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A NOTE ON THE MODIFIED
CONDITIONAL YEH-WIENER INTEGRAL

Joo Sup CHANG AND JOONG HYUN AHN

ABSTRACT. In this paper, we first introduce the modified Yeh-
Wiener integral and then consider the modified conditional Yeh-
Wiener integral. Here we use the space of continuous functions on a
different region which was discussed before. We also evaluate some
modified conditional Yeh-Wiener integral with examples using the
simple formula for the modified conditional Yeh-Wiener integral.

1. Introduction

Kitagawa ([5]) introduced the Wiener space of functions of two vari-
ables which is the collection of the continuous functions z(s,t) on the
unit square [0,1] x [0, 1] satisfying z(s,t) = 0 for st = 0, and then he
treated the integration on this space. Yeh([12]) treated the integration
of this space for the more general function and made a firm logical foun-
dation of this space. We call this space as a Yeh-Wiener space and the
integral as a Yeh-Wiener integral.

In [13, 14], Yeh introduced the conditional expectation and evaluated
the conditional Wiener integral for real-valued conditioning function us-
ing the inversion formulae. Chang and the first author ([3]) treated
the conditional Wiener integral for vector-valued conditioning function.
Chung and Ahn ([4]) considered the conditional Yeh-Wiener integral for
real-valued conditioning function.

Park and Skoug ([7]) introduced the simple formula for the conditional
Yeh-Wiener integral. Chang, Chung, Ahn, and Chang([2, 4]) used the
Yeh's inversion formula to evaluate the conditional Yeh-Wiener integral
for real-valued conditioning function. But, Yeh’s inversion formula is
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very complicated to evaluate the conditional Yeh-Wiener integral. Using
the simple formula, Park and Skoug ([7-11]) treated the conditional Yeh-
Wiener integral with vector-valued, sample path-valued, multiple path-
valued, and boundary-valued conditioning function.

Recently, the first author ([1]) introduced the modified conditional
Yeh-Wiener integral and obtain the simple formula for this integral.
And he also treated the modified conditional Yeh-Wiener integral for
the functional on various regions, for example, triangular, parabolic,
and circular regions.

The purpose of this paper is to treat the modified conditional Yeh-
Wiener integral for the more general region rather than the region in [1].
We can obtain the result in [1] as a special case and finally we discuss
the examples of the modified conditional Yeh-Wiener integral involving
the general region.

2. A note on the modified conditional Yeh-Wiener integral

Let g(s) be a strictly decreasing and continuous function on [a, b] with
g(b) > 0 and let Q2 be given by Q = {(s,t) | 0 <t < g(s) for a < s < b}.
And let C(2) denote the space of all real-valued continuous functions z
on (2 satisfying z(s,t) = 0 for (s — a)t = 0.

Let {s1,---,sm} be a partition of [a,b] with a = sy < sy < --- <
Sm = b and let {t;,--- ,t,} be a partition of [0, g(a)] with g(s;) = t,,_;
for i =0,1,2,--- ,;myand 0 =ty <t1 <+ <tp_pm < -+ < t, = g(a)

for n > m. Here, we note that n = m if g(b) = 0. Let 7 be a partition
of Q given by

(2.1) T={(si,t;) | j=1,2,--- ,n—14, fori=1,2,--- ,m}.
Let X, be a R"-valued random vector on C(f) defined by
(2.2)

X-,-(.’E) = (-’I:(Sl,tl),"' al'(shtn—l),"' ,.’L'(Sm,tl),"' 7x(smat’n—m));

for N = £m(2n — m — 1). Let I be the interval or the cylinder set of
the type

(2.3) I={zeC(Q) | X-(z) € B)

for B in BY, Borel o-algebra of RY. Define the set function 7 on the
collection Z of all the intervals I by

(2.4) mn:LKmmm,
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where
K(r, 1) = {(271')N(31 —a)" (S~ )V
[tl (t2 - tl) tre (tn—m - tn——m—l)]m
1
_ -2
(tn—m+1 - tn—m)m Lo, (tn—l - tn—Z)}
2.5 -1
9 exp{ - Yo —tgo)?
_"“m (um,J Um,j—1 — Um—1,5 + U — 1,5~ 1)2}
=1 2(sm — sm-1)(t; — tj-1)
with @ = (u1,1,** ,U1,n—1,U2,1, "+ »Um,n-m) 0 BY and upj = u;0 =0

for every ¢ and j. It can be shown that 7 is a semi-algebra of subsets of
C(€) and the set function / defined by (2.4) is a measure defined on
7 and the factor K(r, @) in (2.5) is chosen to make m(C(€2)) = 1. The
measure M can be extended to a measure on the Caratheodory extension
of interval class 7 in the usual way. With this Caratheodory extension,
measurable functionals on C(€?) may be defined and their integration
on C({2) can be considered.

Let F' be a real-valued integrable function on C(2) and let Px,_ be
the probability distribution of X, defined by Px_ (B) = m(X1(B)) for
B in BN. Then by the definition of conditional expectation ([13]), for
each function F' in L, (C(R2)),

(2.6) /X oy P 4G / E(F(@)|X,(z) = @) dPx. (@)

for B in BY and E(F(z)|X,(z) = i) is Borel measurable function of &
which is unique up to Borel null sets in RN . Here we call E(F|X,)(&) =
E(F(z)|X;(z) = @) as a modified conditional Yeh-Wiener integral of F
given by X..

For each partition 7 of Q and z in C(f2), define the quasi-polyhedric
function [z] on 2 by

(s~ si-1)(t —tj—1)

[z](s,t) = z(si—1,tj-1) + Asigt Aqjx(s,t)
(2.7) +2 ”Af;‘l (@(si,tj-1) — 2(si-1,1j-1))
t—
+ A t (m(sz 1,t5) — z(si—1,t;-1))
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on each Q;; = (8;-1, 8] x (tj-1,t}, 7 =1,2,--- ,n—ifori=1,2,--- ,m,
where A;s = s; — 5;_1, At = t; — tj_1, and Agjz(s,t) = w(s@,t )
z(8i—1,t;5) —x(8;,tj-1) + z(si— 1,tj 1), and

[z](s,t) = @(si-1,tn—s) + f_Af;;l(a:(si,tn_i) — 2(sio1,tni))
(2.8) e
+ A @ i) — 2(si-1, b))

on Q; = {(s,t) | si-1 <8< 8, thoy <t < g(s)},i=1,2,---,m, and
[z](s,t) =0if (s —a)t =0.

Similarl}’7 for 4 = (ul,l’ oty ULn—-1, U1, 7um,n—m) € RN, we de-
fine the quasi-polyhedric function [i] of @ on Q2 by

(s —si-1)(t —t;_1)

u)(8,t) = uj_1.;_ JAVTTS
[“]( ) ) i—1,7 1+ AiSAjt ij
8 — 8§i—1
(2.9) + ——Zi—s—“(ui,j-—l — Uim1,j-1)
t—t, 4
+ Aj]t (wim1,5 = Ui-1,5-1),
on each Qij, where AUI_I: = U5 — Ug—1,5 — WUi5—1 + Ui—1,5-1, and
B 8 — 8§;_
[@](s,t) = Ui—1,n—i + _A—’L—}'(uzn—z — Ui—1,n—i)
S
(2.10)
- tn—i
+ m(ui—l,n—-i—}-l — Ui1,n—i)

on each §2;, where ug ; = u; 0 = 0 for all ¢, j and [@](s,t) = 0if (s—a)t =
0.

REMARK 2.1. (1) In [2, 4, 5, 7-12], they treated the space C(§2) for
the region € given by 2 = {(s,t) | 0 <t < g(s) for a < s < b} only for
a constant function g on [a,b]. But, in [1], the first author treated the
space C() having a strictly decreasing function g on [a, b] with g(b) = 0.

(2) In this paper we obtain a little bit generalized result rather than
the result in [1]. That is, we treat g(b) > 0 and so the result (2.3) in
[1] is a special case m = n in (2.5). Here the measure 7 given by (2.4)
and (2.5) plays an important role. To obtain a modified conditional
Yeh-Wiener integral for a monotone function g, our result of this paper
is necessary.

In the rest of this section, we will state two important results without
proof which can be obtained with a similar method as in [1].
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THEOREM 2.A. Let F be in L,(C(£2), M), we have
eu) [ | F@ due) = [ B -+ @) dPx, @)
X74B) B
for B in BV

THEOREM 2.B. If F € L;(C(f?),m), then we have
(2.12) E(F(z)| X, (z) = @) = E[F(z — [z] + [@])],

where the right-hand side of (2.12) is a Borel measurable function of i
which is equal to E(F(x — [z] + [@])) for a.e. @ in RN. In particular, if
F' is Borel measurable, then

(2.13) E(F(z)|Xr(z) = @) = E[F(z — ] + [a])].

Theorem 2.B is a simple formula for the modified conditional Yeh-
Wiener integral which comes from Theorem 2.A. And it is very con-
venient to apply in application rather than the Yeh’s inversion formu-
lae ([13, 14]). In fact, we will use this simple formula Theorem 2.B in
the next section.

3. Examples of the modified conditional Yeh-Wiener integral

n [1], the first author treated the conditional Yeh-Wiener integral for
the functional F on C(2) where the region § is given by the triangular,
parabolic, and circular regions rather than the rectangular region in [7].
Here we will treat the slightly generalized and different region Q rather
than the region in (1].

EXAMPLE 3.1. Let Q2 be a region in the first quadrant given by Q =
{(s,t) | a < s <b 0<t < g(s)} for g(s) = ’Zfs—l-Tb ke and
T >k >0. And let F on C() be given by F(z) = [, z(s, t)dsdt Then
the modified conditional Yeh-Wiener integral of F given X, at @ in RV
is

31)  E(FIX,)@) = /ﬂ Ea(s,t) — [2](s, ) + [@](s, £)) dsdt,
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where the equality in (3.1) comes from Theorem 2.B and the Fubini
theorem. Since E(z(s,t)) = E([z](s,t)) = 0 and m(C(2)) = 1, we have

E(F|X,)(@) = /Q (s, t)dsdt

i)(s,t)dsdt
(3.2) > / [d](s, t)ds

i/ [@](s,t)dsdt,

where i = { (5,t) | si-1 < s <8y, thoi <t < g(s)}, 0 =1,2,--- ,m,
and Q;; = (s;-1,8:] x (t;—1,¢], 5 =1,2,--- ;n—ifori=1,2,--- ,m.
By (2.9) and (2.10), we have

(3.3) / [u)(s, t)dsdt = Lud T Mizls F e T UL A st
Q

ij

and

/ [ﬁ](s,t)dsdt = Ui—1,n—1 dsdt

Q; 2
Ui pn—i — WUj—1,n—i
. + s ) s — §;,_1)dsdt
(3.4) Ass /gli( )
n Ui—1,n—i+1 — Ui—1,n—i / (t — tn_i)dsdt,
JAVREPERY - Q

where A,’S = 8 — S;—1, A]’t = tj et tj—l-
By the straight calculation, we have

(3.5) / dsdt = zl(s,+s, 1) + 2(l2 — th—i)]Ais,

1
/ (s — s;_1)dsdt = 6{211 (82 + sisi—1 +52_1)
Q;

(3.6) +3(la — th—i — si—1l1)(8: + si-1)

—6si—1(la —ta_i)}Ass,
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and

1
Q (t = tn_i)dsdt = g{l%(sf +8i8i1+ 87 1)

(3.7) + 3(lg — tn—i)l1(si + 8i—1)

+3(lz — tn—i)*}As,
where l; = 2= and I, = T2=%¢_ From (3.4), (3.5), (3.6), and (3.7), we

b—a
have

(38) [ 105, Odsdt = Ap_iyat Ags M=t Mo F ity
Q;

Equality in (3.8) comes from the fact that t,—; = g(s;), th-it1 =

g(si-1), and Ap_j1t = ~LA;s, ¢ = 1,2,--- ,m. Combining (3.1),

(3.2), (3.3), and (3.8), we have

E(F|X;)(#)
m n—i
U5+ Uim1,5 + U1+ Ui—y j—1 A
= ,;SAjt
(3.9) gfz:l 4
+ Em: Ui, p—it]l + Uin—s + Uim1 n—i DiSDn_j41t
; 3 2
=1
for @ in RN.

The result (4.6) in [1] is a special case of (3.9) for m = n. Here we
consider the space C(2) with the region Q having a strictly decreasing
function g(s) = =5 on [0, S] with g(S) > 0.

EXAMPLE 3.2. Let = {(5,2) | 0 < s < 5,0 <t < g(s)} for
9(s) = ;1:? on [0, S]. And let C(Q2) denote the space of all real-valued
continuous functions = on  satisfying z(s,t) = 0 for st = 0. Let F on
C(?) be given by F(z) = [, x(s,t)dsdt. Then we have

E(/ﬂx(s,t)dsdt I XT(x)=ﬁ)
- / E(a(s,) ~ [al(s. 1) + [a](s, 1)) dsd
Q

(3.10) = / [u](s, t)dsdt
Q

m m—1

=22 /Q . [ﬁ](s,t)dsdt+; /Q i[ﬁ](s,t)dsdt,

i=1 j=1
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where §}; and Q;; are given as in Section 2. The first equality in (3.10)
comes from Theorem 2.B and the Fubini theorem and the second equal-
ity comes from the fact that m(C(R?)) = 1 and E(z(s,t)) = E([z](s,t)) =
0. Using (2.10), we have

/ [@](s, t)dsdt
Q;

= Ui—1,n-i(@; — tn—iD;s8)

Uin—i — Ui—1,n—1i

+ 2A18
(3.11) { 1+ s?
X sln——"4— — ¢ _-(s~+s-_1)A's—2a-s‘_1}
1+SZ2_1 n—1 K3 2 k2 1Y
Ui—1n—it+l — Ui—1,n—i
+ 9 3
485, it

1—s:81
(1+s2)(1+s2))

X {ai(l —4t,_;) + ( + 2t,21_i) Ais}

where a; = tan~!s; — tan"!s;,_;. From (3.3), (3.10), and (3.11) we can
evaluate the modified conditional Yeh-Wiener integral E(F|X;)(#) for
# in RV,
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