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INJECTIVE PROPERTY OF 

LAURENT POWER SERIES MODULE

Sang won Park

Abstract Northcott and McKerrow proved that if 7? is a left noethe- 
nan ring and E is an injective left K-module, then E\x~l] is an in­
jective left R[끼-module. Park generalized Northcott and McKerrow7s 
result so that if 7? is a left noethenan ring and E is an injective left 
J?-module, then E[x~s] is a교 injective left -module, where S is a 
submonoid of N ( N is the set of all natural numbers) In this paper we 
extend the injective property to the Laurent power series module so 
that if 氏 is a ring and E is an injective left _Mmodule, then 厂七 꾀| 
is an injective left ■이-module

L Introduction

Northcott [3] considered the module k\x~l] of inverse polynomial 
over the polynomial ring k[x] (with k a field), and Northcott and McK­
errow [1] proved that if R is a left noetherian ring and E is an injective 
left .R-module, then E[x~l] is an injective left /?[a?]-module. In [6] 
Park generalized Northcott and McKerrow's result so that if R is a 
left noetherian ring and E is an injective left fi-module, then E\x~s] 
is an injective left where S is a submonoid of N ( N is
the set of all natural numbers) In this paper we extend the injective 
property to the Laurent power series module so that if R is a ring 
and E is an injective left B-module, then is an injective left
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2?[xs]-module. Inverse polynomial modules were developed in [4], [5] 
and recently in [2], [7].

Definition 1 1. Let S = (0, fci, ^2,^3, • • •} be a submonoid of the 
natural numbers and M be a left -R-module, then the Laurent power 
series is a left J?[x5]-module such that

/*(•••+ H-----+ m^x + mo + n^x-1 + . • • + 1逐广 4------ )

.... -----F rm^ + . •・ + rm^x + rm^ + T------+ rn^-2 4----  

and such that _

xkz. - + m3x3 + . •, + mix + rriQ + nix-1 T-----+ n3x~^ T------ )

= . . . + 시어 + . . . + rrtxx1^1 + mQXkt + ryz厂나也 + ••• 

+叼亿_丿+知+・•・.

Lemma 1.2. Let T = {끼2 £ S} U 이 (S is submonoid of the 
set of all natural numbers N丿, then the localization Z」'」히。이 is a flat 
R\xs]-module.

Proof. Assume f : M [a;-5] —> M\x~s] is monic. We<must show 
1 ® / ： 히 A/'k厂S] t :厂厂이 is monic,

- ' where 广一勺心：广이 = ：厂喧同 舗闭 "[5이

I T^Mlx-8] = T^Rlx8]切gs] M[x~s].

Let
(1 ® ® mo +mix~kt + …+ m狞厂奶)

=厂 1 ® /(mo + mix^kl T-----+ m3x~k：i)

=0 in T^Mlx-8].

Then multiplying by t gives

1 ® /(mo + + • . • + mjX~kj) = 0.
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Since T is multiplicative closed , T = T and 
kerQwk厂이 = {mo + mix~kl T-- \-mjX~k：} e M\x~s\

I a(mo + mix~kl +---- Fm3x~k：i} = 0 for some a E 끄},

there exists a eT with a/(mo + mix~~kl T-----+ 件许一幻)=0.
But

+ 7"保厂知 H----- F m7x-fej)

=/(cr(m0 + mrx~kl T------ F m3x~k3)).

Since f is monic, cr(m0 + mix~kl T------ F rr^xF) = 0 (where a is a
unit in T~lR\xs] ). However

0 =厂 1 ® a(mo 十 + . • , + m3x~kj)

= ^(f1 ® (mo + mYX~kl 4-----十 m许시^')'),

t~l ® (mo + m^x~kl +……+ m，舟 f) = 0.

Therefore, 1 ® / is monic.

Theorem 1 3. Let R be a ring. The localization T~lH]xs] (md 
the Laurent power senes module R\x~l^x\ are isomorphic as 列企이- 

modules.

Proof Let T = {x2\ i E S} C 用少이 and S = {0,fc1,fc2, • • • }- 
Define © : 厂七団⑦이 ——> R\x~x^x\ by

(t>(rQ + rixkl + …• + f 小皆)
= 尸西厂”3 + 门*"_郷 -]---- 卜 七사*"•? e R\x~y^x\.

Let r0 + rixkl H------卜 jx炽 /xkj,

so + sixfcl H-------卜 $m，wkg/x、e T~lR\xs] (z > m).
Then

{(尸o + rYxkl T------ 卜 rtxki) 一 (% + sixkl H------- F 사라")}/z幻 = 0.

(m +『的 + … + rzxkz) 一 (% + srxkl H-----+ 서하') = 0.

(尸0 _ 如)+ (广]_Sx)xkl H------ 卜(質m _ ■]------ 卜質注知=0.
尸0 = $。,笋1 = S1 ； • . . , = 5m , ••-，尸令=0・
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Thus
(/>(tq + rixkl H-------F riXkz/xk：,)

=rox~k^ + rxxkl~k^ H——+ 以舟一林

==sQx~k3 + 句奇土 -|-------卜 smxkrn~k：J

= ©($0 + SiXkl T------ F SmX1아小".
Therefore, <f> is well-defined.
Now,

©{(?P + nxkl H——+ rtxkl/xk^) + (s0 + sixkl + • • • + smxkm/xk^} 

=0((^0 + So) + (n + Sl)xfcl + .二 + (rm + Sm"" T--
+ 1%X&" /xk])

=So + so):广柘 + (ri + Si)抄if H——+ (rm + sm)xkm~kl

T---- + riXkl~k：>

=(70厂农，+ nxkl~kl T-------\-rzxkt~k^ + (sQx~kj + 如抄1一奶
T-------F 邑“抄mf)

=。侦0 + rixkl T------F 7%x勺x&「) + ©(so + sixkl H-----

+ /Xkl).

And
(f){xkrn(rQ +rixkl T-------rtxkz/xkj)}

=©(質科*牝 + rixkl+krn H-----+ rtxkz^krn/xkj)
= IpX’아nL、_|_ 尸]0产丄+*牝_幻 . + 質//知

=xkm (rox~kj + 门抄1t勺 H-------卜服/"电)

=xkm{(/)(r0 + rixkl H-------卜質£七/成勺)}.

Therefore,(f> is an B[xs]-linear map.
Let tq + rixkl +----卜户注知/杼勺 be an element of ker^>,
then

©(質o + rixkl T-------F rtxki /xfej)
=尸0缶_*打+俨1抄丄一奶H-------卜質輝虻一幻
=0.
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Thus,
To =门_ =・・・=7% = 0・

Vq + ryxkl + …• + rzxkz /xkj = 0.

Therefore, <j)is an injective j?[a?s]-linear map Let + • , • + +
mo + mix~l + .• • + m3x~3 € R\x~Y^x\.
Choose, properly large a and (3 such that cl — — i , and

nrxa + • … + n^x^1 + 숴3 + ”頌庆一' T--- + m3x^~3 E •히。$].

Then

例?&此 + . … + + m()사3 + T— - + /x^3)

=nzxz + •…+ nix + mo + m^x^1 + …. + m3x~3.

Therefore, 0 is a surjective l?[xs]-linear map.
Hence, 广」/하少이 스 as left i?[res]-modules.

2. Injective Property of Laurent Power Series Module

Theorem 2 1 Let R be a rmg and E be an mjectwe left R-module, 
Then HomR(R[x~l^x]y E) ts an injective left R[xs]-module.

Proof Since R\x~lyx\ is an H — bimodule and 이 - 

flat module by Lemma 1,1 Hom/i(B[x-1, x], E1) is an injective R[xs] 
-module. Since R\x~Y^x\ is flat , we have

0 T R[x~r,x\ 初屯이 M T R[x^l,x] 初g이 E.

is exact for /g이M U/他이 E. And R|=厂七씨 이 M is a left R-
modnle, so is ©及区이 E.
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Since E is an injective left jR-module, we the have following com­
mutative diagram.

0 ---------—珈厂* 끼 旧이 M—盘讪厂七；끼 务히q이 E

' * ® .•
>*

E

That is

初中卢〕E,E) t HomR(K[zT,:히 切心习 M, E) 0

is exact. But by the adjoint isomorphism

Homzgs](E,HomR(氏国,E)) -> Hom^区s](M,HomR(R[꾀, E)) 0

is exact. So the following diagram

0 ----------------- A M -------------- A E

- HomR(Rlx^1

can be completed. Therefore, Hom_R(R[x~ is an injective left
R 切이-module.

THEOREM 2.2 Let R be a ring and E be an injective left R-module. 
Then Hottir(/?[x~1,rr], £/) andE^x~rare isomorphic as left R\xs]— 
modules.
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Proof. Define © : E~) —> a;]] by

<时、).. ------F f(x~2)x~2 + + /(l) + f(x)x + f(x2)x2 T----- .

Let f,gE Hoirr(•硏끼, £). If f = g, then

<b(J、)=…+ f(x-1)a：_1 + /(l) + f(x)x T-----
=… + g(a厂Da:-1 + g(l) + g{x}x H-----
=©(g).

Therefore,(/) is well-defined. Now

^>(/ + P)= ••• + ((/ + 9)(9厂1))0厂1 + (/ + g)(l) + ((/ + g^x^x H-----
=. . . + (/(x-1) + g^x-^x-1 + (/⑴ + g(l))

+ (/(时+g(z))z +…
= (••■+ /(厂')：厂'+ /(I) + f{x}x T-----}

+ {•••+ g(:厂')2厂'+ g(l) + g(c)；H T---- }

=〈心、)+ S(g).

And

©(舟/) = • • • + + (/'/)⑴ + 3%广)(云炊 + •••

.. ------ F f(xki~1)x~1 + /(£知)4- f(xkl+1)x H----- ,

시">(/) = c*"{… + /(："')£-' + /(I) + f^x T-----}

=…+ f(xkt~l)x~1 + f(xkl) + f(xkz+1)x T----- .

Thus 0 is an 2?恤이-linear map. Let f be an element of ker(©), then

</>(/) = • • • + f(x~l~)x~Y + /(l) + f(x)x + ..•=(),

implies / = 0. Therefore, 8 is one-to-one. Let • • • + + mix-1 +
eg + e±x + e2X2 + … be an element of 归也厂七씨]. Then choose f E 
Hohir ㈤a厂],x\, E) such that

…/(a;-2) = m2, /(a：-1) = mi, /(l) - e0, 
六z) = ei, /(a：2) =e2, •••.
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Then
W) = ,•・ + 了(应1"丄 + /(I) + f(x)x T----

=…+ mix-1 + eo + e±x + ….

Therefore, <f> is onto. Hence, Hom^(氏切一七乩 E) 스 E\^x~l^x]\ as left 
R[xs]-modules.

THEOREM 2 3 Let E be an injective R-module, then the Laurent 
power series E\\x~l^x\\ is an injective left R\xs]-module.

PROOF. Firsts 난localization〔厂—辺廿少이 is a flat 7?[a;5]-module by 
lemma 1.2. And by theorem 1.3, T~1R\xs] 으 一히〕厂'，刼 as flat R\xs]- 
modules. Now by theorem 2.1, Hom_R(R旧一七司注)is an injective left 
J?[a;s]-niodule, and HomR(K0厂七씨,E) 으 E旧一七끼] by theorem 2.2, 
we conclude that E\\x~1^x]\ is an injective left 氏8斗module.
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