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A GENERALIZATION OF STRONGLY
CLOSE-TO-CONVEX FUNCTIONS

YoUNG OK PARK AND SUK YOUNG LEE

ABSTRACT. The purpose of this paper is to study several geometric
properties for the new class G () including geometric interpreta-
tion, coeflicient estimates, radius of convexity, distortion property
and covering theorem.

1. Introduction

Let Cq(0 < o < 1) be the class of all functions
(1.1) f)=z4) anz"
n=2

analytic in ¥ = {z: |z| < 1} that satisfy f'(z) # 0 and

82
2 argle f'(re')|d8 > —am
9, 90

for all 8; < @, and 0 < r < 1. The class ', is the class of close-to-convex
functions introduced by Kaplan [4], and the class C,, are subclass of Cy.
The class € consists of all convex functions.

Ch. Pommerenke [9] showed that a function f(2) of the form (1.1)
belongs to C, if and only if there exists a function h{z) starlike in F
with A{0) = 0, ~'(0) = 1 such that

zf'(2)
h(z)

(1.2) ’arg ’ < ga, (z € E).
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Let V(2 < k < 4) be the class of all functions f(z) represented by (1.1)
in E and satisfy f'(z) #0in E and

2
limsup /
r—1 0

V. is the class of functions with boundary rotation at most kx. Every
function f € V. can be given by the Stieltjes integral representation

Re{l + z;”;(z,;) Hdﬂ <kr {z=re? r<1).

an(z) B 1 2”1—5—81‘92
fi(z)  2n )y 1—ez

d(6),

(1.3) 1+

where fozw d(0) = 2m, (?W [d:(#)] < km and ¥{f) is a function of
bounded variation on [0, 2x].

We shall generalize the definition (1.2) of Pommerenke’s class of
strongly close-to-convex functions by using a function g(z) in the class
Vi of bounded boundary rotation for 2 < k < 4. We shall denote this
new class of functions by G(8).

DEFINITION. Let f(z) be a holomorphic function in E with normal-
izations f(0) =0, f/(0) = 1. f(z) belongs to the class G, () if f'(z) #0
in F and satisfies the condition

((j))ls%’r, 0<B<1,z€E)

| arg

fn’
gf
for some g(z) in Vi, (2<k < 4).

Note that if & = 2,G,(8) reduces to the class of strongly close-to-
convex functions of order 3 which was studied by Ch. Pommerenke [9].
If Kk = 2,8 =0, Ge(8) reduces to the class of convex functions. If
k= 2,8 =1,Gr(B) reduces to the class of close-to-convex functions. If
3=0,2 <k <4, then G(3) reduces to the class V.

In this note, we reduce several geometric properties for the new class
Gr(8) including geometric interpretation, radius of convexity, distortion
property, covering theorem and coefficient estimates.
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2. Properties for the class Gi{f3)

THEOREM 2.1. For the class of functions G(8),0< <1, 2<k <
4, the inequality

b2 ; " i —kﬁ
(2.1) /9 Re(1+ e “},((::w)))de > e,

holds for all 6; < 8 and for all 0 < r < 1.

Proof. Suppose f € Gi(B), and let g be an associated bounded
boundary rotation function. Then for a suitable choice of arguments,

Jarg £/(2) ~argg/ () < B < B 0<ps
Let 9

F(r,0) = arg{ 5 f(re”)} = axg f'(re”) +  + 0
and

G(r,0) = &rg{;;%g(?‘ew)} = argg/(re'’) + % +9.

Since g is a bounded boundary rotation function, G(r, ) is an increasing
function of #. The definition of G (8) gives us that

[F(r,0) ~ G(r0) < 2w, 0<H<L

Thus for 6; < 8,,

F(T‘, 92) - F(T‘, 91)
= [F(r,82) — G(r,02)] + [G(r,82) — G(r,6:)] + [G(r,0:) — F(r,6,)]

kB k3
> —4“-11"“0"'471'
_ ko
= 2?]"

which is equivalent to the condition (2.1). O
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REMARK. From Theorem 2.1, we can interpret some geometric mean-
ing for the class G (). If we suppose that the image domain is bounded
by an analytic curve C, the outward drawn normal at a point on C has
an angle argle® f'(¢®)]. Then from (2.1), it follows that the angle of the
outward drawn normal turns back at most %ﬂ. This is a necessary
condition for a function f to belong to Gx(8). It will be interesting to
see if this condition is also sufficient.

LEMMA 1 ([2]). Let g € Vi (2 < k < 4). Then there are two starlike
functions s, and s, such that for z € E

(2Eh)st

THEOREM 2.2. Let C(f) denote the class of close-to-convex functions
of order 8. Then f € Gi(B), 0<B3<1, 2<k<4 ifandonlyif

m (zﬁ*%
K1
4 2

fi(z) =  ma(z),ma(z) € C(B).

'
1
i (

Proof. From definition of Gi(f3}, we have
1
f'(z) = ¢'(2)RP(2), ¢ € Vi and |argh(z)| < 5

Using Lemma 1, we know that there are two starlike functions s; and
3o such that for z € E,

—_—
3
i
[~
3
p——

apr| wkr
+

W= A=

=]
-
o
[
R
Il
o
L~ |t
®
[

—
w
o t—

where m; and mg are two suitable selected close-to-convex functions of
order S. O
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THEOREM 2.3. Let f € Gi(8). Then the radius ry of convexity for
the function f is given by

= (k+20) - VE+45ETH) 4], 2<k<4

Proof. By definition of G (53)
T
2f'(2) = 2¢'(2)RP(2), g€ Vi, larg h(z)| < ok
Thus

(2f(2) _ (29'(2)" | 2W(2)
f'(z) g'(z) h(z)

and 0 G o @) )
Z A Z zZ z
Rty 219 e |

For g € V4, it is well-known that, for z = re??, 0 < v < 1,

(zg'({2)) S r2 —kr 4+ 1.

e C I
Hence
(zf'(z)) _ r2—kr+1 2r r? — (k+28)r + 1
R > - =
¢ fiiz) — 1-72 ﬁl—rg 1—r2

Therefore the radius of convexity rg = % (k+28)—/k? + 48(k + 8) — 4.0

LEMMA 2 ([11]). Let Q(2) be analytic for z € E with Q(0) = 1. Then
Re Q(z) = v if and only if

1+ (1 - 2v)g(2)

where g(z) is analytic, g(0) = 0 and |g(z)| <1 for 2 € E.
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THEOREM 2.4. Let f(z) € Gx(8), 0< 3 <1, then
D 1f) < Sy,

)2+1 1—-r

@) /') 2 o L (2.
Equality holds in (1) for the function

aE@ = (1+t)fvl(1+t)ﬂdt

0o (1-—pstiNl—t

and equality holds in (2) for the function

Proof. Let ¢,(z) = Q%(z), where Re Q(z) > 0, 0 < 8 <1, ¢(z) € V4.
Then from the Lemma 2
fl(z) _1+g(z)1?
2 70~ et

where g(0) = 0 and |g(2)] < 1 for z € E. Since g(z) satisfies the
conditions of Schwarz’s lemma, (2.2) yields

1—r18 _1f'(2) 1+7r17
(23) [1—%—?"] = ¢’(z)’ = [l—r] '
In (8] it was shown that
(1-r)i-? (1+7)3t
2.4 w=nr e
(2.4 T SOl

Combining (2.3) and (2.4)

0o () s S0 ()

To prove that fi(z) € Gi(8) and fa2(2) € Gi(B), let

o= [ G )
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o) = [ El ) L VF

1)zt 1+

and . -
Fl+t)e !t /z (1—¢t)z~
)= | —I—dt, z)= [ st
Since —}(i = ({££)°, d);(z% = (i; have argument which is less than
57’7, it sufﬁces to show that ¢,(z2), ¢2(2) € Vi. However, it was already
shown in [8] that ¢;(2), ¢2(2) belongs to Vj. a

THEOREM 2.5. Let f(z) € Gx(3),0 < 3 <1, then
(1 t)E*1 1-—

o (1+t)5+! 1 +1

Equality holds on the right-hand side for

TA)ET 141

o - pFn it

Da<ife)is [ '

(1*t)5+1(1—t

fi(z) = )Pt

and on the left-hand side for

[ A-nitl 1t
fQ(Z)__/(] Crpiar)

Proof. Integrating along the straight line segment from the origin to
z = re*® and applying Theorem 2.4, we obtain

re TA+)E 14808
Z)|S/0 |f (te9)|dt§f0 (1—t)%+1(1_t) dt,

which proves the right-hand inequality. To prove the left-hand inequal-
ity, for every r we choose zp, |zg| = r, such that

|/ (z0)] = main [£(2)]

If L(2p) is the preimage of the segment {0, f{zy)}, then

s _ %—1 _
F@I= Gl > [ ip@ldelz [ S (2 w

L(z0) o (T4+e)s+iN1+¢
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THEOREM 2.6. Let f(z) = z -+ Zanz" be in Gr(B) for 2 < k <

n=2
4, 0< 3 < 1. Then the coefficients satisfy the inequalities

k
lag| < —+ﬁ
09 toisE e (B2 (Y
BB (210 e (840

Proof. Since f(z) is in G(0), there exists a function ¢(z) € Vi, 2 <
k < 4, satisfying |arg £ (z)| < %’r We may assume that f(2) and ¢(z)
oo

¢'(2)
are f(z) =z+ Zanz” and ¢(z) =z + chz“. If we write
n="2 n=2

eo  LE-ber- [1+sz], aega(2)] < 3,

then we obtain the following relations among the coefficients
203 = 2¢p + By
6as = 6cs + 48b1cy + B(8 — 1)B° + 285,
(2.7) 24a4 = 24cy + 188byc3 + 46(8 — 1)bico + 88bycy
+2(8 — )83y + (B 1)( — 2)b8
+6(5 — 1)b1by + 4bycy + 6b3.
For the function (2.6), we have the well-known bounds [1]
(2.8) ba] €2 (n=1,2,3,--+)
and for the function ¢(z) € Vi,2 < k < 4, we have the inequalities [5]

(2.9) e <
les| < <Kkt
“l=y 3
k3 + 8k
<
leal = —55

From (2.7),(2.8), and (2.9), we obtain the results. a
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THEOREM 2.7. Let f(z) € Gy(B) with f(2) = z+ Y anz" for 0 <
n=2

B<1, 2<k<d4.If f(z)#cforz € E, then

2
le] 2 —s7—-
4+20+k

Proof. If f(z) does not assume the value ¢, then

cf(z) =z+ ((12 + %)zg + i bp2"
n=3

c—f(z)
is in the class S of normalized univalent functions in E. Hence,
1
(2.10) oz + | <2

Applying the triangle inequality and the coefficient estimates for G (3)
to (2.10), we obtain

1
2|~ laal <2,
C
1 k 44+ 2 k
C|<2+lal <24 g+t =120
c 2 2
ol > ——
—44-28+k U

LEMMA 3. Let H be analytic and be defined as
H(z)g'(z) = (24 (2)), g€ Vi

and

0 = (5 s - (5~ Do

larghn(2)] < 7, largha(2) < 5. ha(0) = ha(0) = 1.

Then y e -
1 i 2 1+ ]C —].T i0
— < =re".
2x J, |H(z)|“d8 < - , zZ=re
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Proof. From the representation formula by Paatero [7], we can write

1 27T ?.,t
H(z) = f L zet ),
0

o 1 — zett H

where fo du(t) = 27 and fo |[du(t)l < km. Let H(z) =1+ ch

Then
1 2m ) 1 2m
R / e and e < 2 [ ldu(t)] < k.
i ) T 0
Therefore
1 /% |H(z)|%d0 = 1+ i!cnl%z" <1+ kzirzn
2m Jo n=1 - n=1
14 (k2 — 1)r?
- 1— 72 ' U

THEOREM 2.8, Let f(z) = z + Zan " ¢ Gg(fB). Then for n >

1, [{@nyt] —|an]| < elk, B)nT=1, where c(k,ﬁ) is a constant and depends
on k and .

Proof. Since f € Gy(8), we can write for z € E,
f2) = g()hP(z), geVi and |argh(z)| < g
Let
(211)  F(2) = 2(zf'(2)) = 2 (2)[H(2)h(2) + B2k ()W 7 (2)

where |arg h(z)| < Z and H(2)g'(z) = (29'(2)), with H(z) = (& +
Dhi(z) — (§ = 3)he(2),

|arg hi(z)] < , larg ha(2)] < %, h1(0) = ha(0) = 1.
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Thus, we have for { € E and n > 1,

1

27
|{(n + 1)2£an+1 — nza,n| < Py ](; |2 — g\ F{z)|d8,

and by using Lemma 1 and (2.11),

l(n+ 1)%€an41 — n2an|
L[, _ i@t
212)  <p| ) e

+ Bzh'(2)|R7 1 (2)|df,

|[H (2)h(2)

AID—' .blb—l
mp—- i

459

where s, 89 are starlike functions. We know that for starlike function

se 8",

e SIS

(2.13)

Let 0 < r < 1. Then by a result of Goluzin [3], there exists a z; with

|z1] = r such that for all z, |z| = r,

2

(2.14) |z — z1|[s(2)| < T

From (2.12), {2.13), and (2.14), we have
l(n +1)*€ans) — nlay)
1 Ay kk—3 ;o 272 r 1k-3%
(2.15) S Guprtl (F) (1 — TZ) ((1 — r)2)

2T
x f H(2)h(z) + B2k ())HE~ (2))d6.
0

Now as in [10], we have with z = re®,
1 1 + 3r
2. — <
(2.16) %/ﬂ hz)?de < =0 and

2
__f [zh’(z)|d9< 2, where |argh(z)| < g
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Also, by using Schwarz’s inequality, Lemma 3 and (2.16),

(2.17)

! %H h K (2)}R?~1 (2)|d8
o [ HEERG) + B 7 )

1 2 1 2
< a - ! hﬁ-l
< 277/0 |H{2)h" (2)|d8 + o ), Blzh'(z) (z)|d@
1+ (k% —~1)r2\3 1+ 3r2\ % 7 1432\
_( 1-r2 ) (1—7'2) 1—'1"2(1—7'2) ’

Hence from (2.15) and (2.17),

[(n + 1)2€an41 — nan]

1 1 2 a1 1 (1+3r2 g
< —
= ,,.n+122 [(1+(k 1)r®)2 + rf] (l—T)%k'H 1 — 2 ) )

and choosing [¢| = 7 = (727)?, we obtain for n > 1,

n?lant1l = lanl}

< (k + B)e2s (%) s (%) Tk

Thus |lans1] — e € ok, BmzF=1, O

(2]
3]

[5]
[6]

(8]
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