmetrically and applied
uniform normal stress T g at infinity as in Fig. 1.

b

reinforcement sheet
cracked plate

I I

Fig.1 The cracked plate reinforced with a sheet by
seam welding.
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The cracked plate and the reinforcement plate are
assumed to be thin and homogeneous and they are in two
dimensional plane stress states and it is also assumed that
there is no residual stress by seam welding and the
reinforcement forces at bonding lines are applied
uniformly through the thickness of two plates.

To simplify the problem, the welding zone is assumed
to be a line.

Fig. 2 is free body diagram of Fig. 1

} +Z°+ }

P

b) Reinforcement sheet

f *m,* f

a) Cracked plate
Fig. 2 Free body diagram of the reinforced cracked plate.

We consider the unknown function f(x) of
reinforcement force distribution in the y-direction, which
is generated at welding line. The absolute values of 1 (x)
at both the cracked plate and the reinforcement plate are
equal to each other by equilibrium condition. The
compatibility equation of displacements at welding line
is as follow.

v.(x)=v,(x)=0 1)

where v(x) is displacement in y-direction and subscript ¢
and » denote a cracked plate and a reinforcement plate
respectively.

The displacement in the y-direction which is generated
by applying concentrated forces Y at symmetric 4 points
of the cracked plate is given by'?

Y
v=—" H(X Y xoayoaa) (23)
dmut

H(x,y 5 %0, ¥0,0) =1,y 5 %0, %) + 3(x, ¥ 5 X0, 35, 4) (2b)
where y and ¢ are shear modulus and thickness of the
plate respectively, a is half crack length, x, and y, are the
loading points of forces, I (x, y ; xo , o) is the function of
displacement in the infinite plate without a crack due to
symmetric concentrated forces and it is as follows

2 [s ot )
L(x, ¥5 %5, ¥5) = 2, 4, 4, 4, 3
(%, Y3 %5, ¥o) + 1 g'Au 32| A, 4, A, 4, ( a)
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1 al-a a?-al al-a ol -a;
J(x,y 5 x0,y0,a) = ——| 2y, {— L2t -
G 4 4, 4 A

i 7,
+(7; -Ul)_+(VVI _VI)—O'}
Ty

I (3b)
14 2 2

Ay tog]-Cliasd) G, 1) |
4 [B( Xy,-¥o) D(-x, 'yo)l
where,
o =X—Xy, Oy =Y—Y,, A;=X+X, q =Y+

(i=1,3 and j=2,4)

r= {[(x-a)z +y2}[(x+a)2 +yz}}”4

r={[(o-af +33J[(u+a) + 5 ]}
A& ={4,E )+ 4, )

A, (&, 1) = xE— yn—sig(E)a® +r r,cos{ 6+ sig(£)sig(m)b,} ,
A&, m=xn+ yé+ry sin{ G+ sig(é‘)sig(r])@o}

. 1, x20
sig(x) = -1, x<0

(4=B,C,D,G) !

O = tan [ NG n)j
4,(¢.m)

L7 + (-1 Aj—]cos& +[A—+( h* 4_]Sm€

=[AM L, 4
5

3 (- 1) — cosH +[—+( 1) ]smﬁ (k=1,2)
4, 42) 4, ‘4,

a . a, o .
'=(A_‘lz+ As—ij(xo cos8, +, sm9p)+[—A‘—2—+Z‘?j(y0 cosf, — %, sinf,)

2

5
9=
T

a
U =|—2L= J(y cosd, +x, sin &, )+[——+————](x cosf, —y,sinb,)
' [An 4,)7° ’ A 4 ’

4 2
2 2 2
=[a3_az o

_ 2
> ——za]cosé’ +2[aa a3a2]sm€
A5 Ay 4 4

22 2 2
w, :(g%-%—]cosﬂ +2( o A% ]smﬁ
4, A 44

6, =| tan™ Yot tan 1 20
X, —a x, ta

8,=0+6, 0,=60-6,
_ [(3 —v)/(1+v) (palnce stress)

- (3-4v) (palnce strain)

where, v is Poisson's ratio.
The y-directional displacement of the infinite plate

with a crack under remote uniform normal stress oy is
given by'?

v=" F(x,y,a) (4a)
Au

F (x,y,a) =L{x,y) + M(x, y,a) (4b)
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where,
L(x,y)=(x+1y/2 (5a)
M(x,y,a) = {xr—(x* +y* —a®)/r}sinf—-(x-1)y (5b)

From Fig. 2, the displacements at the welding lines of
the cracked plate and the reinforced plate are presented
in the form,

1
dmut,

o)

v, () =2 F,(x,p,a)~ j“}”(xo) H, (r,%.5%.a)d% (6a)
0

2

1 o
vc(x)=z;ﬂ7 fo FONIF(x,%,, 5, )%, (6b)

Substituting from equation (6) into equation (1), we
obtain

S(x%)

oo

F((x,yo,a)——%‘[) liﬂc(x’xo’yo’a)*'% Ir(x’XO’yO)ilde =0 (7)

where, the stiffness ratio, y is multiplication value of
shear modulus ratio and thickness ratio for the reinforced
plate and cracked plate. The stiffness ratio, y is presented
in the form,

14
y=ter ®)

In order to solve the problem, the distributed load
equation is divided into two terms, the term by the crack
effect and the term without the crack effect as follow,

Sf(x)

— = q(x)+5, )

<

where bar sy is related to the uniform distributed load,
which occur in the case of reinforcing the infinite plate
without a crack and is presented in the form,

— x. +1
Sp = -
3 1(x ~1 2 -1
yix. +1) x.+1
Substituting from equation (7) into equation (9), and

introducing the normalized factor, X = x/a, %= xo/a, Yo =
yo/a, we obtain the following singular integral equation.

(10)

a-5) Mt(?c,y_‘,,l)=ifwa(x7,)[ﬂc(ix_‘,,i,l)+l I,Gcic;,y_n)}ﬂn (D
T Jdy 14

Solving the singular integral equation for g(x;) and
substituting from the result into following equation'?, we
can obtain the stress intensity factor by reinforcement
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force due to crack effect.

A=omaf g(x) b, (o vo)dx, (12)

Introducing7, = ro/a ,

I iné 5 — —
h(xo,y0)=—2— 5111_0__3&:(%0033504.},031“390) (13)
Tl h (x+Dro

In conclusion, the stress intensity factor of the crack is
obtained by equations (9) and (12) as follow,

K, — -
—d =15, A 14
odna 0 (14)

where, 1 = /7./0'0‘\/7[0 is the normalized stress intensity
factor.

2.2 The method of solving the singular
integral equation

Substituting fromx = (1+7) / (1-7) and X% = (1+&/(1-9)
into equation (11), we obtain the following equation,

o)
4 (1-¢)

-5 M, (537 0=2 [Hc (r,f,?o,m;] 5, @:E)}d& (15)

Since g(¢) is nonsingular in the case of £ = 1, we
introduce the nonsingular function, #¢) as follow,

9O =pEN1-&

Substituting from equation (16) into equation (15) and
introducing Erdogan and Gupta's method"”, equation
(15) is reduced to the following equation,

(16)

N

— — 2 1 —
(-5 M, oy =5 ;{(‘f;]¢(§")ﬁ(rpfn.yu>}, k=1 2., v+ (17)

where,

nr ), z'k=cosl:(2k-1)”}
Iy 2AN+H)

—_ —_— 1 —_—
ﬂ(Tk’gn’y())=Hc(Tk!§n’y0’l)+;; Ir(‘[k’gn’y())

én =cos(N

The unknown function, #¢) in equation (17) has been
obtained with N = 90. Substituting from the result into
equation (16) and equation (12), the stress intensity
factor is calculated by equation (14). In the case of N =
100, the change of the stress intensity factor is less than
0.1%.
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3. Examination

v =0.3 is used in the following procedure.

Finite Element Method with ANSYS 5.3 is used for
verifying the theory and eight noded rectangular element
is used for numerical analysis.

The Table 1 is the comparison in dimensionless stress

intensity factors between the present solution and the
FEM analysis. From the table 1, the value from the FEM
analysis is greater about 1~10% than that from the
present theory, which seems to be due to the
reinforcement force in the x-direction.

Table 1. Comparison in dimensionless stress intensity factors between the present solution and the FEM analysis

A=0.1 A=0.5 A=1.0 A=2.0
Yol Present FEM present FEM present FEM present FEM
0.5 0.753 0.787 0.384 0.411 0.234 0.254 0.123 0.137
1.0 0.833 0.845 0.491 0.512 0.316 0.335 0.171 0.188
2.0 0.876 0.885 0.576 0.592 0.392 0.412 0.223 0.243
5.0 0.896 0.903 0.622 0.637 0.439 0.453 0.258 0.280
10.0 0.899 0.907 0.631 0.642 0.447 0.462 0.265 0.285

Fig. 3 shows the stress intensity factors as a function
of seam welding location and the stiffness ratio. In Fig. 3,
the solid line indicates the value by present theory and
the point,  that by FEM analysis and we see that the
reinforcement effect gets better as welding line is closer
to the crack and stiffness ratio of the cracked plate and
the reinforcement sheet becomes larger and that the
stress intensity factor approaches zero as y, is closer to
zero.

Ry ay/ma

Yo
Fig.3 Dimensionless stress intensity factors as a function
of seam welding location and stiffness ratio.
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Fig.4 Dimensionless stress intensity factors as a function
of stiffness ratio.
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Fig. 4 shows the stress intensity factor as a function of
the stiffness ratio, y. The stress intensity factor deceases
as the stiffness ratio increases and the normalized stress
intensity factor approaches 1 as the stiffness ratio leads
to zero. Besides from the equation (8), we can see that
the influences to affect reinforcement effect between
shear modulus ratio and thickness ratio are the same.

4. Conclusion

Through the theoretical analysis to calculate the stress
intensity factor, the cracked plate reinforced with a thin
plate by symmetric seam welding, the following
conclusions are obtained
1. The stress intensity factor of the cracked plate

reinforced with a thin plate by seam welding has been

solved with the singular integral equation method.

2. The theory has been verified by comparing the result
of this theory with that of numerical analysis.

3. The reinforcement effect gets better as welding line is
closer to the crack and stiffness ratio of the cracked
plate and the reinforcement plate becomes larger.
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