Bull. Korean Math. Soc. 38 (2001), No. 3, pp. 487-493

C* EXTENSIONS OF HOLOMORPHIC FUNCTIONS
FROM SUBVARIETIES OF A CONVEX DOMAIN

Hoxg RAE CHO

ABSTRACT. Let 2 be a bounded convex domain in C™ with smooth
boundary. Let M be a subvariety of 2 which intersects 92 transver-
sally. Suppose that 1 is totally convex at any point of @M in the
complex tangential directions. For f € O(M) N €°°(M), there
exists ' € O(12) N ¢ () such that F(z) = f(z) for = € M.

1. Introduction

In this paper we study the problem of extending holomorphic func-
tions from a subvariety of a convex domain. More precisely, we get the
C*> boundary regularity of extension functions from a subvariety of a
convex domain. For the construction of an extension function we will
use the integral formula constructed along the lines in Berndtsson [6].

Henkin [10] introduced methods of integral representations in order
to obtain the bounded extensions of holomorphic functions from sub-
manifolds to strongly pseudoconvex domains. Since then, many works
on regularity problems of extension functions have been done in various
function spaces {[1], [2], [5], [7], (8], [9], [11]). It is a natural question
to ask whether similar regularity results hold in general pseudoconvex
domains. It turns out the bounded extension is false in general, even
in the case of complex ellipsoids {12]. In [4] we obtained the Lipschitz
extensions of holomorphic functions from a subvariety of dimension 1 to
a convex domain. In [3] we studied the problem of extending holomor-
phic functions from a subvariety of an analytic polyhedron and obtained
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LP(1 < p < o) and HP(1 < p < oo) extensions of holomorphic func-
tions.

Let 2 = {p < 0} be a bounded convex domain in C" with ¢

boundary. Let M be a subvariety of dimension m in a neighborhood of
Q given as

H: {Z;hl(z) == hn—m(z) = O})

where h; € O(0). Let M = M N Q and M = M N 3. We assume the
transverse assumption that

(1.1) A NOhu m ANOp#0 on IM.

In [13}, Range introduced the total convexity to study the boundary
behavior of the Carathéodory metric and holomorphic mappings.

DEFINITION 1.1. Let { be a boundary point of . We say that Q is
totally convex at { in the complex tangentiol directions if

QN (TEO0) +{¢h) = {¢},

where ng(aﬂ) is the complex tangent space of Q) at (.

ExaMPLE 1.2. Let

1
_ 2. 2 v
Q—{ZE(C,|21Q +e -exp(—w)<1}.

If v > 3, then Q is a convex domain with C*® boundary, and  is totally
convex at any point of 82 in the complex tangential directions.

THEOREM 1.3. Let Q € C™ be a bounded convex domain with C*
boundary. Let M be a subvariety of 1 of dimension m satisfying the
transverse assumption (1.1). Suppose that Q is totally convex at any
point of &M in the complex tangential directions. Let f € O(M) N
C*(M). Then there exists a holomorphic function F' € O(Q) N C=(Q)
such that F(z) = f(z) for z € M.
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2. Proof of Theorem 1.3

Let h;,(¢, z) be holomorphic functions in Q x Q such that
hi(Q) = hi(2) = D hin(C, 2)(Ge = 2),
k=1

h;i. are so-called Hefer functions to h;, and define the (1,0)-forms H; =

> hjkd¢y. Then

k=1

HiA - AHp_m AORL A -+ ABRp—my

— d
H [ohP 5

is a (n — m,n — m)-current whose coefficients are measures supported
on M, and which depending holomorphically on z € Q. Here |0h] is
the Euclidean norm of the form 8h = 8hy A+ - A Ohy_p, and dS is the
measure on M induced by the Euclidean metric.

We define

o6 =3 g‘—gmj ) = p(0).

j=1
The followings are well-known consequences of the convexity of (2.

LEMMA 2.1. The function ¢ : Q x @ — C has the following proper-
ties:

(1) peC®@ @ xQ) and ¢((,) €O forall (€t

(2) For ¢ € OQ, Ho(0Q) + {¢} = {z € C% (¢, 2) = 0};

(3) 2Re $(C,2) > —p(C) — p(z) forall (ze€ .

For any f € O(M)NC'(M), we have a representation [6]

(2.1) flz)= fIOP,2) for zeM,
CeM
where .
i (Y 1 \"
PG = cgmmmie (o )
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We write M in the integral in (2.1) to emphasize that the integration is
performed only over M, even though it would be more correct to write
Q, since the kernel is a (n,n)-current in Q. Note that

— 1 a8 %)
00 log — = 6‘028’0 - @
—p p p

Hence we have

f(Qw(C, z)

cem O™TC, 2)]

where w is a bidegree (m,m) in ¢ and (0,0) in 2 which is smooth in a
neighborhood of M x £ and holomorphic in z € €. Therefore,

F(:—:)z/C FE)w(S, 2) for zeQ

em ¥MH(, 2)

is a holomorphic extension of f to 2.
For the proof of Theorem 1.3, it is enough to prove that the function

L[ HOAG) ]
G(z)—/cMgbmH(g 24S for 20

flz) =

is C* up to the boundary 89, where A € C*°(M x Q) is holomorphic
in z € £ and dS is a surface measure on M.

LEMMA 2.2 ([9]). Let ((o,20) € 0 x 85 such that ¢((g,20) = 0.
Then there exist neighborhoods W of (g and V of zy, such that for
each z € V, there exists a C* local coordinate system ( + t)({) =
(t1,...,t2n) on W with the following properties:

t1(¢) = p(C), 12($) = Tm B((, 2), t3(z) = -+ = tan(2) = 0;

(2.2) [0 — ()] ~ 1¢ = ¢
for all {,{' € W, with the constants in (2.2) independent of z € V.

The conclusion will follow by Sobolev’s embedding theorem if we can
show that for all multiindices «

5lel

52 G(2)

< Cy uniformlyon €.
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For j =1,...,n, it follows that

F(04,(¢,2)
500 [, woicn SO

where

45(6.2) = B a0, 2) 4 (m+ DA )

5 )

Hence, in general, for any multiindex «,

|| z
3_@(2) =/ M ds(¢), ze€f,

dz® a g HITRI(C, 2)

where A, € C®(M x ). By the compactness of 8¢, and a partition of

unity, the estimation of aéZLG is reduced to proving the estimate

l1{2)| < Cs uniformly for all z€ QNYV,

1= [ MO8

aw  ¢mrItlel(( 2)
W,V are neighborhoods as given in Lemma 2.2, and x has compact sup-
port in W. Let B,{{,z) = x({)f(C)Aa((, z). Introduce the coordinate
system ¢t = t\*)(¢) given by Lemma 2.2. Let

Baolt, z) =Ba(t, 2)

where

8¢ d¢p 0
B, k(t, z) =— (2k — 1) = Ba, t, — —B,x_1(t, 2),
7k( Z) ( )mg k— 1( Z) + at2 atQ ,k 1( Z)
k=1,2,.... We first integrate by parts in ¢», using the fact that

1 104 1
W_E(ab) Btg(E)'

Since B, has compact support in W, by integration by parts, one obtains
B, (t,z)
I(Z) = /;|< W dt
1 doé
= — Ba t Z
Ty o (5) Bt
B

1 1
= mﬁlﬁc W(?ﬁ;) a,l( ) dt.
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Continuing this process, we obtain

1 1 /06N ~20e+D
1= et [ () 0

(m+ o} -m fiy<c 6™ \ Otz

1 ae —2(laj+m-+1)
T A o) A<clog¢ (a_tz) Bo,jaj+m+1(t: 2) dt.

Note that 92 = ;2 Re ¢ + i, and so | 52| > 1. Thus (9¢/8t;)~** B,
has compact support. By the inequality (3) in Lemma 2.1, we have

1(2)] < Ca f| _ loglgil a

t

< Co Hog([t1| + [t2])|dt1dt2
[(t1,t2)|=c

1
< Ca/ |logr| r dr
0
< (C, uniformly forall z€QnNV.

Thus we get Theorem 1.3.
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