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Abstract. A k-out-of-n standby system is considered where all of its components are
s-independent and classified either working or cold standby connected with imperfect
switches. The probability density function of the life length for this system is estab-
lished in closed form, when the underlying components have constant failure rates.
Also the reliability function of the system is derived. Finally, the reliability functions
for one, two and three out of four systems are deduced for perfect or imperfect
switches and identical or non-identical constant failure rates for working and standby
components.
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1. INTRODUCTION

Many researchers have discussed the problem of modeling reliability for systems with
active redundancy property, see for example Chan et al. (1995), Cramer and Kamps
(2000), Sarhan and Abouammoh (2001) and the references there in.

In general, the k-out-of-n system is working if at least £ of its » components are oper-
ating and fails if »-k+1 components fail. Practical examples of k-out-of-n systems are, e.g.
an aircraft with four engines which works if at least two out of its four engines remain
functioning, or a satellite which will have enough power to send signals if not more than
four out of its ten batteries are discharged.

The k-out-of-n systems can be utilized for modeling many other practical situations
such as quality control problems, inspection procedures and radar detection problems, see
Saperstein (1973, 1975) and Nelson (1978).

In this paper we consider a general form of k-out-of-n system with independent and
non-identical components, cold standby and imperfect switches. The probability density
and reliability functions of this system are discussed for the cases n—k=1and n-%>1.
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As illustrative examples, we derive the probability density and reliability functions of one,
two and three out of four systems in general. Special cases for perfect and imperfect
switches with identical and non-identical main and standby components are also discussed

The paper is organized as follows. Section 2, gives the basic definitions and assump-
tions. The probability density and reliability functions of k-out-of-n systems with one or
more than one standby component are derived in section 3. The probability density and
reliability functions of some particular systems are presented in section 4.

2. DEFINITIONS AND ASSUMPTIONS

Here we consider a k-out-of-n : G standby system. All components are s-independent
with constant failure rates. The components are classified into two types, operating and
standby. Each standby component is connected with an imperfect switch. The system
starts operating with the £ main components while the rest n-k components are in cold
standby. When a component fails, instantaneously one of the standbys, if there is one,
becomes active (operating). Components do not fail simultaneously and there is no repair.
Further it is assumed that all groups of main components, standby components and the
switches are s-identical. Let A, ¢ and o be the failure rates of the main, standby compo-
nents and the switch, respectively.

The assumptions indicate that the operating components are classified into two types.
One of these types is the old operating components and the second is the new operating
components. The old operating components are defined as those components that start
working with the system operating. The new operating components are defined as those
components that enter to the operating mode from the standby mode. Here, we call the
old operating components as type-1 and the new operating components as type-I1. Note
that each operating component of type-1I is connected with an imperfect switch. So we
refer by a component of type-1l fails that either the component itself or the switch con-
nected with fails.

The vector (n,, n,, n;) will be used to refer the system components, where n,
represents the number of components of type-I, #; is the number of components of type-II
and n»; is the number of standby components.

To obtain the reliability function of the system we need to derive the probability den-
sity function, shortly pdf, of its lifetime. For this reason we devote the following part for
firstly obtaining the pdf of k-out-of-n system lifetime. Then using the obtained pdf, the
reliability function can be derived.

3. MAIN RESULTS

In the following, we establish a closed form for the pdf of the 4-out-of-n system when
there exists only one component in the standby mode. '

Theorem 3.1 The pdf of k-out-of-n system lifetime, when n—k =1, is
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k—
f@)= il - _1); i ﬂb]{exp{— [(k~1)a+ 4, )} —exp{-kAr}}, (3.1)

where A4, = p+a.

Proof. To proof this theorem let us assume that E represents the event [System fails in the

interval dt after surviving for time #]. The system will fail if two component fail. But the

system components do not fail simultaneously. Then event £ can be represented as the

intersection of the following two independent events:

Event-1: Occurs when one component fails before the time ¢ and the system works.

Event-2: Occurs when the remaining components function for the balance of the interval
(0, t) and one of them fails in df.

Let us denote by ¢, to the lifetime of the component fails first. Then #-¢, will be the operat-
ing time of the component fails later, see Figure 1.

Figure 1. The system surviving period.

Let A, be the event that one component survives for ¢, and fails in d¢; and A be the event
that the remaining components survive for #-f, and one of them fails in dt. The event A,
occurs when a component of type-I fails at time ¢, and the remaining &~/ components are
surviving. But the event A may occur if either: (/) a component of type-I fails at t-t; and
the rest k-2 components of type-I and one component of type-II are surviving, or (i) the
component of type-II fails at #-¢; and the rest k- components are surviving.

Therefore, using the lack of memory property for the exponential distribution, one can
verify that

P(4,)=k dexp—kaz,},

P(A) = [(k=1D)A + 4, Jexp{-[(k—DAa+ 2,k - 1,)}
But the system pdf is given by

(3.2)

f@y= [P4)P(Ayar, (3.3)

1,=0

Substituting from (3.2) into (3.3), the pdf becomes

f@)=kA[(k=DA+ 2, Jexpl-[(k-DA+ 4, )1} [expl-(A-2,)0}dr, (3.4
1,=0
Solving the integral in the right side of Eq. (3.4), one can easily write f(¢) as given by
Eq. (3.1) that completes the proof.
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The following corollaries give the reliability functions of the k-out-of-n sysfems with im-
perfect or perfect switches and non-identical or identical components when the system has
only one component in the standby mode.

Corollary 3.2 The reliability function of k-out-of-n system when n—k =1 is given by
1/1 {kdexpl=[(k DA+, e} -[(k -1 A+4, Jexpi-k At}}, (3.5)

)

Rt =
where ﬂ‘b =u+a .A

Proof. The proof can easily be reached by substituting from Eq. (3.1) into the relation
between pdf and reliability function given by

RO = [F)du (3.6)

Corollary 3.3 The reliability function of k-out-of-n standby system with perfect switch
when n—% =1 is given by

R(t) = ,1_1? {k Aexpl=[(k =) A+ u]t}-[(k 1) A+ ulexpi-kAit}}. (3.7)

Proof. Setting a =0 in Eq. (3.5) we obtain Eq. (3.7).
Corollary 3.4 The reliability function of k-out-of-n standby system with imperfect switch

but identical components, when n—k =1, is given by

R(t)= l{(k/l +a)exp{-k At} -k Lexp{- (kA +a)t}}. (3.8)
a
Proof. Setting 1= A in Eq. (3.5) we get Eq. (3.8).

Corollary 3.5 The reliability function of k-out-of-n standby system with perfect switch
and identical components, when n—k =1, is given by

R(t) = (1+kA)exp{— KAt} (3.9)
Proof. Take the limit of R(t), given by Eq. (3.8), when a —0 we can derive Eq. (3.9).

The following theorem gives the pdf of k-out-of-n standby system when the system has
more than one component in standby mode. From now and henceforth we shall use
f(z,n,,n,,n,) to denote the probability that one of the system components fails after sur-
viving for time z but the rest components are surviving given that the system components
are (n,, ny, n;).
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Theorem 3.6 The pdf of k-out-of-n system lifetime, when n—k >1, is

t o -k 2 2 n—k

f= j H j P(A)Y ... ZP(AI,Z)P(Al,.z,.l)...P(Al,z,.l,_,,n_k) oo @I ]dt,. 3.10)

i_e=l =1y

) {[u d, . (A-2)expl-lka-a, , (A-2)|} if k-d, , >0,
1' =

otherwise,

) { k- d,i,.,_,i,,, )Z.exp{— [(k _di,iz....i,,, )/1 + dlliz....im }“b] m+l} if k- d oy > 0’
’1’2 iyl

0 otherw1se,
P4, ,,)=d, .4 exp{ d, _‘,",ﬂbfmﬂ}x
exp{— (k‘di,i,.,._im )}L ,,,H} if k—d, , >0,
1 if k~d,, _l_mzo,
0 if k—-d, , <0,
P(A) =kAexp{-kit}, d,, , =#li;i;=1,j=12,..m},
and
T=t—t _,, T,=t—t_, i=12,...n—k;t, =0. (3.11)

Proof. Since the system fails if n-k+1 of its components fail. Components do not fail si-
multaneously. Then the system surviving period (0, f) can be divided into #-k+1 subinter-
vals, as shown in Figure 2. We assume that at the end of each subinterval one of the sys-
tem components fails after surviving for the length of that subinterval.

L 11 1 [ L]
] LI I'T 1 1

0 f od Beh a7 dt o vl

Figure 2. The system surviving period

Next we note the following:

At time #; : there is only one possible event, say 4,. This event may occur when one com-
ponent of type-I fails. Given this event has occurred, the system components become
(k—1,1, n—k —1). The system pdf is given by

f@) = IP(A])f(t—tl,k—1,1,n—k—1)dt,, (3.12)

1,=0

where P(4,)=klexp{-kit}.
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At time £, : there are two possible events, say 4;; and 4;; The event 4;, may occur when a
component of type-I fails given that the event 4, has occurred at time ¢,. Given the event
A, has occurred, the system components become (k -2, 2, n—k —2). The event 4;, may
occur when a component of type-II fails given that the event A; has occurred at time ¢,.
Given the event 4;; has occurred, the system components become (k-1,1, n—k—2).

The system pdf can be written as

t 1.

f(t): J‘ ].P(Al)[P(All)fn(t_tz)'*'P(Alz)flz(t—tz)]dtl dtz » (3-13)

where P(4,,) = (k—DAexp{-[(k-DA+4,]r,1,
P(4,,) = A, exp{=[(k-1D)A+4,]r,},
f-t)=f0-1,,k=2,2,n-k-2),
Jo—t)=f@-t,,k-1,1,n-k-2),7,=t,—t,.

At time 7; : there are four possible events, say 4;;;, A;12, A;2; and 4,23 The event 4;;; may
occur when a component of type-I fails given that the event 4,, has occurred at time #;
Given the event A, has occurred, the system components become (k -3, 3, n—k—3).
The event A4;;, may occur when a component of type-II fails given that the event 4,, has
occurred at time #; Given the event 4;;; has occurred, the system components become
(k—2,2, n—k-3). The event 4;,, may occur when a component of type-I fails given
that the event A}, has occurred at time ¢; Given the event A4;;, has occurred, the system
components become (k —2, 2, n—k —3). The event 4;,; may occur when a component of
type-II fails given that the event 4,; has occurred at time ¢; Given the event A4,,; has oc-
curred, the system components become (k —1, 1, n—k —3). The system pdf can be written

as
f(t):,3£,2£) ’I;[)P(A1){P(AH)[P(Am)fm(t_ts)+ P(Anz)fnz(t —ts)]+ (3‘14)
+ P(All )[P(Alzl)flzl(t - ts) + P(Alzz )flzz (t - tz )]}dtl dtz dt3
where

P(4,) = (k- DAexp{-[(k-DA+24,]e,}, P(A,,) =24, expl-[(k-21+24,]z,},
P(4,)=(k-DAexp{-[k-DA+ 4]}, P(4,) =4, expl-[(k-DA+4,]r,},
ﬁll(t_t3):f(t_t3’k—3’3’n_k_3)5 fllz(t—ts) = f(t—t3,k—2,2,}’l—k—3),
fm(t_ts)=f(t_t3>k_2527n_k_3)’ ﬁzz(t_t3) =f(t—t3,k—1,1,n—k—3),
and 7, =t —1,.

Generally at time ¢,,1<m<n—k : There are 2" possible events, say A, Where

i,=12, Vj=12,.,m Theevent 4;; , occurs whena component of type-I (type-II) for

im=1 (in=2) fails given that the event 4;; , has occurred at time 7,,_,. Thatis, 4,;, ,

denotes the event that system components survive for the period of interval (¢,.;, t, and a
component of type-I (type-II), for i,,=I (i,=2) fails at t,, given that the system components
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are (k—d, d

Ry =12 7 hiy o,

n—k—m+1).Given that the event 4;; , has occurred the sys-

tem components become (k — d,, 5>, s n—k—m). Then the system pdf becomes
m-1 'l 2 m
f)= j I1 j P4, )Z P(A)P(A, )P4y ) oo =t )] ]dt,, (315)
1,=0 J=1 1= =t =l o=l i1

The process is continued until the failure n-k. This failure is possible at time £, . This is
because at the end of the subinterval (f,..; t.4x) the system components become
(k-d,, . ..d, , ,0). Therefore, the system will fail at the next failure of one of the

remaining system components that may fail at the end of the last subinterval (f,., 7). It
means that the relation given by Eq. (3.10) can be derived from Eq."(3.15) by setting

m =n~ k. This completes the proof.
4. ILLUSTRATIVE EXAMPLES
To illustrate how one can use the previous theoretical results, we derive the pdf and
reliability functions of /-out-of-4, 2-out-of-4 and 3-out-of-4 system with identical or non-

identical components and perfect or imperfect switches.

Corollary 4.1 The pdf of I-out-of-4 cold standby system with imperfect switches is given

by
3 - 2 _ _ _
. f(t):lxlbexp[ A et +1 exp{—(4 2/Ib)}t . @1
A-A, 2 A-4, (A-4,)
Proof. Substituting k=1 and n—k =3 into Eqgs. (3.10) and (3.11), we get
F(t) = j j jP(A )ZZP(AHZ)P(AI,Z,J) fro ()dt dt, dt,, (4.2)
1,=01,=04=0 i=1 iy
where P(4,)=Aexp{-At},t=1-1; ;
a. d;=1,k-d=0then P(4,)=0, P(4,)=A4,exp{-4,7,} ;
b. d; =2 k-d;; =-1then P(4,,)=0, P(4,)=0, f,,(1)=0,f,(r)=0,;
c. dp=1 k-d;j=0then P(A,,)=2,exp{-1,7,} P(4,)=0,, f,(r)=0,
S (D)=4, exp{-4, 7},
Namely, Eq. (4.2) reduces to
JGE I [ [P4) P4 PA) frn()at dty al, (4.3)
1,=01,=0£,=0
That is,
@ =g expt-2,0} [ [ [exp{~(A=4,)1} di,dr, b, (4.4)

1.=01.=04=0
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Solving the integral in the right side of Eq. (4.4), one can derive f{?) as given by Eq. (4.1).

Substituting from (4.1) into (3.6) and solving the getting integral, one can derive the
reliability function of 7-out-of-4 cold standby system with imperfect switches in the
following form

AL { L=y X 3ub+31,§}xp{_ﬂbt}_exp{—m}}_ 45)

R(’):A—a,, 2 RG-A) BG4 MA-4,)

One can deduce the following special cases, from Eq. (4.5):

1) Setting u=A, then the reliability function of /-out-of-4 cold standby system with
identical components and imperfect switches becomes

R() = 1(/1+a) t2+(i+2a)t+/12+3a(l+a) a’exp{-at) expl-Az}.(4.5)
2 /1 2 a(l+a) dQA+a) A+a P o

2) Setting o = 0, then the reliability function of /-out-of-4 cold standby system with
non-identical components and perfect switches becomes

Al (8 (A-2u A -3u+3u’ } expi-At)
R(f) = L —un - SR L 46
O3 /1{2#+u2(/1—ﬂ)+ PREET a w—w} “o

3) Setting =4 and o —> 0, then the reliability function of /-out-of-4 cold standby sys-

tem with identical components and perfect switches becomes, which agrees with the
result presented by Grosh ((1989), p. 168)

[ A G gy
R(t)—{1+—l!—+ - S } exp{-At}. 4.7

Corollary 4.2 The pdf of 2-out-of-4 cold standby system with imperfect switches is given
by

242,
flt)y= W{ﬂexp{ 24,83 + (2A+ 4, )exp{-2At} +

(2 = Bt =34 - 4, Jexpi~(A + A,) 11}, (4.8)

Proof. Substituting k=2 and n-k=2 into Eqs. (3.10) and (3.11), we get

f@)= j j P(4, >ZP(A,, ) [y, (2t dt (4.9)

1,=04=0
where P(4,)=2Aexp{-24t},t=t~t, ;
a. d;=1, k-d;=1 then P(4,))=Aexp{-(1+4,)7,} ,P(4,) =4, exp{—(1+1,)7,} ;
b.d;;=2, k-d;; =0then f,(v)=(A+A,)exp{~(A +A)1}, f,,(r) =24, exp{-24r1},;
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Therefore, Eq. (4.2) reduces to
f@&y=244, | [expt-(A-4,)t} {2Aexpi-(A-4,)t, =241} +

t,=04,=0

+(A+A,)exp{—(A+4,)t} }dt dt,, (4.10)
Solving the integral in the right side of Eq. (4.10), one can derive f{?) as given by Eq. (4.8)

Now to derive the reliability function of 2-out-of-4 cold standby system with imper-
fect switches we substitute from (4.8) into (3.6) and solving the getting integral, we hence
get the following form

— t —_
R(t) = 212, : Aexp{-24, }+ (2A+ A)exp{-211} N
(A-4,) 22, 22

[(A-4,)t —2]€Xp{—(/1—1h)t}}-

(4.11)
One can derive the following particular cases, from Eq. (4.11):

1) Setting 1= A, then the reliability function of 2-out-of-#4 cold standby system with
identical components and imperfect switches becomes

R(t) =

AL +a) | Aexpi-2at} 3A+a ) .
o’ { 2+a) + ) [of +2]exp{ at}}exp{ 22t} (4.12)

2) Setting a =0, then the reliability function of 2-out-of-4 cold standby system with
non-identical components and perfect switches becomes

_ 2Apu | Aexp{=2ut} (2A+ p)exp{-211} o e
R(t)—(l_#)z{ 2 + ) +[(A— )t = 2]exp{~(4 ﬂ)t}}-
(4.13)

3) Setting z=Aanda — 0, then the reliability function of 2-out-of-4 cold standby sys-
tem with identical components and perfect switches becomes

R(@) :{1+2—M+M}exp{—22,t}. (4.14)

1l 2!

Corollary 4.3 The reliability function of 3-out-of-4 cold standby system with imperfect
switches is given by

R(t) =

5 BAexp{~(24+4,)1} - (2A+ 4, )exp{~3A1}}. (4.15)

b

Proof. Substituting k=3 into Eq. (3.5), we get directly Eq. (4.15).
One can easily deduce the following particular cases from Eq. (4.15):

1) Setting = A, then the reliability function of 3-out-of-4 cold standby system with
identical components and imperfect switches becomes
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R() =32+ 2, 3Aexpl-at)fexp{-3A1}. (4.16)
[94

2) Setting @ =0, then the reliability function of 2-out-of-4 cold standby system with
non-identical components and perfect switches becomes

R(1) :7};{3’1 exp{—ut} — (24 + p)exp{-At}fexp{~2At}. 4.17)

3) Finally, setting =4 and a@ — 0, then the reliability function of 3-out-of-4 cold
standby system with identical components and perfect switches becomes

R(t) ={1+3At}exp{-311}. (4.18)
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