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IDENTICALLY DISTRIBUTED UNCORRELATED
RANDOM VARIABLES NOT FULFILLING THE WLLN

DIETER LANDERS AND LOTHAR ROGGE

ABSTRACT. It is shown that for each 1 < p < 2 there exist identi-
cally distributed uncorrelated random variables X, with E(]X1|?) <
oo, not fulfilling the weak law of large numbers (WLLN}. If, how-
ever, the random variables are moreover non-negative, the weaker
integrability condition E{X;log X1) < oo already guarantees the
strong law of large numbers.

Let X,, n € N, be a sequence of identically distributed uncorrelated
random variables. If E(X?) < oo then it is well known that X, n € N,
fulfills the strong law of large numbers (SLLN). Hence the question arises
what happens if E(X?) < oo is weakened to FE{(|X,|"?) < oo for some
p<2

For pairwise independent instead of uncorrelated random variables
the SLLN holds according to the fundamental theorem of Etemnadi (1981)
even for p = 1. Interesting generalizations of this result were given by
Soo Hak Sung [5]. He considered general strong laws of large numbers
for pairwise independent identically distributed random variables. More-
over he obtained necessary and sufficient conditions for the strong law
of large numbers. The following theorem shows that for uncorrelated
random variables, however, for each p < 2 even the WLLN may fail.

THEOREM 1. Let1 < p < 2. Then there exist identically distributed
uncorrelated random variables X,, with E(|X1|P) < oo, not fulfilling the
weak law of large numbers.
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Proof.  According to Lemma 4 it suffices to construct identically
distributed random variables Y, with

(1) E(lYilP) < oo, E{(Y,Ym)=-1 for n#m.
Since 1 < p < 2 there exist s € N with
(2) s(2—p)/p > L

Let X, ;, n,j € N, be independent random variables with

. o 11
P{Xn; =3 =P{Xn;=—j"}= 375
1
P{X,;=0}=1- o
Then
1
® By =0, B = 1 BlXasl) = oy
(4) Xn; and — X, ; have the same distribution;
o . <
(5) > (B X0 ;P)P e oo
i=1
Put 5 9
p Xpnj for 7<n° or j>2n"+mn
") —xy, for j=n?+i with i<n
and

o0

Yo=Y Znj neN
=1

Using (5) we obtain E(|Y,|?) < o0. As (Z, ;)jen has the same distri-
bution for all n € N (use (4)), the Y,,, n € N, are identically distributed.
Now let m,n € N with m < n be given.

For (1} it remains to prove that Y,, - Y, is integrable with E(Y,Y,,) =
—1. By definition of Z,, ; we obtain for jp = n® + m that

(6) Zm,jn = _Zﬂ,j();
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(7) Zp,js Znk are independent if j#£ jo or k# jg.
Since |V,.Y,,| < len’jllzm’k| and E(|Z,;|) = 3% we obtain the

gk
integrability of ¥,,Y,, by (6) and (7).
Using the theorem of Lebesgue we finally have

E(Y,Yy) = lim E( " Zn i Zm k)
fk<l

@0 F(Zn 0 Zm. i)
@ — L. O

The following considerations, Example 2 and Theorem 3 show that for
nonnegative random variables we face a different situation; it is possible
to obtain better results than suggested by Theorem 1.

If X, > 0, n € N, are identically distributed uncorrelated random
variables, then F(X) < oo implies the WLLN and E(XT) < oo for
some p > 1 implies the SLLN. There even holds a better result:

If X;, > 0, n € N, are uncorrelated-not necessarily identically dis-
tributed random variables then

sup E(X,(log X,)'7%) < 0o forsome ¢>0
neEN

implies the SLLN (Landers-Rogge [3]). The following example shows
that even for independent random variables X,, > 0 we cannot replace
€ > 0 by ¢ = 0 in the condition above. Theorem 3 shows that for
identically distributed uncorrelated random variables X,, > 0 we can
replace £ > 0 by £ = 0, however.

ExAMPLE 2. There exist independent random variables X,, > 0,
n € N with ZE(Xn log X,,) < oo, not fulfilling the SLLN.

neN
Proof. Let X, n € N, be independent random variables with P{X,, =
n} = m and P{X, =0} = 1- P{X,, = n}. Then sup E(X,
neN
log X;) < 1 and E(Xn) = gy As 3 _P{X, > n} = oo, the 0,1

neN
law of Borel-Cantelli implies that

(1) X,(w) > n infinitely often for P-a.a. w.
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The SLLN would imply (with a, := 1> "(X; — E(X;))) that
=1

n-—1

1
Qp_1 = H(Xn - E(X,))—0 P-ae.

an —
As E(X,)/n — 0 this contradicts (1). Hence the SLLN cannot hold. O
THEOREM 3. Let X,,, n € N, be non-negative, identically dis-

tributed random variables with E(X;X;) < E(X;)E(X;) for i # j and
E(X;log X1) < co. Then

%i(X; — E(Xz)) — 0 P-ae.

i=1

Proof. Let X;; = X, - 1{x,<i}. According to the proof of Theorem
2() of Landers-Rogge (1997) it suffices to show

=1
(1) Z; 7 B(XD,,) < oo
1=
1
(2) > TE(Xil{x;»i) <0

i=1

As X, n € N, are identically distributed integrable random variables,
(1) follows from the Lemma of Bose-Chandra [1].
Ad (2) : As X,,, n € N, are identically distributed, we have

oo |

2 - E(Xil{x,>i}) S

g=1

Zk+1P{k<X1<k+1}
k=

NgERANgE

(k+1)P{k<X1<k+l}Z—

k=1 i=1
Z Dlog(k + )P{k < X; <k +1}
k=
< 00,
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where the finiteness of the series follows from FE(X log X;) < oc. O

Schlémer [4] showed that E(X; log X1} < oo in Theorem 3 cannot be
weakened to E(X;(log X1)'~¢) < oo for some € > 0.

LEMMA 4. Let 1 < p < 2. If there exist identically distributed ran-
dom variables Y, with E(|Y1|P) < oc and E(Y,Y,) = —1 for n # m,
then there exist identically distributed uncorrelated random variables
X, with E{|X;|?) < co not fulfilling the weak law of large numbers.

Proof. Let (€2, A, P) be the original probability space on which the ¥,
live. Let w, @ be different points not belonging to Q. Put Q2 := QU {w, @}
and let A be the g-algebra on §} generated by AU {{w}}. Put

P(A) = 3 PIAND) + leu(d) +eo(d)] for ded

Let X,, on §) be defined by
-1 for w=uw,
Xo(w): =< Ya(w) for we
1 for w=a.

Then X, are identically distributed uncorrelated random variables
X, with E(|X]P) < co. Since

1o 1o
- Z;Xi(g) =-1 and > Z;X,;(w) =1,
X, do not fulfill the weak law of large numbers. 0

Let us remark that Theorem 1 also shows that the results of Soo Hak
Sung [5] for pairwise independent random variables with E(|X,|P) <
oo cannot be obtained for uncorrelated, identically distributed random
variables.
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