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INJECTIVE PROPERTY OF
LAURENT POWER SERIES MODULE

SANGWON PARK

ABSTRACT Northcott and McKerrow proved that if R 1s a left noethe-
nan ring and E 1s an 1njective left R-module, then E[z™!] 1s an in-
Jectwve left R[z|-module. Park generalized Northcott and McKerrow’s
result so that if R 1s a left noetherian ring and E 1s an mjective left
R-module, then E'z~5} 1s an mjective left R|z|-module, where S1s a
submonoid of N { N 1s the set of all natural numbers) In this paper we
extend the injective property to the Laurent power series module so
that if R 1s a ring and E 1s an injective left R-module, then Eliz—1, z}]
is an njective left R[zS}-module

1. Introduction

Northeott. {3] considered the module k[z~!] of inverse polynomial
over the polynomial ring kfz] (with k a field), and Northcott and McK-
crrow 1] proved that if R is a left noetherian ring and £ is an injective
left R-module, then E[z™!] is an injective left R{z]-module. In [6]
Park generalized Northcott and McKerrow’s result so that if R is a
left noetherian ring and ¥ is an injective left R-module, then Efz~5]
is an injective left R[z®])-module, where S is a submonoid of N ( N is
the sct of all natural numbers) In this paper we extend the injective
property to the Laurent power series module so that if R is a ring
and F is an injective left R-module, then E[[z~%, z]] is an injective left
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R{z%]-module. Inverse polynomial modules were developed in [4], (5]
and recently in 2], [7].

DEFINITION 1 1. Let S = {0,k;, k»,k3,- -+ } be a submonoid of the
natural numbers and M be a left R-module, then the Laurent power
series M[[z~1,z]] is a left R[z%]-module such that

(- +mat 4+ +mr+me iz g )

=.-t+rmat+ - +rmzx+rmo+rmz i bt 4

and such that

mk'(~~+m39;‘7+-~-{—mlx-]—mo-}-nlx“l+---+n3m'f+...)

= +m323+k‘ + o+ muet R mez® gt

iz TR 4

LEMMA 1.2. Let T = {z,i € S} C R[z%)] (S is submonoid of the
set of all natural numbers N), then the locakzation T~ R[z®] is a flat
R[z5]-module.

PROOF. Assume f: M [z~5] — M[z~5] is monic. We.must show
1@ f:T7'M [z7%] -5 T-'M{z~%] is monic,
=120 12=5] = T—1 R[S -8
where =M [x ]——-T R[:B }®R[ms] M'[.’B ]
T_]'M[J:HS] = T_IR[IES] QR[] M[ﬂ:*sl.

- ARt ' @mo+muz™ ... 4 mz™%)
=171 ® f(mo + miz™® +... + m,z™%)
=0 in T-'M[z~%).

Then multiplying by t gives

1® f(mo +miz™  + ...t myz™%) =0.
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Since 7" is multiplicative closed , T =T and
kerfps(o-s) = {mp + miz~* 4.t mzR € Mz™%]

{ o(mo +mz7" + ...+ m,x~%) =0 for some o € T},

there exists o € T with o f(mg+miz " +..- + mﬂ_k’) =0.
But
of(mo +miz™* ...+ mjx_ki)

= flo(mo+myz™® + ... + myzF7)).

Since f is monic, o(mg+miz=F +... 4+ m,z %) =0 (whereo is a
unit in 77! R[z°] ). However

0 =t Q@ao(mo+mz™™ +..  +m,z ™)
= o(t7'® (mg +mz™* + ... +myz 7)),
' ® (mg + mlaz‘k‘ + ot m,:c"kJ) = Q.

Therefore, 1 ® f s monic.

THEOREM 1 3. Let R be a ring. The locakzation T R[z%] and
the Laurent power series module Rlz—',z] are isomorphic as Rlz5)-
modules.

PrOOF Let T = {z*| i € S} C R[z®] and § = {0,ky, ko, }.
Define ¢ : T R[z®] -— R[z~1,z] by

$(ro + riz™ + -+ rah f25)
=roz~ R p TR 4 2R € Rl ).
Let ro + Tlmk‘ e M nmk'/xk’,

8o + $12% + -+« + szt JoF e TLR[2S] (i > m).
Then

{(ro+mz" + o+ r2®) — (50 + 5125 + -+ + spz*™)} /2P = 0.
(ro + mz™ + -« +1,2") — (sp + 812" + « -« + spx®™) = 0.

(ro — s} + (11— 8)Z™ 4o + (P — s)2*™ + -+ ™ = 0.

T{):SO,T1=31, the )Tmzsm,“' bl r’i:o-
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Thus
d(ro +ra™ + - + rix /20)
= ro:n'kJ + rlxk‘_k’ + ot r,:r:k‘_kJ
= 5oz~ F 4 gz R 4 pos R
= ¢(sp + s12™ +.- - + smxk’“/zzzk’).

Therefore, ¢ is well-defined.
Now,

¢{(ro + 1z + 4 1,a2® [a4) + (sp + 17 + -+ Sz /)

= ¢((ro+s0) + (r1 + 81)2" + - 2 + (P + s)T* + -
+ ™ %)

= (ro+s0)x ™ + (rL + 51)2F 75 + L (1 + S )2
ot

= (rox™® +riz® R 4.4 2™ k) + (spx ™% 4- 5128 H
T )

= ¢(ro+ ™ + -0 +r,zF fzR0) + P(so + 8125 + .-

+ Smatm fzk),

_.kJ

And
H{zF (rg + 2™ + -zt 2R}

= ¢(rozt™ 4 rigFithm g gtk f ks
= roxhm R o ghithm—ky L pRetRm—k
= gkm (Tox‘_kg + Tla:k‘_k’ et T’,xk‘*ki)

= xFm{p(ro + riz® + - + rzh f2R)}.

Therefore, ¢ is an R[zS]-linear map.
Let ro +7ri2® 4 ... + pzhs /x* be an element of kere,
then
P(ro + 1™ + -+ rahe fa)
=rox " gt R R
= (.

k,



LAURENT POWER SERIES MODULE 371

Thus,
’)"O =T1:"':Tg=0.
o+ 'rlzvk‘ 4 :r'z:r:k'/a:'“J = 0.
Therefore, ¢ is an injective R[z%]-linear map Lel n;z* + -+ + miz +

mo +miz"t 4+ - +myz? € Rz, z).
Choose, properly large o« and 3 such that « — 8 =1 , and

2% + -+ ngf T 4 mea? + miaf Tt 4+ myaP e RS
Then

d(n,z® + -+ mat +merf + mazf Tt 4+ myaf T f2P)

=nz'+--+mz+mog+maz . +muz

Therefore, ¢ is a surjective R[z®]-linear map.
Hence, T 'R[z5] = R[z™!, 2] as left R[xS]-modules.

2. Injective Property of Laurent Power Series Module

THEOREM 2 1 Let R be a ring and F be an injectwve left R-module.
Then Homp(R[x™1,z], E) 15 an mjective left R[z%]-module.

PROOF Since Rfz~!,z] is an R — R{z%) bimodule and R[z")

flat module by Lemma 1,1 Homg(R[z™!,z], E) is an injective R[z¥]
-module. Since R[z~1,z] is flat , we have

00— R[m_l,m] QRIeS] M- R[(Eﬁl,m] B R(S] E.

is exact for pigs|M Cps) E. And Rlz™%,z] ®@gpes) M is a left R-
module, so is Rfz™!,z] ®pg,s) E-
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Since E is an injective left R-module, we the have following com-
mutative diagram.

0

R[(L'_l, z] O R[zs) M-—.R{x_l,w] ®Rizs) E

That is

Hompg(R{xr ™1, z] ®r[s) E, E) — Hompg(R[z ™, ] ®Qres) M, E) =0
is exact. But by the adjoint isomorphism

Hompgy.s){ E, Homg(Rlz], E)) - Homp(,s (M, Homg(R|z], E)) — 0
is exact. So the following diagram

)]

M

»

Homg(R[z™1,2],E)

can be completed. Therefore, Homg(Rjz ™!, z], E) is an injective left
R|zS}-module.

THEOREM 2.2 Let R be a ring and F be an ingective left R-module.

Then Homp(R[z~1,x], E) and E|[c 1, z]] are isomorphic as left R[z5]—-
modules.
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Proof. Define ¢ : Homg(R[z™!,z}, E) — Eflz™', ]] by
O(f) =+ [+ fla™ e+ ) + fl@)z+ flt)a® + -
Let f, g € Homg(R[z™!,z], E). If f =g, then

)=+ fla" 2T + )+ fl@)z + -
=-tgla )Tt +g(1) + gl +
= ¢(g).
Therefore, ¢ is well-defined. Now

Hf+g) =+ ({(f+NzT +(F+ )+ ((f + @)z + -
=+ (fla™) +gl@™ Nzt + (F(1) 4 ¢(1))
+(f(@) +g(z)z + -
={ @+ )+ [+
+{+g(z™z +g(1) +glz)z+ -}
= ¢(f) + dl9)-
And

$@™f) = + @5 ezt + (2% D) + (@ )z + -
= fERTDET  fEM) + Sl
g¢(f) =2 {--+ fla e + f() + fla)e +-- )
= SR @) + @
Thus ¢ is an R[xS)-linear map. Let f be an element of ker(¢), then
)=+ fz" Dz + f(1) + f()z + - =0,

implies f = 0. Therefore, ¢ is one-to-one. Let -« + mpz~2 +mz~1 +
eo + €12 + esx2 + -+ be an element of E[[z~',z]]. Then choose f €
Hompg(R{z™},z], E) such that
o fl@y =ma, flaTh) =mi, f(1)=eo,
f(&)) = €], f(xQ) = €2, -
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Then
&f)y="--- +f(:l:"l)1:_1 + f()+ f(2)z+---

=.-+mz l+et+ear+---.

Therefore, ¢ is onto. Hence, Homg(R[z~!,z], F) & E[[z™!,z]] as left
R{z®]-modules.

THEOREM 23 Let E be an injective R-module, then the Laurent
power series Elz™1,x]] @5 an wyective left R[z®]-module.

PROOF. First, the localization 7! R[z%] is a flat R[z%]-module by
lemma 1.2. And by theorem 1.3, T~ ! R[z"] = Rz~ 1,2} as flat R[z”]-
modules. Now by theorem 2.1, Homp(R[z™!, z], ) is an injective left
R[zS]-module, and Hompg(R|z~!,z], E) = E[[z~*, z]] by theorem 2.2,
we conclude that E[[z~!,z]] is an injective left R[zS]-module.
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