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ON A CHARACTERIZATION OF THE
EXPONENTIAL DISTRIBUTION BY CONDITIONAL
EXPECTATIONS OF RECORD VALUES

MIN-YOUNG LEE

ABsTRACT. Let X1, Xa, - be asequence of independent and iden-
tically distributed random variables with continuous cumulative
distribution function F(z}. X; is an upper record value of this se-
quence if X; > max{X1, Xa2,---, X;j_1} We define u(n) = min
{3li > u(n — 1), X5 > Xym-1), n = 2} with u(l) = 1. Then
F(z)=1-e %, 2> 0if and only if BlXy(nt1) — Xugn) | Xum)
=yl =cor B[Xymia) — Xum) Xupm) =9l =2e,n>2m+ 1.

1. Introduction

Let {X,,n > 1} be a sequence of independent and identically dis-
tributed(i.i.d) random variables with a common continuous distribu-
tion function F'(z) and probability density function f(z). Suppose ¥, =
max{X;, Xo,--- ,Xn} for n > 1. We say X; is an upper record value
of this sequence if ¥; > Y;_;,7 > 1. By convention X; is an upper as
well as a lower record value. We can transform from upper records to
lower records by replacing the original sequence of random variables by
{_Xj ,J 21}

We define the record times u(n) by »(1) = 1 and

ufn) =min{j|i > u(n — 1), X; > Xy(n-1):n > 2}.

The record times of the sequence { X,,,n > 1} are random variables and
are the same as those for the sequence {F(X,};n = 1}. We know that
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the distribution of u(n) does not depend on F'(z). Hence, the distribu-
tion of #(n) can be determined by considering the uniform distribution
F(z) = z. Also we will denote L{n) as the indices where the lower
record value occur. We will call the random variable X € EXP(6) if the
corresponding probability density function f(x) of & is of the form

0, otherwise.

Characterizations of the exponential distribution have been exten-
sively studied in the literature. Tata(1969) characterized the expo-
nential distribution by the independent X, and Xy, — Xy,. Ahsan-
ullah(1982) showed that if F' belongs to the class C; and E(Xy), k >
1l is finite then X € EXP(¢), if and only if for some fixed n,n >
L, E(Xynt1) = Xun)) = E(Xk). Also he characterized for F' € Cy
with finite first moment X, € EXP(c¢) if and only if for some fixed
n, E(Xy, — X1, ,1Xyp,,, = u) is independent of u.

In this paper we will give a characterization of the exponential distri-
bution by considering conditional expectations of record values.

2. Results

THEOREM 1. If F(x) is absolutely continuous with F'(z) < 1 for all
x then

(1) E[Xu(n+1) - Xu(ﬁ)lxu(m) = y] =¢ c>0, n2m+1

ifandonly if F(z)=1~¢e"%, £>0.

THEOREM 2. If F(x) is absolutely continuous with F{z) < 1 for all
T then

(2) E[Xu(n+2) - Xu(n) !Xu(m) = y] =2, ¢>0, n>m+1

ifandonly if F(z)=1—-¢"%, > 0.
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3. Proof

Proor OF THEOREM 1. If X € EXP(c), then E[Xy )| Xum) =
y] =y + (n — m)c. Hence (1) holds.

Conversely, suppose (1) holds. Using Ahsanullah formula(1995) it
follows the following equation.

1—iwyylm(nj%wioniiﬁxg)n_mxﬂxmx

1 o0 1 L 1-F(y) e
l—F(y)/y m—m = 1) (1 1—F(:c)) f(z)dz

=¢, wherec>0,n>m+1

o (R e

— (Tz——'ri———l)' /:0 (ln %P%)n_m_le(w)dw

= ¢(1 - F(y)).
Since F(z) is absolutely continuous, we can differentiate (n —m +1)

times both sides of (4) with respect to y and simplify, then we obtain
the following equation

) of) +Fly) = 1 ke, J)+ Fly) =
When we solve differential equation of (5), we get
Flyy=1-e L.
This completes the proof. il

Proor oF THEOREM 2. ¥ X € EXP(c), then E[X,my|Xuim) =
y] =y + (n — m)c. Hence (2) holds.

Conversely, suppose (2) holds. Using Ahsanullah formula(1995) if
follows the following equation ; that is,

(6) —1)— /yoo (ln %_ﬂyl)némﬂmf(m)dm

(n—m+1)! F(z)

o * n 1-Fy) F(y) n—m—lm z)dx
m—nalﬂL Ol—F@J fz)d
— 2(1 - F(y)).
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Since F(z) is absolutely continuous, we can differentiate (n — m + 2)
times both sides of (6) with respect to y and simplify, then we obtain
the following equation

(1- F))*f ()
fy)?

Let y = F(y) (i.e, ¥ = f, ¥’ = f'). Then it expressed the following
form

3(1 - F(y)) — 2cf(y) + =0.

(1—y)%y"
y'®

It

(7) +3(1—y) -2y =0 ie, ¥ = flz,u,v)

Therefore there exists a unique solution of the differential equation

(7) that satisfies the prescribed initial conditions %(0) = 0, ¥'(0) =

GIHEY | =

By the existence and uniqueness Theorem, we get Fi(z) =1—¢~
This completes the proof. g

References

[1] M. Ahsanuallah, Characterization of the exponential distibution by some prop-
erties af the recard values, 1982,

, Record Statistics, Nova Science publishers, Inc, Commack NY, 1995.

[3] E. Boyce and C. Diprima, Elementary differential equations and boundary value
problems, John Wiley & Sons, 1976.

[4] M. N. Tata, An oulstanding value in o sequence of random variables, Zeit.
Wahrscheinlichkeitsth 12 (1969), 9-20.

Department of Mathematics
Dankook University

Cheonan 330-714, Chungnam, Korea
E-mail: mylee@anseo.dankook.ac.kr



